DOCOHBIIT PESOHE 



•r 096 1f.7 



SE 018 U67 



o 

ERIC 



Al THOR 

t: ri.7 

T''STITUrTON 
Pin DATl' 
AVAILABLP FROM 



IE ENTIFI^PS 



Peovp, W. D., Ed, 

Math«»matics in Modern Life, National Council of 
Teachers of H at h Binat ic s, Yoarbook 6 [1931]. 
national Coi.ncil of T« .nThe.TF of Mathematics, Inc., 
Washington, D.C. 

2C5p. 

National Council of Toachors of Mathematics, Inc., 
1906 Association Driv<>, Reston, Virginia 22091 

MF-$0.75 HC Not Availablp from EDRS. PLUS POSTAGE 

Acr icult urp ; Biology; Humanizat ion ; 

♦Interdiscipl.nary Approach; Investment; 

*Mat hemat ical Applications; ^Mathematics Education; 

Phyf.ics; Reference Books; Religion; Social Sciences; 

Statistics; ♦Use Studies; ♦Yearbooks 

Pol /gons 



AE STRAC? 

Chap+ers present the relation of mathematics tc and 
t h*> usr of mathemeitics in each of the following areas: social 
fcienc biology, r?liaion, investment, agriculture, pharmacy, 
jitatit: ^ics, and physics. In addition there is a chapter about 
humaniotic learinijs of mathr>matics and a chapter explaining the 
aesthetic values of different polygonal forms. (LS) 
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This is (hr sixth of a stM'irn of Vi'urluuik- Nvliioli tii»^ National 
Cowncil of T(\'n*h(M*s of Matlioniatirs hruaii to niil>lisli in HViO. Tlio 
l\v<\ (Iralt sNitli ''A Siirv(»v of Pro^rrrss in tla^ Past TwcMity-fivi^ 
Years." \hr xM'ond with 'urriciihini l'rol)hMns in Teaching Matho- 
inatir</' ihr thinl with "SchMtcd Topics in thi^ Tcachiiiix of 
MalhcMnatii's." tla* fourth with "Simiilirant (MianKt'S and Tr(M)ds 
in thr TivH'hinu of Marhnnatics Tln'oinrhout the WorM siiiro 1910.*' 
anti tLi» liftli with "The Ti^arhiiij^ of (l(M)nirtrv/* Hoiiml copies of 
all lint thi' lir>t of tlu>e '/earlauiks (vui still he secured fnun tlie 
Hurenu t!i' Puhlieations. TinicIkm's Colleiie. Cohnnhia riiiversity. 
New \*oi'k. for $1.7r» e.aeh. 

These* ^'(^arhot^ks heeli Widl reeei\*ed alid li.ave no d(Uih\ 

lu'en the soure(» of nnieli helj) to te.aclKM's of nial lieniaties and to 
others interested in the niatheniaties lield. The sueees^ of tlie,«e 
previous Yearhooks li:is eon\'i!irei| (he National (\»Mneil of tlio 
desirahility .antl wisiloin of eontinuinj.; the series. The Sixth Yo.ar- 
hook i^ ac'(M>rdini:ly presented in the hope that it will lie ludpful not 
(udy to se(*(indary (eaehers hut to inteUij^iMit laynir i as well, 

Th(^ purpose of (he hook is to set foi'tli ;is eoinplet(dy as possil)]e 
in the spfiec* .allottiMl (Ik^ pl.aei* of niatheniati(»s in niod(M'n life. 
Other (diapters. ti'eatinu' of sul)j(»rts like Math'uiaties .and I'ln^i- 
neerinu. for exe.i.nde. nii'dit have h(M»n iniduded. hut t'le plaee of 
niathematies in su(di lii'Ms is ohvious. .•^'o it was dceid(M| !)est not to 
ineluile (luMn. 

I wish to e\]u*es.< n]y per-onal appreciation as well as that of tlie 
\a(io!i.'il Council to all who have* contrihutcal to tlio ^'earhook or 
wht> in any way h.ave hclpeil to make it what it is. 

W. I). Ur.KVio. 
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THE Al^PLU'ATION OF MATHEMATICS 
TO THE SOCIAL SCIENCES * 
Hy iuvin(} FisiiLH 

Yah r'wMvrAiV//, New //drew. dmn. 

A Personal Tribute. It iiny not bo amiss to pm'c<lc what I 
have to say on MutljcMuatics in thu Social Sciences by a n^niinisoi'nt 
statcnuMit of my personal impressions of J. WiMard Oibbs. whose 
pupil I was foUy years ago. J. Willnrd (libbs towered, head and 
shoulders, above any other intellect with which I have come in 
eontaet. I had a V'^vn realisation of his greatness even in those 
formative years in Vtde College and the Vale Graduate School, 
But this k(»<»n realization has grown even keener as the years have 
swept by, not only because of the increased evidence of the funda- 
mental value of Cfibbs' N\ork in his own chosen field but a'so be- 
eause in my own consciousness, afte; so numy details have dropped 
from memory, there persists all the more clearly the strong im- 
pression which (iibbs' personality and teaching nmde upon me. 

In saying this I do not tlihik I can be accused of undue enthu- 
svx^n) simply from the loyalty of a pupil to his teacher, espeeially 
in view of the statemt»nts of Lord Kelvin and others, wliich virtu- 
.:lly ratuc Gibbs as the Sir Isaar^ Newton of America. Lord KeKin 
said w icn visiting at Vale, a few years ago, that '*by the year 2000 
Yule would be best known to the world for havhig produced J. 
Willard Gibbs.'^ 

One of the most striking characterizations of (iibbs was rn- 
eently nuide by Dr. John Johnston, now with the Tnited States 
Stfcl Corporation, then Professor of Chemistry at Yale, in his ad- 
ih'cts on (iibbs delivere<l at Yalo University two years ago. He 
stated th* t no result of (iibbs' work had yet been overthrown, and 
that, in this respect, Gibbs seeni.s to stand uni(iue and sui)reme 
uuiong the great scientists. 

• Ailnpt.Ml l»y iMTMitshinn fnun iHUvti'\ of ihr Atturicun Mothnnatiml Society, 
April Ui;;o. Till* Hi'Vci.Mi .Iijsluli WlllarU (Mlilm IjM'lun-, ri-jul lit IVh Mninps, Di'immu- 
t'lT lw'f«)iv II Jniiii M'SKii»n uf (hn AuiPi'iniM .MfltlnMUUllcul Socloty and 

till* AmiTiniii A .MK'JatlDn U\r tlu' AtlvHiu'Oint»iu ot Scli'iu'o. 

1 
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The English phynira) rheniist. Profosnor I*\ (i. Domuiiu has puiil 
tlie following trihuti^ to him: 

(libhii rtmka with inon hko Nnwton, IainraniC'\ jukI Iluniltnii. who by tho 
jthiHT tow and powiT of thoir iniiuU hiivo produced thiw gpiirralijird utalc- 
inciiti* of j^cicntific hiw which murk rpochji in the advancr of vwxci knowl- 
edge. . . Tho Wfirk iind inspiration of Gil)bH have thus produn-d not only a 
grrat scii-nci* but also an equally g'rat practinv There to-day, no great 
chemical or nietallurgical industry that doen not depend, for ttte development 
and control of a great part of its operations, on an underttandihg and uppli- 
ration of dynamic chenusto* iiud "he geonietrioal thcor>' of helerogeneous 
equilibria. 

Professor OstwaUi said, in the preface to his (aMMuun trunsln* 
tion of Gihbs' thermodynamic papers in 1892: 

The importance of tho thermodynamic papers of Willard Oibbs can bi^st 
hv indicated by the fact that in them is contained, explicitly or implicitly, 
a large part of the iliscoveries whicl have since been made by various iuves- 
ti}£aturs in the domain of chemical and physical equilibrium and which have 
lea to so notable a development in this field. . . . The contents of this work 
are lo-day of immediate iniporlance and by no means of merely historical 
valui*. For of the almost boundless wealth ol results wl.ieh it contains, or 
to which it points the way, only u small part has up to th-^ present lime 1892 
been iuade fruitful. 

Sir .Iosi»ph Lu?unor said of the work (lihh.^: 

This monumental nieiuoir On the EquHibwim of Hvtervgi woiw Substances 
laadt* a clean MVrt'p of the .suojecl, and workers in the modern exiH?rimentol 
Noiento of physical chemistry havu returned to it again and again to find 
thi'ir empirical principles forecasted in die light of pure theory and to derive 
fresli inspiration for c^w departures. 

\\ e think no less of Gibbs* greatness because he himself showed 
so little consciousness of it. He must have realized the funda- 
mental character of his woik. Hut his i>ui)ils remarked hi.s pro- 
found mode^-ty anrl often connnented on it. His chief delight was 
in truth-seeking fur its own sake, and he was so intent on this 
search that )ie had no time even to think of unjihasizing the origi- 
nality or value of his own idditions to the ^Tcat vista of truth over 
which his mind s /ept. Doubtless he often did not know (u* greatly 
car3 wliere the work of others cea.^ed and his own began. He did 
not always wade through the literature which prov \vd his own 
scientific papers, i ••omcmher hearing him say timt when he wanted 
to verify another man s result.^ he visually found it easier to work 
them out ibr himself than to follow the other man's own course 
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of rcaMininjt. This wm m'ui witliout imy airocfaiion, hut sinioly 
ill A jofulnr vpin, an by nwc wlio wtnild oscapp u ililliciilt tai«J; by 
BtiinK liis own way, Hut rvi<n tlitninh it may be ilitliciilt to ilis- 
tMituiiKh" wliiii Was oriKinal lii dibbs' wcrk from -.vliat was aiiticl- 
patoil by otiicis, surely m> conipcfciit ptison doubts to-day that 
he foipuK'd a new ora ii- physics mid rhi'iuistiy. 

Jii.i'nusi- oi his n'tiiiii{2 ihsptisition and tho t iODivlical .mtutc 
of Ims wiirk. hi< Wis, diiriiiK his lifotinu', ahiiost unknown t-xicjit 
MMsMin a fiW spi-cial sludent.v The mujuiity of (=tmliMi(s at VaU', 
ill my day, ditl not know of his t-xi.-tcnco, nuich (I'ss of his nivat- 
iu«s.s. And then- wore far fewer pi-oph- in Anicriui who ooii!.! ap- 
preriate what hi- was iloiny than thoVf were in Kiirope. 

His work was more promptly rceognized in (iennaiiv. When 
1 studied in lU-rlin in 1893. and was asked under whom I had 
studied in Anu riea, I enumerate I the mat liematieiaiis at Vale. To 
my niortifieation, not one of tlu naini.< was known to those Herliii 
profe.«=sors, until 1 nn-iitioiied (Jiljbs, wnereui'on they were loud in 
his praises. "(/( (icvbs, jnwuhl, (iimgi'irh'lnx t 

Kveii to-ilay, Oihbs illustrates the r>ile that a prophet is not 
without honor save in his o'vn eouiiiry. As Profes.sor .lolmslon 
luitcih the liitieth anniversarv of the publie.'ition of tiic lirst part of 
(Jibbs* ureal work On the K(].ulH,nu.m of U'.'tnvm m ou,^ Suhstamr 'it 
was .^iiunuiizcd in Holland by the iiublieatior of ,•• 'libbs numher 
of their elemieal jo.irna!. This eontaimd oi ntrilmtions from 
Dutch uuthoiities. as well as from l-'reneh, (leniian, Canadian. Nor- 
we^jian, and Kiipilish auth.irities, but not one eontribulion from an 
Ameriean ! 

It is true, howevt-r, that at Yale we have .'hially established a 
(libbs nind lor a lectureship co be fille.j by vis.tiuR professors c'd 
that a new complete edition of Ids works has bcMi issued by I.onj;- 
nuiiis, (ir-.-en luid Co. It is also jilanned fc issue two voiiimes of 
eonmienlatictis on (iibbs" work to make its e.'uef results more 
ucce.<sible to the fjeiieial scientist. I am proud to have played a 
part in these undcrtakiii^;s. May 1 rake this opportunity to s y 
that I am also proud t.i have been included anionj? the .1." Wi.'lar'd 
(hbbs icetuiers? And may 1 eoiif^ra(ul;ite the Ameriean Ma'he- 
malieal Soeiety on neinu the oipianization to found this leeture: nip. 
although Cliblis was professedly not so much a mathematieian as i\ 
physicist. The only other (libbs lectureship seems to be that at 
the Mellon Institute in Pittsburgh. The Chicago Section of the 
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Ainoriran rhciuicul Society iwahls a '*»!. Willanl liiblw inodur' 
aiinuii''y, llio rrripioiU of sy\nv\\ nxukvi an a'Mic***^. 

Oilibs* Contributions to Science* PiTMimaMy TiiblM' itmUcst 
nuitriliution to soioiu'C was appliraiimi of tlu' I.invs of tliorniody- 
iiainir* tn cluMiiistry. Uv u \u\v iluf aliunst a diHluoiivc* wirnco. 
iM'nl*''>soi' Huiuslrail said i)f »is Work: 

Tu an unusual oxtcnti HUiuni( the Hcii*nn;( whWh npprul to rxp\iitnrnt, it 
run lu , nntl han brwi, cast in :% cr<luotivf ^ nn. Sir Isaac Nrwion ^'"ud timt 
*'it i?* thi' nh)r>' of K»'*MUt(r.v thai from a l\ \v |>nnci|»U'j< it -?* ahk* to Vfo^M?*? 
»o inuny thiutfs/' ThtM-.u^xlynaiu I's >hari'S in thii' kimi of gloiy; it has oaly 
iwu lundauuntui )>rini*i)>li's, uf wUuh li^t w HtatrnuMit of the cou- 
xurvation cf iMiii^y as apphid \j hiat, and thr ^rconii ^tato2l tho fact (.10 
ilirply l\)ttinl((l iu HcUiMal cNiHaa nc-i* that it mi ius ah iust a.xiomutic) thiit 
heut will not^ uf it.M lt\ llow inun a hoily at a luwor W\u\n* aturo tu ono of a 
hlKlu r ii iu|> riituri'. Tnun i\\\sv two sjM)[>li* )>rin m[>U*s, hv an ahnont Kuchil- 
K'.xn un'thiHl, a suri'iisin^ nuiulur (if fai ti- anil n laiii us Ijotwoun work and 
heat, anil vanuiis pn)[*i'vtiis v\ l.iwilns wiao ilaluonl about tno utiiK'io of tho 
luat Cf'Uti , 

J. V/iliUnl (iil»l>s was t\Ttaiuly a i.iastri at i)rodiiciiiK many 
(UMluct'tins iVniM a iVw ^^'in ral i)riurii'lfs. And it was just bi'causi; 
oi* the ^v.uM'ality of tlic i)rinfiidi's \y\nu which \\v always insistiHl on 
start iim HiMt Uv succcnifd in rraidiinn such a wcallli .)f conclu- 
sions. 

In f.ic*, it has always si'Uhnl fn nic that (lihh.j' chief inlolltH'tual 
charncu'ri'ilic consisted in his ii*ndciicy to niakt his reasoning as 
pene»al as im^sible, to the nia\innini of n-suhs from the niini- 
nuuM of hvpolhcscs. I hall never lor^^et, and h: ve often nuoUul, 
an t])hori>n used hy <iibl)s, wlather or not or iJiinal witli him, 
to tiie ctVcct that '*tiie \vho!e is ^imph'r liian lis ivarts.'* For in- 
stance, V. l.i n ho luul a problem invidvitiK* coiinlinatcs ho preferred to 
employ an iwU tcrminulc origin, maintaining that !iis results wcro 
thcrehy rendi**eil simpler and ea>itr tiian if he took the oripin at 
souu* ai)parcntly more couvenicut but special iu)int in relation to 
tho crystal or otlua* conformation which lie was (list ussinj^. \\'hen 
the uv\[(\\\ ii- ill letcrminale it auhUMatically elVaces itself fronj all 
the jjcucral rehivion.s dechiced. 

Many, if m.t nu)si, other inu*stit;ators insiinctiN'oly 8(*ek to 
sol\'i» spiH'ial ca;'cs hcfore attempting to solve the ^ijcMieral case. 
Siunetimcs thry ]):iy a big pen tlty in ut*e(||css experinumtation. 
I rcmeniher Prol-ssor Huuisti^ad. my fellow sluilent at Vale, re- 
counting with relish a con\'ersatit n that (iihhs was reputed to have 
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had with ti yiMiiljfiil invi'^titfjitor whii luul niivlc ji luborioiM c\;>ori- 
tiH'iil:il stinly of crrlnin rrlnliDiiships ; ul wlu) was, wilh parili>n- 
priilr ti llii:^ tiiUh?* i)f oiuiclus' Aft'^r listminn ultrn 
tivi'ly Tr'U'rvnr (iiMis (piiiu naturally -uul mialVortoilly vU\^v\\ \\\% 
rvo. i!'>U'.:lil a luuinriit. aMil saiil. *'Yr.', that wuiilil hv tnu\" 
iim at owa that thr spcM'ial rrsiilt w .irh tl is yoaiij: iuvrstiirator 
had H'ai'hnl was a lun rs^ary ria'Dlhir) of (iihhs' onii moro p'lHTal 
rrsuU>. I'or hiai. it iTi|ui!rd no cxpiTiinrntal voriruMtiou. Tho 
yoiiiij: luaas work hail, rmm (iihhs' N'U'\v|)oint, hcon alna>st as 
uwwh wasinl as i!' it had \)vvn s|)riit in a laljoriaas srt of nicNisuro- 
hirnis of ri^:ht-an|drd trian^;h's on tlu^ basis of whioh na'asurrnuMits 
la' .-Imuul announro as a now anil oxiu'rimontal di>ruvrry that (la- 
sqmirc of tho hypotcnuM' ^s rrpial to tho sum i>f tlu^ Mpijiris of tlu^ 
othrr two sides. It is worth noting that, thouuh (iihl)s did his 
Work in tlu' Sloano iMiy>iis l.ahoratory^ he urNcr. as far as 1 know 
at. Irast. prrfnrined a ^in^de i-xperiioent. His life work. ^topi*nd«»u< 
as it was, i.nd hasnl as it was on conrrcto fart, roiisistcil cxchi- 
sivi-ly '.n n(»w dodurlions from idd ri'sults. iho full ,-iisuiliranr<' of 
wliich no ojH' I'Isr had hiell ahlr to drrivi\ 

In his iMlort to n^prescnt jihysiral relatmns liy ;.':i-oMiftri(\d 
nioilrl* and to |>ortr.iy the tla^ory of eleetricily and iiru uetism by 
puna-trieal rnrthudy. (libhs encounli'ml the nrrd of a new vi'cior 
analysis to rrphu'c \ awkwcwil analysis by (\irli'si.an coilrdinatrs. 
reipiirinir. as tliat dors, thne tinu'S as many e(piations lo writr and 
nianipulatt* iu< dm-s vi-i-toi* analysis, nol to s.ay di\*n*tiii^: atlrnlion 
from tl.r hncs :ind surfaros ariually iuN'olvril to their pi'tijeciio!i>. 
on thrrr arluirary axes. 

To nu' thr mosi intrrrsiini; ■ou!*s(» 1 had witli (iihh< was on 
vi'cti.r anal\>is. Ih« hplii»vi'>| \\v h'wl siuiplil'uMl ihc llamiito]! 
teni of (piatrrnioii^. p^itin^: his vwv from ( ira<>i\iMnn s .In./// /j/iiz/m/a*- 
Ithrr. Hu( \\v was so roMM'ious of his obliuatioas t(» <Irassuian!i 
that he w\a> rrluctaiil to pul>iish his own system, apparriilly 
duuhlinu' whril.cr it po>si'ss(M| ciioa^h originality lo wjirrant pidili- 
cation. lb' thrrrforo hiid privaM'ly |)riiiic(| a syllabus of system. 
!ind this reprin( was uxmI by us in his elass as a U'Xl. Only i.'Uv 
many years dul Trofe^ser H. Wilson eoiistrud a moi*e elaburale 
lexihojik euibodyiau (libbs' prineiples of vector analysis. 

It is .a e.n'inii^ fuel that, while (iii)bs* work in thermnjjyn'Uides 
Nvas apjuei'iaii'd in <tirniany. his W(jrk in N'l^etor analysis was not. 
I riMiiembir iIk^ eonoia-al lU* Prob*ssor Sehwartz at Merlin, when 1 
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uiidiTtook l(j (IflViul (iil)l»s' virto^' analysis: '7u* ist zu irillkiirlivh.'' 
Thf (!i»nnans fi-lt in lidnur lumiul ti> rrstrirt puiv niatluMuatics to 
uwYv elaboration of tlui j>r()i)o^itioii that one and ono nuiki* two. 
StartiMK ^vitll this proposition, by sncrossivr additions or subtrac- 
tions of unity \vi» may, of i»ours(. by K«dn^ forward, olUain all xhv 
positive intejicrs; this is addition. U(»vi'rsinj:, we ohliiin zero and 
the nep'itive integers; this is sul)(raetinn. Then, l)y applying ru- 
i'eated additii>n or niultipliratu)n and repealed sul)iraelion or di- 
vision, repealed nuiltij)lii'ation or involution, and n^pealed division 
or (»vi>lution, we arrive at fraelions, surds. inia«iniO\v (piantities, and 
finally the complex liirinhU' x + yi. Hul beyond lliis, l)y sueh 
processes no more general form of magnitude ran po>sil)ly hv lie- 
riveil; for, if we operate on a complex varial)le by addilion, sub- 
traeiioii, multiplication, division^ involution or evohiiion, onder tlie 
r(voj>;nizcd rules (jf al^el)ra. we obiain simply other eompiex vari- 
ables and nolhint: else whalsoeN'cr. l)nl>' by eliauiiinji;. uv as 
the (ieruKin critics would say. l)y vioKatinu:, the fujidamen- 
lal rules of ,al^:ebra failhfully followetl in the .aljovc processes, 
such as Ihe rule that (t is etjual to hyji, is it possil)lc to enter 
into any otlua* realm of malluMualii's than thai of the complex 
variable. 

When I rei)orled these criticism^ lo (!il)bs, his comment was 
that all depends on what your ol>ject is in making tlio>c s.acrcjsanci 
rules for operating- ui>on symbols. If the oliject is to interpret 
physical phencwnena and if wc find we can do better Ijv having a 
rule that aX^ is eipnil not lo h'^rM \n\\ to njinus h\(h as in the 
nmltiplicution of two veetors. then, he said, the criticisms of the 
(Jcrimms an^ l>eside the ]>oint. 

The fact is that (iibljs. thouKb a ^reat mathematieiai:, was lujt 
primarily intere.-t(»d in malhematics .as such. His interest lay in 
its applications to reality- in tlie sul)stam'c rather than the form. 
All his contril)Utions to pure mathematics were sought and fomid 
not as mere proliferations of fortnal and abstract lo^^ic but as by- 
products of his work in interpret in|jr the facts of the physical \mi- 
verse. 

The far-reaching elTccts of (iibbs' ^^-.)rk apply not only U) in- 
tir^^mic j)hysics and chemistry i)Ut also to the orjianic world. One 
of the most i^laborate reviews of (iibl)s .anil his reflation to modern 
science is by Kieutemuit ('t)lo!iel Fieldinu: H. (boMMson, M.D.. 
Assistant to the Lilnarian of (he Army Medical Library, Wash- 
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iiifitun, D. C, in which Uv shows. Mv^wa other things, the appli- 
oation of Gihhs' work to the 0(iiulil)riuin ol lu^t^Togcncous 8uh- 

Ih'spito (lihhs* iTtiriiin dispiisition and his (li>inrli!iatio!i for 
Ki^iirral socicly he was most cordial in his iH»rsonal contact witli 
luillraBucs and stuchMits and never socnicd to hick time to ^ivc to 
anyone who chose to discuss the sidiject in which was so deeply 
interested. He made on all a deep impression of kindliness. 1 
well remend)er the remark of IVreey »<!uith. now Professor of 
Mathematics at Yah', who was a I'ellow stmhuit of (Jihhs with me. 
as we walked out of one of (lihhs' lectures^ "What a nvntlc num 
he is!" 

He enjoyed a joke, often huii^hed and excited laughter. Ho 
took pleasure in ajiplyioK his matluMuatics in simple ways. One 
of his minor but fascinating papers before tlu^ Yah* Mathemati- 
cal Chib was on "The Paces of a Horse." the writm^r of which was 
d(ud)tless su^k'cstiMl by watching a horse which he had just pur- 
ehasecL Pn)l)ably no one else* i»ver put a liorse throuuh his paces 
as seientilically or annisin^'y as Oihbs did in that pajuT. 

(lihbs liims(»lf never cdiiirihutcMl to the* social sciem-cs. Ap- 
parently I am the only one of his pupils who, after lirsl (hlin^J: some 
tcachinjr in m;ithcuiatics ami physics, became prefcssrdly an econo- 
mist, althoupih Professor K. H. Wilson. (Jibbs* chief interpreter as 
to mathematics, has tak(»n a WvcW interest in many lines of social 
science and statistn-s and was this year President of the American 
Statistical Associatioii. 

After several years of piraduate stutl\ partly in nmthcmatics 
untler (libbs and partly in economies unilcr Sumner, the time* came* 
for me to write* my doctors (hesis. and I sehu'ted as my subject 
Mdtlu'ffniticul lHrrst{<}{itions {)) the Thcor\i of Vnluc utul Pnr'\^, 
Profiwor (Jihhs showed a liv(»ly intc".*est in this youthful work, and 
was (^sjuvially int(»re.^tcd in (lu* fact that I bad used geometric eon- 
siru(»tions and nu'thods. ineludnii^ Ins own vector r.ntation. 

The late Professor Allyn Ymuu^ of Harvanl a!.-o made occa- 
sional us(» of N'crtors in his economic work. Another (economic 
student and writer, a iirilliant youn^ Xorwe^iaii. Professor Pvaimar 
Kriseh. has hittt'rl>* uscmi thi» N'cctor notation antl s:i>s he (»ould 
scarcely think without it. Professor FriscOi will this year be Visit- 
in*i Prof(»ssor at \*ah» frnm tia* I'nis'rrsity of (\<Io. 

It is mu' of th(^ handieaiw of mathematics in tlu» social sciences 
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thiit tluMo are m) few who arc trninoil in both linos U)Y such study, 
and this {larticularly applies to any ap))lirations Trofcssor (JihhV 
verldv analysis. If vector analysis should l)(»ei)nie more widely 
understood and Usnl hy students in the soeial seieuees, iloubtloj^s 
it would l)e nujre generally utilized, at least as a vehicle for 
thoni;l)t. 

Oeeasionaily. and iurreasin^ly. the ideas and notations of the 
dilVen-ntial ai.d inte.ural ealeulus are applied hy nu\thenmticul 
eeononiists and statist ici;ni>. Hut, of eourso. most o{ the niathe- 
nnities eniplovi'd in the social sciences emisists of simple aljjebra, 
Tlicre is a saying, whii'h. by the way. was ipioted by (tibbs in his 
address on Multiple Algebra, that "the liunum mind has never 
invent cil a labor-saving maeliiue ecjual to aUebru/' 

There are several fairly distinct hrancln-s of social seienee to 
which nrnthemalics has been, or njay be. applied, Tlu* chief of 
these may be dist inguishcd as (1) pure econnmirs, (2) the "smooth- 
ins*' "i' statistical serio, i3i correlation, and i4j i)robabilities. all 
of which o\-erlup to sonu' extent. 

My (^wn chief hiterest in social science, from a nnithcnmtical 
pi int of view, has been in the first of these four PToups, ]iure 
theory. 

1, Mathematics in Economic Theory, When I bcfian my 
work in this field in 1891. nuithematics in economic theory was 
looked at askance, despite the fact that many years before, as early 
as 1838, Cournot had written his l)rilliant Rcsnirrhe^s info the 
Miithcwatical Principles of tin Theory of Wraith. This hook later 
greatly stimulated Professor l-itlfjeworth of Oxford and Professor 
Marshall of ( amhritltri^ and to-day is ranked among the economic 
classics. The same nuiy be said of Jcvons' Theory of Political 
Kconomy, published in 1871. Bnt in 18UK when iny own economic 
stutlies bc^an, even the work of Couruot was ahnost unknown to 
economists, and that of Jevons was little u<cil. If one will turn 
the pagi's of the main economic literature of 1891 and earlier, he 
will find {)ractically no fornndas and no diagrams. Hut W.'dras 
nnd Pareto in Swit/cerlaml and Pantaleoni and Haroni in Italy, 
lidiicworth anil Marslui.ll in Kngland. W'estergaard and Wicksell in 
Seamlinavia. and a few other stinlents in other countries were using 
and defending th(^ new nalhod. 

\\ hen. at the re(iuest of Profcs.Mir I'Mucworth. I read a slightly 
mathematical paper on the Mcchaniv^ of Bimetallism before the 
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Kcoiioiiiie Section of tlu» British Association for the Advnnccment 
of Scinico at (Oxford in Scptc. Jut, 1893. 1 well mticinbor how, in 
tlic (Hsciissioii of that and other niatlicinatioiil papers, Prtjfessor 
Kdjroworth was. as lie expressed it* 'Mlainped" ■ y tlio unfriendly 
eritieisni of tliese rew nun hods hy Prof(»ssor Sidtjwiek and others, 

liut little hy little. \\w usefulness of juatlieniatios lias eouie to 
be aiipreeiated. Hesiiles the old(-r writcM's aln»ady iii(Mition(»d and 
Auspitz and Liehen. whose work nu price ilcten.unation of 1889 
was one of my first inspirations, there have frradually come into 
this field many >'oumrer wrii(»rs, anions' whom may he nientione<l 
Professor Henry I,. Mnnn» of Columlua riiiversity. Professor J, II. 
Knu(»rs nf the Tniversity of Misseuri, Pnjfessdr (\ F. Roos of Cor- 
nel! Cniversity, Profes-nr <irif]itli (\ Kvans of Riee Institute. Pro- 
ft»ssor Henry Schult/ nf the Cniversity of diieajio. Professor Harold 
HotelliiiK Stanford ruiversity. W. A. Slu^whart of the Bell Tele- 
phone Laboratories, Pruressnrs J. Maynard Keynes, A. C. Pifiou, 
and Arthur L. Rowley of l*:n»:land. Professors AUuTt Aftalion and 
Jae(iues Rueff of France, Profi^ssor T.. von Bortkicwiez and T)r, 
Otto Kiihne of (iermany. Profes.^or Wl. Zawadski of Poland, Pro- 
fessor \\, Slutsky of Russia. Professor (lustav Cassvl of Sweden, 
Professor Rairnar Friseh of Norway, Dr, Willem L, Valk of Hol- 
land. Professors Corrado (lini and Luiiri Amoroso <if Italy. 

And, bi'>ides the faet of sueii accessions to the ranks of the 
small hand of prof(»ssed miit liciiiatieal ec^onomists, is the oven more 
siunificant fact tluit economists ia ircMieral lia\'e not only ceased 
decryi: ^ mathematics hut an , in many (»ases. nudcinp: some slifxht 
us(» of it tl.iMOselves. 

Tlu' late Profe<st)i' Marsliall (^f Canihridui* Cniversity was one 
of th(^ first to })(M*ceivi* what was happeniufr. He said: 

A ixn-it. rb.-nmi' in tlu* ihmiuht nf thnni^hf Ims lu-.-n hrnuuht .'ihoiit durin« 
ihf* en-st-nt ci-nF^r.-if inn hy tho p:»'nf*ril ;iflrii>finn nf si-in'-inaf hnnaf icnl l:in- 
iru-i«f f<jr rxerr>-ini( tin- nl.jfitm hcfwprn ^xwaW in^n-nir'nt.'? of :i nuiuiiodif y 
on thi* till;- Iriiiil. :in(l <»n fh«- ntlipp hnml >nnll i icn-m^'nts in thf nir^regato 
erirr th:it will he pai.l fur it : ;m.l hy fnnnally fif^i-rihini: fhf so small incro- 
nii-nts n{ yrm^ is m.-iMmtJi? r«MTr>|ii)n'linj; small incn-mi lUs nf plmsunv 
Tin* fnrriir. ami hy far tli.- w^n-o iinenriant <ti-p was taken hy C'oiiniot 

(A*, r/.. f/M-.s' N'/J' lr< /r'.;.r*/;.. X }t)ttf In' n.af 'n hi thrti'ii //I'x rirlu ssrs, 

IS.'^S): tin- lattir Dupuit ( J)r In )nr<ur, //'////V;.' ^ (rnr.rix pulyHc.-^, jn 
till- Annali-s i\v^ Pt.nts ft (1i hhmm-s. ISIH. and hy (Inssf-n {Kntmrkrhn^u 
der (,'r.<ff:r dr.'i }t.<rhlh^hr7i VrrJ:rhr.<, l.S,ll). Hut thfir work was forj^otton; 
i^irt. fif it was (|f)nr (na-r :main. i1i»v<'1o]mn1 anrl )«uhlishocl alnu)st simiiltano- 
niiMy hy Jp\<nis aivl hy Carl MonRor in 1871. and hy Walras a littlo hitrr. 
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Jfvons almost ut otire urrcatcd public atteotioD by his brilliant lucidity and 
intftesting i>\yU\ . . . 

A tr:iininK in niathrnuitirs is helpful by givinK coininund over a nmr- 
vrllniisly tciNr aiici I'xaol Inn^ruagr for fxprosjsinjr cicurly some K*"nrrul rohw 
timis and soiur short prorossrs ol ci'ononne reasouing; which can imloed bo 
rxprrssoil in oiviimry huiKuaKo. Init not with rqual shunmess of outline. And, 
what, is of far Kn-atrr iiuportancf. cxpcHenro in handliuR physical problems 
by uiathftiiutical inrthoils uivrs a ^ra>|K that cannot he ohtainod equally well 
in any other way. of tlie luuiual intrraciiou of economic changes. The direct 
application of mathematical rraMMiing to the discovery of rconomic truths 
has riccntly rcn-h'n-d ureat .srrvicrs in liic liantls of tnastrr niathenialicians 
to th(^ study of statistical avnrairrs and prol)al)ilit ics and in n\easuriag the 
ili%\vc of consilimcf l)ctwfi-ij cnrniati.al ,lalislical tal)lcs. 

Mathematics serves ecf)m)niie thtwy in supplying sueh funda- 
mental eoneepts based nn tbe dilTereiitial ealeuhjs anrl also tbrough 
the proec^ss f)f fliffercntiution solves problems of maxima and 
niininia. as in tlio simple process of determining formally wbat is 
tbe price that tbe tralFK* will boar in order tu make 'profits a 
maximum. 

Tbe ebief realm of ceonnniie theory to wbich matbematieal 
analysis of this formal kind applies is tbat of supply and de- 
mand. the fletermination of priecs, the theoretical etTeet of taxes 
or tariffs on priee.<. The residts eannot always bo redueod to 
fipures but are often uf^eful in terms of mere inequalities. 

lM)r instance, anu)ns the chief theorems .^hown mathematically 
by (\)urnot are tbe following; 

Tbat a tax mi a monopolized article will always raise its price, 
but sometimes by moro and sometimes by k^s tban tbe tax itself. 

That a tax on an artielo under unlimited eonipetition always 
raises its price but by an amount less than tho tax itself. 

That a tax proportional to the net inconu of a producer will 
not afTeet the price of his product. 

Tbat fixed charfres anu)ns costs of production rlo not affect price 
nf)r do taxes on fixerl charges. 

That oi)ening up free trafle in a competitive article between two 
previously inch^pendent markets may decrease the total product. 

Anumg the most surprising parafloxes discovered by the mathe- 
n)atical methorl is one shown by Erl.rcfnvorth, tbat if a monopolist 
sells two articles, say first and third class railway tickets, for which 
the denumd is correlated, it may be possible to tax tlie third class 
tickets, at a fixerl amount each, with the result tbat the monopolist 
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not only pays tin* tux but lowers t)io prices of both kinds of tickets, 
Fatuiliarity with mutheinaties will save many eonfnsions of 
tliouKiit, Kor instunee. it is just as important iu economies to dis- 
tinguish between a hiyh price and a ming price as it is in physics 
to distinguish bi^tween vehieity and acceleration. Rate of price 
chnntir Ims important effects, both theoretieally and in practice, on 
the rat(^ of int(M'est and on tlu^ vohune of l)usiness. 

Thecnvtically th(^ rate of interest onpcht to lie hi^lier during a 
p(»rioil i)( rising prices, or dei)r(M'iation of the dolhir. by an amount 
e(pial to the rate of depreciation, and it (nurht to be lt)wer during 
appreciation. 

Practically, however, tla^ rate of interest is slow of adjustment 
and what is more important, inadeciuatc in adjustment, A mathe- 
matical statistical analysis of this slowness and inade(iuacy help;; 
explain irreat Inisiia^ss upht\'i\'als, as shown in my new book on 
The Thiorii n{ Infrrciif, I may say here, parc^ntlu^tically, thouRh 
tfio case is somewhat different, that the recent crash in the stock 
market was. in hir.i:(^ measure, the prit^ paid f(n' tardiness in rais- 
ing the rate of interist. which should have h(»en raisetl over a 
year before l)Ut was ht^ld down artificially. 

,\pain. mathematics will saw ihr student (if eciniomit^s and the 
stuflent of accountinp: from the many confusions of doulde countinp;, 
esi>e(MaIly in the intricat(^ theory of income. 

Another ehnnentary, but imjiortant, use of mathennitics in 
(^connniics is in making sure that a problem is determinate by 
eountiii^ and matching th(^ miml)er of indep(Mident ecjuations and 
the number of unknown (lUinitities. A ^reat deal of umieeessary 
misunderstandiiur has existcil ami still exists in economic science 
as to what di'tcritiines the raf(^ t^f interest or oth(^r mairnitudcs in 
ecanaanies. These misundca^tMndinus would ia>t exist if the con- 
testants would tak(* the troubh* to exjiress thems(dv(»s mathe- 
matically. If we vi(^w the matter math(^matically it soon bceomes 
e\'idcnt that one ctaitestant has s(M'n only oik* of tln^ determininp: 
factors, and the (ither aiiiither, witlanit- eitlier of tluMU realizing that 
both are compiitihle and needled in a eonipletc^ (Muniomit* cquilibrimu. 
The cfuict^pt tif ecrmomi(^ e(\uilibriuni in whioh many factors aet and 
react cm each other is (me of the chief ehauentary contributions of 
mathematics to economic tliecu'y, and (Uie stressed by Cournot, 
Walras. Marshall. Pareto, and Kd^eworth. 

Still another use of niathenntics is in illustrating geometrically 
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or analytically \\\v fart that a price, or a marghial utility, is a 
function not synply of one hut of many variahlcs. the function 
hcinjr purely empirical and incapable of analytical or arithmetical 
expression. In fact, the economic world is a world of n dimen- 
sions. 

Thus the nmrjrinal utility of bread to John Doe is a function 
of his quantity not only of bread consumed. l)ut of butter, su^iiar. 
and numerous other variables. 

I have myself tried to apply these and other mathematical ideas 
to the fornud solution of the problem of prices of conunodities. 
the rate of interest, the rehition of cajiitjil to income, the fmrchas- 
inir power of money, .and what Sinn n X(^wcond). the astronomer- 
economist, called the e(|uation of s(Muetary circulation, now called 
the e(juati(m of exchange (the volume of circulatin.u; medium nndti- 
plied by its velocity of circulation is c(|ual to the price level nnilti- 
plied l)y the volume of traile per unit of time). 

Mof^t of these and other applications (jf mathematics to eco- 
nomic theory consist in short chains of nvisoninp. Professor 
Marshall had the impn^ssion tlur only short chains of r-'asonin.c: 
could ever l)e expected in niathem- Meal economics. He said: 

It is ohvidus th.'U lluTo is no rof.n. in rnmonuVs for Innu fniin.s of 
tlnthietivp rcMsnnini:: no ornnnnu^t. nof .'von Riranlo. :ittonipt«Ml fhc-m. It 
riuy intlml i\iy(\\v :it fir-t .sieht lh:it the contrary is .<uc«i>to(l by the fre- 
quent use of nintheniMtitviI fornml.is \u i ronoinii^ studies. Hut on invcsti- 
p.-ifion it will he fniin.i that this Mm^estion is illnson-. exrnpt piThup.s when a 
pure inathenia(i('i:in uses Jvononue hypothcsi-s for Mie jnirpose of mathe- 
UKitieal (livci-sions: for thnn his conenrn is to show the potentialities of 
niaih» in.-Uieal nielhoils on tlu« snpi.osition th:it nnti-nal appropriate to their 
n>v had hrou supplied hy t'Oononiio study, llo inkns no t.-chnieal respon- 
sibility for thr UKitcrial and is of'm uuawaro how inadequate the material 
is to hf.ar thc^ ^t^ains of his pownrful inaehinr-ry. 

But, as time pocs on, there appear instances of somcwliat lon.i2;er 
trains of reasoning. 

I may take an example from my own work. I have tried to 
show bow it is possible to estimate numerically, through suitable 
rnathonuitical equations, the velocity of the circulation of money. 
The fcmnula for tins was derived through a chain of n)athematical 
reasonintr rociuirinn; several links and endmacinur a eonsidcrable 
nuniber of v.ariables of which the chief .are the volume of money 
in cireulation. the annual How of money into and out of banks, and 
the .annual cash payments to labor. This problem, by the way, of 
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evalu^ltin^r tlie velocity of riivulation of moiu^y had been pro- 
nounriul iiisolviiblf and. without UKithtMu/itirul /inalysi^. it niijrlit 
well hv so consichTiMl. IiuuiIontHlly, the culciihitions indicato tliat 
money in tlu» rnitcd Statt»s circidatos alxuit twcnty-fivc times a 
your. In otlitn* words, tlio avcrufje dollar stays in tlu' sauu» porket 
aluuit two wocks. 

To tin*n to a dilTcrcnt (•xalnllh^ both Professor Rauinar Fristdi 
and myself, by indrpiMKhMit iuetliod<. both of tluMu highly inathe- 
niatieal. liavc shown ho\\\ tlieoretieally under certain simple hy- 
[)othcses. to aectnnplish the statistical m(»asnrement of "marginal 
utility*' w desirability. :is a function of ours ineome. This woidd 
tictennine wlicllaM* or not U is true that if one man lias doubh* 
the ineonic of another his tax ouirht ♦() b(» doul)h\ mor(* than douhh*. 
or less than double in order that he sliouhl make tlu» snme saerifieo. 
In other words, it would supply a mathematieal eriteriiui hy whieh 
to juilge the justice of *i pro;:ressiv(» inecniie tax. 

I .«ay 'SvouhT' ratli(*r than **(hM»s" sinii>Iy b(»eauso as yet the 
statistics available do not seciu adecpiatc for any accm*ate evalmi- 
tion. But Professor Fris(di and I .are both hoiiing to pm*suo this 
study further. His and my iu-(»liminary results are not incoii- 
sistenK My own fcu'inula is derived by a chain of mathcmati(Mil 
rea.^onin^j; winch result.^ in expn^ssinc: the ratio of the **marKinal 
utility'* of money foi* a i>(M*son with a c(M*tain income to the *'mar- 
tlinal utility'* winch hv would have with a different income in terms 
{>f the following ehMucnts: those two in(*{>mes. the percentage's 
which woidd \n' spc^nt on food, rtMit. etc.. under the two respective 
incomes and the imh^x nund>crs of prices of food. rent, etc.* rela- 
tively to another country, serving :i< a standard of eomi^arison. 

Matl enuitics also helps make* ^dear the "dimensi(Ui;dity" of 
the niagnitudcs treated. Thus. th(» (piantity of wheat, its price, 
and its \ .alue are three magnitudes as unlike in dimensidnality as 
time. \*elo{Mty. and distance. The rate of interest has the simplest 
dimensionality, being, like angular velocity* of dimensiun / ^ 

Mathematics hel{>s us analyze time relationships in general, 
especijdly to avoicl the old ccnifusion between capit.'il .and income, 
the one relating to an instant of time, the other t(^ a period of 
time. 

( *apital-incomc analysis is a de\*elophHMit ni tlu» la-t two s(»ore 
years; but its nx^ts go h.ack for gen(M*ati(uis. lOvery g(M)fl treatise 
on algebra includes the ftn*mulas for rai^italizing annuities and 
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bonds, the formulas underlying tlie bond tables used in ever>- 
broker's office. 

While th" development of niatheniHtical economics <'om the 
tliforeticii! side has been steady and impressive since I was a young 
nmn, it has by no means been so rapid us the development of the 
throe other branches to which I have referred. 

2. Smoothing of Statistical Series. "Smoothinp" statistical 
data, the fittinp; of formulas and curves to statistics, has. of course, 
boon one of the aims of statisticians for many Ronerations. In 
this way wc h.ave derived our mortality tables,* the basis used by 
actuaries for calculating life ' insurance premiums. 

T un(ler.<tand that the second J. Willard fJibbs lecture was by 
Robert Henderson on Liir. huuranre rj.s n i^orial Science and «,s a 
Mafhrmatind ProbUm. The importance of this branch of our 
subject does not need to be emphasized in an insurance center like 
Des Moines. 

Actuiu-ial science is. of eour.<e. a development of the formiilas 
for capitalization (U- discount, particularly a.« applied to annuities, 
combined with the introduction of the probability element based' 
on mortality stati.stics. It i.s essentially an analysis of interest and 
ri.-k. It could be. and perhaps some day will be. applied to other 
eeoiiomic problems besides life insurance, as soon as .statistics are 
adequate for asses.sing risk numerically in other realms tlian hu- 
man mortality. In fact, one of the crying needs of eccmomic .<cience 
is a reliable basis for evaluating risks. 

C'oncuirently with actuarial science has developed a science 
of in.athematics of mortality in relation to population, extendinsr 
:it least back to the days of William Farr, Superintendent of the 
Statistical Department of the Registrar Oencral's Office of Kngland 
half a century ago. To-day this science has been further devel- 
oped by Kuihbs of Aust • lia. Lotka and Glover in the Tnited 
States, and others. 

Recently, with liie development of statistics of itnlu.-try. the 
art (if eurve fitting, by mathematical methods, lias grown very 
rapidly, and examples of it will be found in many current is.<ues of 
statistical journals. I am, n,y.<clf, with a coIlaborat(,r, M:ix .Sasuly. 
working on a new method of curve fitting aimed to avoid tlie use 
of any preconceived formula but letting the st;Ui..^tical data then\- 
selves write their own fornmla, .<o to sjie.ak. 

One imp.a-tan( ph.-i.^e of curve fitting which links it closely 
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with tlic study of economic tlicory is the statistical evaluation 
of supply and donmnd curves. Among those who have worked 
in this fiehl are Professor Henry L. Moore of Cohunbia University, 
Professor Henry Sehult/, of Chicapo University, Dr. Mordeeai 
Kzekiel of the United Stutes l)c[)artnient of Agriculture, Pro- 
fessors <i. F. Warren, F, A, Pearson and (\ F. Roos of Cornell 
I niversity, and Professor Holbrook Working of Stanford Uni- 
versity. Professor Schultx was apparently the first to work out 
the statistical d(»f (^'uiinaf ion of flie c^fiect of the tariff on the price 
of ar iniport(»d eonuuodify —sugar. 

3. Correlation. TIu* tliird group of niatlieniatical work in the 
social sci(Mices, the development of correlation, is closely associat(»d 
with the name of Karl Pearson of the University of London, who is 
still living. His 'N'orrel.'ition coc^flicient" has become almost a stand- 
ard procedure in economic statistics as well as in other sciences, 
itududing biolog>'. in wldeli ho is primarily engaged. To-day 
many, if not most, economists, especially if th(\v work in statis- 
tics, are makintr some use of such correlation co(»fIicients. Through 
them they have been forccil to adopt mathematical aids in S[)ifo of 
old traditions and [>rejudices. 

Professor Warren M. Persons, formerly of Harvard, has 
worked out correlations with lag, showing the interrelations of va- 
rious economic pluuionicna in such a way as to serve the purposes 
of forecasting business conditions. A more elaborate methofl of 
correlation has been worketl out by Karl Karsten of New Haven, 
a private statistician, who has made tabl(»s of correlaticm betwecMi 
every pair of available s(M*ics of (»c()nomi(* statistics and has put 
these together by nudtiph^ correlation so as to [)redict any one of 
tlu* series from all of the otln^'s which are found to serve toward 
tluit end. He is now i.>suing regularly a forecast of conunodity 
prices, of the volunu* of busin(»ss, of stock market trends, .and of 
various rither economic fa<'tors. 

In tlu^ study of the so-called **busin(*ss cycl(»" and forecastin.T 
future fluctuations, mathematical economists and statisticians have 
made inercasitig use of what is virtually differentiation or integra- 
tion. Tims I have emphasized "price-change'* as flistinct from 
price, ni which it is the dilTt^rcntial (luotient. Reciprocally. Mr. 
Karsten has ap[)Iied the ifl(»a of ^'quadrature*' to the relations of 
two statistical S(n*i(»s wlu^'e nno is virtually d(M*ivable from the 
otlier by intc^grafion. This nutans if the curves are cyclical that 
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tliey urv related as are tlie curves of sines and cosines so tliat one 
curve is at zero while tlie other is at a inaxinium or mininnun. 

One (lev('h)pnu»nt in this Held in wliidi I have been especially 
interested has been th(> study of the d.'strihiition of the hijr. This 
appears to be a sk(nv distribution, but nearly normal if time is 
plotted on a Io<£aritlMnie scale. 

As already indicated, risk is one of the 1 mdaniental elenunits 
in thv niathenuitical aiuilysis of actuarial scierce. It is aUu, in a 
different way. through frecjuency distribution, a finidanieiital ele- 
ment in eonvlation analysis. In fact, there have been more or less 
successful altenipts by Karl Pearson to resolv(» :\ mortality curve 
into a t^mu of several fn-ciueucy curves and by Ann Fisher to do 
the reversi\ synthesize a set of frecjuency curves r(»i)reseutiu^ mor- 
tality from certain causes into the total mortality curve. It may 
alsi) b(^ pointeil out that our second topic, curve fitting: and snindth- 
in^r. whether by least s(iuare methods or otherwise, is Iar;i;ely a 
study in probability. 

4. Analysis of Probability. All this brings us to the fourth 
chief branch of our subject, the mathematical analysis of prob- 
ability in general so f,'ir as this relates to social phenomena as em- 
bodied in statistics. This has been increasinj^ly studied by numy 
economists. espi>cially the late F. Y. ICdireworth. editor of the 
luvwoy^iir JourmL Also mathematical statisticians, such as (;. 
rdny Yuh\ Arthur Hc)wley. R. A. Fisher. Sir William Heveridiie. 
Truman L. Kell(>y, A. C. Whitaker, William L. Crum. Thiele. an<l 
others liave ihme nnudi constructive work in this field. 

Professor Vilfredo I\-ireto tried to work «)ut u formula for sta- 
tistics of incomes in relation to tlu^ nund)er of persons possessing:: 
incomes of various sizes, and the Pareto curve has become (luite 
famous. It has beeTi shown, however, parti-ularly by Professor 
Macaulay of flu^ National Bureau of Kconomic Research, that the 
Pareto curve is nofhinir but the **tair' of a probability curve, al- 
though Pareto liimscdf hatl been loath to arhnit this.* It is true 
that this particular sort of probability or distribution curve is not 
normal even if the abscissas are plotted on a lo.ixai'itbmic scale. 
It often hapi>ens in statistical series, especially where the fn^quency 
flistributitai lies Ijctwccn zero as one extreme and infinity as the 
other, that the freriuency or probability curve while very .^kew 
on tlu* arithmetical scale turns out to be nearly norma) jju the 
logaritlmnc scale. 
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I liuve, of course, by no means exhauj^ted tlie list of applica- 
tions oi niatlicnijitics to coonomics, still less to tlio other social 
seienet-s. Many jipplications have heen made which are not easily 
elassiiieil muicr the four heads I iiavo noted, namely, j^ure tijeory, 
curve littin.u. correlatiiin. and prt)l)ahilities. 

Oi these other ami miseeUaneous applications, the most im- 
portant, at least in the lield of tcononiics and statistics, seems 
to he that, of index nundiers. The theory and practice of index 
mnnliers have had a spt^cial faseination lor nnmy of us because 
ihey oeiaii)y a tantalizing position on the borderline bc^tween a 
priori rational theory and empirieal nuikeshilt and beeausi* of the 
many pitialls encountered in tlu»lr study. It is closely related 
to tlie Md)jiHa oi probability. In my hook on The Makimj of Index 
Xuwhcrs, 1 iiave tried to liud tlie best lormulu for an index lunnber 
out .<everal score available formulas. 

It is also true, of course, that the last three divisions of our sub- 
jeet. eurve tiltinj^. correlation study, and probabilit/, tri^vcrse all 
lields of knowletlge. Tiiey apply not oidy to my own branch of the 
social M'ienees, eeouoniics, but to all others sueh as soeioloii;y, an- 
thropijloiiy, and education, as well as to fields outside of social 
^eiell^•e sueh as psychology, biology, h\'gienc?, and eugenics. In all 
of tht»se we lind a development of nuithematical method, I''ach 
has it,< own special eoiicepts. measures, and priiudples such as the 
cranial index of anthi-opology, the intelligence tiuotient of psy- 
chology and educatioiu and the Mendeliaii principle in heredity; 
and these the matheinatioian nuiy study in terms of averages, 
index nund)ers, correlations, ileviations, frciiueucy distributions, aTul 
otherwise. Just as the multiplication tahh^ is applicable in more 
than one tiehl of knowledge, so nuithennitio in general is peculiar to 
none. Sooner or later every true scienee tends to benime mathe- 
nuitical. The social sciences are simply a litth* later to be reached 
than a.^trononiy, physics. an<l chemisiry, while the biological sci- 
ences are later stilL 

Scientific method is one ami the same, whether employed in 
such sciences as (lihbs (li*velo))i*d. or in others. Mathcnnitical no- 
tation is. as (Jibbs said, simply a lunyuivjn. It is reipiired for the 
be:-t expression of si-ientific mi*thod when the relations to be ex- 
pressed ber'oiue too involvi-il for ordinary lanuuagt*. which is less 
precise* and comph'te. The outlook is bri^^ht for a healthy develop- 
ment of mtithematics in the social sciences. 
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MATJIEMATICS IX JMOLOGY* 

Mv J. AKTIIUH IIAUHIS 

I'liivrmitl/ ()/ Mintunala, Miniuapoiis, Minn. 

'nuoduction. What is inatliriniitics? And wlmt riplit htm 
niatlu.H-itics to ohtnuli' iUvU upon the iittoiition of biologists? 

Since ni:itlicniatics is a very old scirnco. inextricably bound up 
in its historical dcvolopnicnt with Io/,m(! and philosophvOn the one 
hand and with astronomy on the other, it- is perhaps impossible to 
Kivi< a concise definition which wouKl satisfy the workers in all 
its fields, theoretical and applied, ft is easier and more pertinent 
to our present purpose to indicate some of the characteristics of 
nuitheniatics which make it an essential factor in the more ad- 
vanced stages of the development of all other sciences. This may 
serve as a preliminary to an outline of the claims of mathenmtics 
to the attention of biologists, based on a priori considerations, on 
service in other natural sciences, and on the contribution which it 
has already made to the advancement of biology. 

I. Thk Fundament.vl Ciiaiuctkui.stics ok Mathkm.xtics as 
Kelated to thk Physical and HIOI,oo^(^\L j<iikN(.ks 
Premises and Conclusions. It is one of the characteristics of 
mathematics that, starting with certain axioms, po.stulates, or as- 
sumptions, it shows the way in which conclusions nuiv be deduced 
from the.se premises. The mathematician d()(<s not neee.<sarily claim 
ab.«olute certainty for the physical validity of his conclusions, but 
be believes profoundly that it is pos.sible to find groups of axioms— 
sets of a few propositions each— .Mich that the propositions of each 
set are comnnHi,u. and that the propo.<itions of each set hni)ly other 

%r •1"'"^ »""lH w,,H lnvlt..,| to writ.. .-impt-r for thin V.-nrhook .m 

MathemaHoH „. liloh.K.v. H.- k1,..11.v Tpt.-.l th.- liivltnfloii nnd hint Htiirf.-.l to 

propare hln t.mt.Tlul v.-liwi 1,.. .ll.-.i siul.lml.v uft.T nii opi-ratlun for ni.iM-M.U.'ltlH 
It HPumH tittliiR tlint \v>- slri.iiKI Imv,. M-inrthlnu from. Pnifrssor lIiirrlH' im\ Wo 
arc acroraiii, ,.v r.-iTlniiiiu l-.v imtioIssLmi tlils ,ir;i<-l.. n.lni.f,.,! from Thr srirntiflr 
Monthlu toT .'.uRMst 1II2.S. S,... Hiirrls. .1. Arthur. -Th.. I-iiinlanp-nial Mnth..- 
matU-al U«(nil. m.-nt.^ of lUolo^.v." .Inwrir,,,! .Vnlhnn-itinil Munihu, \w ■ irii !'.)«-- 
TH£ Kditor. 
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proposilioijs. wliirli UiWvv can lu* iliMiurrd from tlu* fortius witli 
tvrtaiiity. TUv a»iiM)pti()iis of puiu luathrinatic's need hnw no 
physical iiitrrprctaliotis. Tliry may iiulrril coiUrailict any of our 
lIuMirirs, Tln'*- innst imt, liDwrN-cM*, ciwitrailict each other. Thus it 
is the husiliess of the pure niatheinatieiah to iliscoN'er systems of 
M'lt*-enn>isleiit and enhi'I'ent propositions. 

Mathematics is an ejcact and liinil science lady in ihi* mmisc that 
with the postuhites ih'linitely ^i\*cii tlu* conchisinn admits of no 
douht. Thus the pure mathematician concerns himsi'll not with 
the sohitiun oi particuhir prohh-njs in the natural sciences l)ut with 
the priiu'iph's whicdi uiuh'rlie the snhitioji of prolihMus in ^ciu'ral. 

The Natural Sciences. In the mitural sciences, as I'lintrasted 
with malhenalics, the thinp< which aie j;iN-en arc nu'asuremeius 
oi mitural phcnoinemi ratlwM* than axicJiiis or postulates. The sci- 
entist wishes to derive from thc>e ol)scr\at ional data ^ciuTali/a- 
Hons which We call natural laws. It. sc»cms both rea^onalde and 
d»^iral)le that he shnuhl enilea\*or to employ in this task tlic 
riL'"nrous seU'-eonsi>ient systems uf reasoning dcvelnped hy the 
a* ithematicniiK 

The student of mitural >eienc(> neeil iu)t necessai'ily ciJiu'ern hiuj- 
>clf with the criteria hy which tlu* nuit heniaticiiin assures himself 
of the validity of his formulas. He desires nu'rcly hv fully con- 
vince il n( the usefulness of such formulas in the si)lutii)n of the 
prol)lcms with which lu himself has to (h'al. lie should be sutli- 
cieiitly conversant with the fundamental assumptions mulcrlyinu' 
the ('(pnitions which he proposes to us" in his in\'e>ti^:atii)ns, not to 
nnikc the error of Jipplyin^ them in problems presenting; wlu)lly 
dilVerent sets ot conditions from tho.^e for whicii they wore* de- 
N'eloped. 

The Biologist. The biologist in conuuon with the student uf 
the other natural scicnc(\^ starts with a series of diriM't oliserva- 
tions of phenomena. From thc.M* he wishes to deri\*e a uciu-i'aliza- 
tion. a theory, or a law which shall express tin* i*esults of his ex- 
perience in concise and nuMitally coiuprehensilile teri\>. A theory 
dethu'eil from a KiN'en set of ol)scr\*ational data may le (M'roiU'ous 
because the na^asurcMnents were inad(» under ujisuitable conditions, 
or by inade([uatc nielhods, oi* bee.nisi* they iwr for sonic otIuM* rea- 
son unsuited for usi* as a basis of ^iMieralization. If llu^ theories 
based on two or nu)rt^ sets of olisiM'vati'ons ai'c inconsistent, the 
experinuMitalist refiiu's (la^ <a)nditions under which his ol)s.'rvations 
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arc iiiailr. inrrtHsos tlir precision uiul muubrr of his mrasuiTnu'nts. 
anil iTl'nriiiulatrs his th^Hjrii'S until liu limls onr whirh is in acconl 
svilli wiiloi possihlr rani;i» (if rxpiTicnci' ami whirh appeals 
U) hiui as a ri'asnnabh' lU'srriptiiHi of tho farts of naturr. Tlius, 
wwv the luathruialirian to rritiri/r tho workrr in thr natural 
scirnci's. hr would not rripiirr hin: to glvi' up obsrrvatiou and rv- 
prrinirntatiou. but wouhl only <lrnuinil that thr ronrhisions drawn 
from oljsi'r\'atit)n and nirasurrnirnl logical ronr!u>ions. 

11. TiiK Claims ok Matiikmatus on tiik Attkntion ok 

HloLOiUSTS 

Claim of Pure Mathematics. Thr rlaini of piu*r inathrniatii»s 
to thr attention uf schuhu'ly mankind is likr that of art, in that 
it is n;n)inulrd in thr innatr human luve of hrautifid iliin^^s and in 
tho innato human joy in oriiiinatin^ thrnu It is rrrativr. Its 
l)ri»vi(ius triumphs of arhirvi^mrnt lill us with satisfyiii^ wondrr; 
its pursuit is akin to that of thr exploration uf a ^rrat mountain 
>ystrm in ihr roursr of whirh ihr vantage of oarli prak sruhul opiuis 
lo virw tlir ])n)s])rrt of hii^hrr scr'-iiul praks and vaster plateaus 
bryond. 

Th(» pursuit of pure mathrmatirs in our da>' by th(» {vw who 
have the aliility and the truitiinu: is nut to l)e justified by the im- 
metliati* ;ippliral)ility of its results in tlie <jther srienres. Its 
present existiMire is jusiiiied l)y eenturies of persisleiit appi»al to 
human interest. In \U) .ueiiei-ation in whirh wi* would (h'em life 
worth while has sueh interest in uiathematies Ijeen laeking. Thus 
its riaim to the attention uf the sehular has bei^n tested by a 
riiiuruiis natural selertiuo. 'J'he survival uf tla» srirner is sufR- 
rient I'vittmre fur its Wilur as a soui'ri* uf gi'atitiration to the arti\'e 
hunian nund. Fiu'thei'mui-e. t!iu pi-dress (jf natural <elrrti(Mi has not 
merely shossn the fitness of pur(> mathemutirs as surli for survi\'al. 
It has been aetive within matlienuitirs itself. All that has not been 
fnund to sound and consistent has been riMhle.^'^ly cdiminatcd. 
Thus all that has long remained may I 'operly appeal to workers 
in the uthrr srienres as worth their runsidri'atit)n wiih reference to 
its pu>sible value in their own sperial fi<*ltl. 

Hut herr we are not runrei*ned with the justitir:itit)n of pm*e 
mathematit's. but with an appeal for the wider use of matlienuitirs 
l)y biohigists as a means to the de\*elopnuMit of their own sperial 
liehl of creative srholarship. 



MATHKMATICS IN BIOLOGY 



21 



Claims of Mathematics on the Working Biologist. Lot us 

cousiikM* in laitliiio the claims which mathematics lias on the atten- 
tion ol the Nviirking biologist. 

The lirst \\s'o may he stated in very general terms. They will, 
hdwever. he lieveluj^ed in the tUseussion of special elaim^ which is 
10 follow. 

The most general eontrihutiun of mathematics to the natural 
srienres is the atTonling of an exact and easily worka jle symbolism 
lor till* e\i)ies>ion u{ ideas. The progress of science dei>ends very 
lari;vly upon the facility with which facts may ho recorded and 
relaiiuiiships between them considered. In their bearing upon this 
retiuirement oi the natural sciences it is important to note that 
an e.-sential characteristic of mathematical methods is that they 
economize thouglit» Tlie nt)tatiou of tlie mathematician affords the 
maxinuun precision, simplieity, and conciseness. The worker in 
natural science tinds in nuithennitical literature a highly perfected 
symholism which he may use without developing one of his own. 

But while a convenient notation is the most general contribu- 
tion of inathenuitics to the natural sciences, it is neither the only 
nor the most important one. In the natural sciences it is essential 
that accurate observations and exact measurements be interpreted 
by sound prcu'csses of reasoning. It seems logical to assume that 
tlie Ijiohigist may profit by the centuries of experience of the mutlie- 
nnitician in the drawing of inevitable conclusions. 

These claims are so general that we may properly turn to those 
based on the s])ecific accomplishments of mathematics in the physi- 
cal sciences and in biology itoolf in substantiation of our argument 
for its witler application in hiologiciil research. 

The Claim of Service in Other Physical Sciences. The 
record oi service ui mathematics in the j)hysical sciences is an out- 
>tanding claim on the attention of biologists. 

Ill the past, mathematics has been an integral i>art of the sciences 
which we are ac(»ustomed to regard as the more highly developed-- 
of all thi.' is physical as diMlnguished from biological in the growth 
of our eiviliziition. The most determined critic of the apj)lication 
of the iiKithematical method in biology dares not contemijlate the 
conscqucn'*es (U a Maxwellian demon snatching from our scientific 
literature and from the minds of our ch<unists, physicists, engineers, 
and economists the matliematical fornu las wnich imderlie the 
routine of our daily life. In a few weeks long-distance com- 
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uuinications woulti cease, the vehicles of tninsportiition would be 
inotioulotfs, I'ac'torios would close, mid urban population would face 
.starvation. As Trofcssor A. \'oss said in 1908, our entire present 
civilization, as far as it depends upon the intellectual jionetration 
and utilization of nature, has its real foundation in the niathe- 
niatical sciences, 

If reasoning by analogy is e\-er justified, exp'-riencc in the 
physical sciences would certainly secni to all'ord sufiicient evidence 
of the neeessitj for the extensive introduction of this powerful tool 
of research into the biological sciences. 

The argument that ..lologists should emulate the workers in the 
physical sciences is strengthened by the fact that biological ])he- 
noniena are the most nearly inhnitely complex of all natural 
phenomena. This is necessarily true because the internal structure 
and functioning of the organism and the elfective environmental 
conditions under which it must live and reproduce comprehend a 
material fraction of the physical and chemical comi>lexities of the 
uui\-erse. Before the more complicated biological phenomena can be 
grasped in any but the most circumscribed and su])erficial way by 
the liuman mind, they must either be analyzed and simj>lified by 
experimental control or expressed in the mentally intelligible term's 
of mathematical sununaries or generalizations. 

^ It may be urged that the method of dealing with large numbers 
of measurements is not that of the physicist or of the chemist who 
frequently works with minute samples under carefully controlled 
conditions. 

The reasons for the differences in methods are two. First, the 
student of molecules has the advantage of working with less com- 
plex ujaterials and under niore readily controlled experimental con- 
ditions. Second, the physicist or chemist already has his molecules 
or ions massed and can investigate them and draw conclusions con- 
cerning their jiroperties from his examination of the propenies of 
his volume of gas or solution. Tla- biologist nnist begin otherwise. 
He nmst collect and determine the characteristics of each indi- 
vidual of a large sanijile in order to exjiress the characteristics of 
the whole population in mathematical terms. 

When biologists have had the necessary jireliminary training, 
they will realize that, for many of the phenomena with which they' 
have to deal, the most easily comprehensible and the most usefiil 
method of description and analysis is the mathematical. In the 
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j)a:?t. biologists us a clas^ haw bouii in reality hostile lo tlu? Intro- 
iluction into tliuir science of the methods which have jiroVed their 
worth elsewhere. L know this to be true from h)iii»; and bitter 
experience. Instead ol' being ea<;er to place biology alongside of 
phy>ics and (•henli^try in the ranks of the exact sciences, biologists 
have seemed ml merely to excuse, but actually to take pride in the 
distinction which has been drawn between the so-called exact and 
the so-called deserijitive sciences. 

While the historical attitude of the biidogist is not excusable, the 
fault has not been entirely his. AVitii most men mathematics is 
like u well — the sleeper they go in the less they see out and about. 
Mathematics niay quite properly be an end in itself, but in biology 
it is strictly u means to an end. While mathematicians have in 
the past been eager to serve workers in the physical sciences, and 
wiiile nuitheniatics itself owes a large debt to these sciences, 
mathematicians have not lor the niost part felt it worth while to 
come to the assistance of biologists. Mathematicians have often 
asscrteil the need of mathematics in the l.'iological sciences, but the 
claim has too often been made in an ex cathedra manner by those 
who, while perhaps (pialilied to speak of things mathenuitical, lu. .'C 
been rehitively little littcd to di&cuss the needs (jf biohjgy. While 
biologists have been entirely too slow in recognizing tlu' needs of 
their science for the mathematical tools, they lu.ve shown tha^ 
practical gtiod sense which characterizes those whose nunds have 
contact with matter by refusing to llock to the mathematicians' 
standard mail shown by concrete examples that the nuithcniatical 
method has real api)licability in biology. Thus tlie burden of 
proof luis largely been thrown ui)oii a few workers of greater vision, 
with the inevitable result that progress in the applicatiou of mathe- 
matics in biology has been slow. 

Pnigress has been slow, but progress there has nevertheless been. 

The Evolution of Biology and the Influence of Quantita- 
tive Methods. The natural seii nces ali had their hc.iiimun'j^s in 
observation and speculation. Careful (ic>cription of the ob>erved 
l>henonicna then furnished a basis of intcri)retation by com[)arison. 
Kxperiuu'ntation, which requires not merely contnjlled ccmditions 
but nicasurcd conseciuences, foUowcil observation and description. 
Kiually (piantitative measurement, calculatimi. and the fornuda- 
tion of mathematical laws have characterized the highest stage of 
scientific development. 
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These stages in the development of the natural sciences are, to 
be sure, neither wholly distinct in nature nor ifharply separated in 
time. The methods of the later stages have in some instances been 
anticipated by invcr^tigators who were in advance of their con- 
temporaries. It would be unfortunate indeed if men of science did 
not at all tinier avail themselves of whatever is best in the methods 
as well as in the results of those who preceded them. Notwith- 
standing the diliiculty of delimiting the various horizons, as our 
geological friends might feel inclined to designate the deposits of 
scientific literature of these periods of dilTering dominant purposes, 
the sequence is in full accord with historical facts. 

The old physicist who defined the biologist as "a man with 
scientific aspirations and inadequate mathematics'* would find, if 
he looked over a fair sample of current biological literature, that 
not only has the space devoted to quantitative data increased enor- 
mously during the past few years, but that there is a steadily grow- 
ing effort on the part of biologists to ex])ress in concise formulas the 
results of observation. Unfortunately, biology in most of its phases 
still lacks ihe quantitative data, ana biologists in general want the 
training in mathematical analysis which is essential in exact science. 
Nevertheless the tendency of the times is unmistakable; the de- 
mand for quantitative work is more and more domir. int in the 
biology of to-day. 

The most forceful argument for the wider use of matliematics 
in biology is furnished by the service which mathematics has al- 
ready rendered in the biological sciences. Let us consider this more 
specifically. 

The Two Fronts of the Advance of Mathematics into 
Biology. Progress in science depends upon evolution of method 
as well as upon the accumulation of the data of observation, ex- 
perimentation, and measurement. The progress which has been 
made in the development of biology as a quantitative science 
through the introduction of mathematical methods is in its present 
stage the resultant of various factors, which can be understood 
only when considered in their relation to the evolutionary history of 
science in general and of biology in particular. 

This evolution of the natural sciences is admirably illustrated 
by the history of biology. Observations and speculations began 
with primitive man. If a desire to record wdiat has been seen 
formed a part of the motives of those who bruised crude figures 
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on the walls of caves, descriptions began with or before the period 
of \sTitten language. Some attempts at classification were made at 
a very early period in man's cultural development, but we are 
accustomed to think of the gi'eat era of description and classifica- 
tion as initiated in their modern form by the work of Linnaeus. 
This period was also one of detailed geographic exploration. 
Breadth of exploration doubtless tended to stimulate intensity of 
interest in description and classification. The activities of these 
decades resulted in tue storing of great museums with carefully 
preserved and minutely described specimens of plants and animals, 
in the publication of elegant icones which are among the master- 
pieces of artistic book -making, comprehensive monographs of every 
large genus, encyclopedic summaries of phyla and kingdoms, and 
floras and faunas to the end of long vistas of library shelves. 

Simultaneously with the latter decades of the period of de- 
scription and classification of organisms, both living and fossil, 
began the development of anatomy and embryology, both macro- 
scopic and microscopic. These latter were indefatigably pursued 
by an arniy of workers whose investigations were so comprehen- 
sive that the younger and more restless spirits began tn fear that 
there wouhl be no worlds left for them to conquer. 

With such a wealth of descriptive materials at their disposal, 
.t was inevitable that serious attempts at inter^^retation should be 
made. Speculation as to the observed phenomena was largely re- 
placed by effort at interpretation based upon comparison, "It is 
descriptive but not comparative," was the criticism of a volume laid 
before the elder Agassiz, The dominance of the comparative 
method over a considerable period of the more recent history of 
biology is attested by the presence of the word comparative in 
the titles of a number of institutions and journals, 

AVith taxonomy, comparative anatomy and embrj'olog\-, his- 
tolog>% and cytolog\' well outlined, biologists found themselves free 
to extend to other fields the methods which had heretofore been 
limited to physiology. Experimental morphology, exi>erimental 
embryology, and experimental evolution are terms which illustrate 
the degree to which the experimental method has dominated bio- 
logical investigation during the last few years, 

a) The Influence of Physics and Chenmti^, As soon as biol- 
ogj-, in the course of its evolution, had passed the purely observa- 
tional and descriptive sstage and boeome an experimental science, it 
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was naturil that the attempt should be niado to interpret biological 
phenomena in terms of the more highly developed sciences of 
physirs and chemistry. 

That many of the processes which occur in tlie living organism 
are rhemiral and idiysical in nature was necessarily athnitled as 
soon as ijhysiology could he called a science. The controversy 
fjetween those who asserted that all biological phenomena are 
physical and ehemieal and those who niauitained that Hving mat- 
ter i;s in .^onie essential way (Hfferent from non-livhig matter has 
only served to .'^tinmhite investigations having to do with the 
physirs and tlie chemistry of life processes. 

The development of tlie fudd of physical and chemical physinloin- 
has heen due not merely to its ereat theoretical interest but to \t< 
enonnons prnrtieal import.anre in agriculture, in the industries, and 
in medicine. At present biophysics and biochemistry have attained 
the rank (^f independent sciences, cnnunanding facilities and jior- 
.sonnci greater than that avaihd)Ie for the whole of biology, with 
the excej)ti()n of tax<inomy. a few years ago. 

The intimate contact with the more precise sciences of physics 
and chemistry which has resulted from the rapid development of 
experiment.ation in biology during the part few years has done 
much to raise th.e standard of biological research. 

P]iy>ics and chemistry are not merely r^ciences characterized by 
measurement rather than oljscrvation. They are sciences in which 
it lias hmg lieen recoirnizcf that progress dep(mds upon the exact- 
ness of tht^ control of the conditions of exptM'imentatinn. *' / pre- 
cision of the measuHMnent.^. and the aderpiacy of the mathematical 
description anrl analysis of the measurements which have heen 
made. Hen* we have one of the two great lines of advance of the 
mathematical method into the biological scien-es. Physics and 
chemistry are quantit.'itive anrl. to a high degree, mathematical 
sciences. Hirdogists. if tiiey will pursue thoir science along thr 
lines of physics and chemistry, nuist take over the mathematical 
methods of cx])re.^sion and analysis characteristic of these sciences. 
There can he no reasonahh^ doubt that in the future physics and 
chemistry will continue to influence binlogy. and even more pn> 
foundly than in the past. As the a><f>ciatinn of the.<e sciences be- 
comes lui^vv intimate, and as the hioloiii^'t i)ecomes essentially a 
rheuiist or .i physiidst workinti with living oru.anisms, the mathe- 
matical mode of de.-cription and .an.alysis which has been so fruit- 
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fill in physics and chonnftry will become incrcasiniJ^ly significant 
in biology* 

b) The RUe of Biometry, The penetration of the mathemati- 
cal leaven inio the biological lump through the merlimn of physics 
and chemistry has been so gradual and so little associated with the 
names of any individual workers that it has taken place without 
biologists as a class being acutely aware of the profound change 
in their science. The case is quite different with the second great 
line of advance of the mathematical methods into biology, Tliis is 
directly traceable to the devehipment. initiated by Francis Oalton 
and strenuously carried forward by Karl P(»arson. of mathematical 
formulas suitable for the analysis of the highly variable data of 
biological observation and measurement; and to the application 
of these metluuls to a wirle range of biological and sociological prob- 
lems by the biometric school 

While tlie biometric methods were developerl primarily for the 
study of phenomena which are so complex that they cannot be 
grasped by tlie unaided human mind or which cannot be readily 
snbjecterl to experimental control, they are now being advanta- 
geously applied to the results of experimentation, Biologists will 
doubtless some day realize that experimental results must receive 
niatliematical treatment for Iheir full interpretation. 

For the present, there are many who stubbornly refuse to .see. 

We are scjinetimes tohi that the biuinetric constants are merely 
a useful menus of expressing results. The idleness of such an as- 
sertion will hr apparent from two simple illustrations. 

All mankind has hafl the o])portunity of observing the statures 
and otlitT physical characteristics of husbands and wives. Yet it 
remaiiKMl fur ]\\'irson anrl his group to show tliat there is a high de- 
gree of assortntivc mating in man. Why was this not perceived if 
the correlation eoeiricient only servos to express what we may learn 
otherwise? 

If tlie sujiirestion be made that those individuals who observed 
human hushaiifls anrl wi\'(^s were for the most part scientifically 
untrainerl. the reply is e\'ident. Students by the tliousands in the 
biological laboratories of the world have observed conjugation in 
Paramecium, but it required the bifiinetric investigation by Pearl, 
wo^'king unrlcr the influence of ]\\arson. to show that in the union 
tlie'e is a high degree of similarity in the size of the conjugants. 
Kven after the rel/itionship was clearly deuKmstrated biometrically, 
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its validity was denied by at least two eminent zoologists. If 
biomctrie methods are a useful means of expressing but not of 
obtaining results, why did not zoiilogists long ago note the as- 
sortative conjugation demonstrated by Pearl, and arrive at the 
explanations afforded by the masterly studies in the same field by 
Jennings? 

The answer is obvious in both eases. Unaided observation was 
inean'^ble of dealing with the problems. They required for their 
solution the application of mathematical methods of analysis to 
series of measurements. 

These are by no means unique or exceptional cases. Instances 
of the failure of biologists to observe important relationships, even 
with the materials or the data before their eyes, could easily be 
multiplied. Examples of the misinter])retation of materials or "data 
equally open to observation could be readily adduced. The mental 
limitation implied is not pmiliar to biologists. The inability to 
grasp the more complicated natural phenomena without symbolism 
IS an inherent limitation of the human mind, fully recognized by 
Iisychologist.s. That a man should be unable to reason about highly 
complicated phenomena without the use of mathematical formulas 
IS no more remarkable than that he should be unable to see 
chromosomes without the raiicroscope. 

Another criticism frequently heard is that the statistical methods 
can only locate problems— never solve them. The real solution, 
we are told, must in the end be biological, psychological, socio- 
logical, as the case may be. If this be true, it is the more im- 
portant that the biologist, psychologist, and sociologist be them- 
selve.s capable of u.sing the mathematical methods, or at least of 
cooperatinc intelligently with those who can. But is the criticism 
really valid? The same stricture is equally applicable to all 
methods of research. After a group of phenomena have been de- 
scribed and analyzed as well as they can be bv anv means, other 
problems remain to be attacked by new refmemonts of method or 
ot analysis. 

The as<=ertion is often made that the final results must depend 
upoii the original measurements and not upon their mathematical 
treatment. A full di.scussion of this critici.-^m would lead into sev- 
eral complex'tie.^. but it is suflicient to answer bv a vcrv simple 
illustration. The po.«sibility of securing aocuracv beyond the 
power of observation, or at lea.^t beyond the degree of refinement 
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of tho ineasuronicnts adoplod, may be easily tested by measuring 
a series of objects twice, onee roughly and onee with great aceuraoy. 
The statistical constants of these two series of measurements may 
then ho calculated and compared. Unless there has been a con- 
sistent bias or personal equation on the part of the observer which 
tontls to make all his measurements too high or too low, there will 
be a remarkably dose agreement between the results of the con- 
stants caloulatofl from the gross an<l from the refined scries of 
measurements. 

Finally, one of the most common criticisms of the biomotric 
methods is that they are eomj^lcx and difficult to use. We have 
been told seriously by biologists that they expect to adopt the 
bionictric methods when they shall have been more simplified and 
hence made more suitable for practical use. But research does not 
tend to become simpler with the advance of science. Since biologi- 
cal phenomena are innately complex, there is no likelihood that the 
mathematical formulas required for their investigation will be sim- 
plified excej^t in matters of practical technique. Criticism of the 
Ijiometric methods on the ground of their difficulty is merely th'c 
gIorificati(m of the mental lassitude of the critic. 

Let us turn from the answering of critici.sms to things more 
constructive. 

If srience is to advance at the rate which we desire, another 
hiuhly practical consideration cannot be neglecterl. Many biologi- 
cal phcn uiena cannot he subjected to experimental control Thus 
while the proper study of mankind may be man. human individuals 
and their relatives cannot be investigated in the same manner as 
white rats and l^rosophila. While man may be the most eon- 
si)i(*uons illustration of an organism which cannot be studied in a 
broad way under controlled contlitions. the example is not unique. 
In inmunerable cases the statistical study of masses of data may 
not only properly, but must necessarily, replace controlled experi- 
mentation.^ I liope t(^ show later that in such cases 'the experi- 
mental aurl the statistical mcthoil are in essence identical. 

Kven where refined experimentation is pos.siblc the biometric 
methods are particularly suited to reconnaissance work. In the 
search for the relationship between difi^erent variables the statisti- 
cal analysis of large masses of comi)aratively rough data nuiy indi- 
cate the place in which carefully controlled experiments may and 
should he made. Finally, after biological problems have been sub- 
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jected to as close experimental control as possible, the results are 
generally so irregular as to make hiometric analysis desirable. 

Let us consider briefly, in review, the claims' (.f the biometric 
metliods to the attention of biolo<rists. 

Firtit: The biometric notation makes possible the expression of 
the results of extensive experience in concise and mcntallv compre- 
hensible terms. 

This matter of tlie form of expression is one of far greater im- 
portance than miRht at first be realized. Rapiditv of progrc.'^s in 
any branch of science must depend very largely upon the facility 
with which the flata and conclusions of a new invc.-tirriitinn can be 
compared with those already on the library shelves. It is by the 
reoccurrence of like results that general theories are e.'Jtablishcd. It 
IS by the noting of inconsi.«5tencies and the circumstances under 
which they occur that indications of as yet unsusjiccted relation- 
ships arc often seen. 

There can be little doubt that the rapid advance of physics 
and chemistry has been due in no small degree to quantitative and 
standardized modes of expression. 

If the physicist or chemist wants a solubility, melting point, or 
conductivity of any sub.stance, he has merely to turn to volumes 
of con.'^tants to find whether it has been determined, and if con- 
stants are available, whether the recorded results accord with his 
own. An inve.'^tigator has been able to draw upon a common fund 
of knowlerlge to a greater extent and with greater ease than in 
biology. Thus synthetic work has been facilitated. 

In its bearing on the problem of the simplification of scientific 
iterature, consider for a moment the state in which biology would 
be to-day had it not been for the Linnaean notation, by whidi 
specie.? may be designated by a simple binomial instead of bv a 
cumber.'jome rloscription whenever it is mentionerl. The value of 
tins relatively sucoinot notation becomes especially apparent when 
we contemplate the vast harm which has been done to scientific 
research through the unwillingness or inability of taxonoinists to 
n- antain uniformity of nomenclature. Then in view of what has 
been accomplishcfl by this relatively simple expedient, imagine the 
rapidity of advance which will be possible when a quantitative morle 
of expres.^ioii permits the results of many fields of biological re- 
seareh to be sntimiarlzed in annual volumes of standard constants. 
I. personally, am inclined to look upon the publication of Donald- 
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poir.s V(^lunie on the rat. in which the experience of a whole insti- 
tution of workers ir^ suininarized in quantitative terms, as a real 
niil(»Pt()ne in tlie jirofrrep? of bioloo:>'. 

Sccotnl: Tlie hiometric formulas provide a system of probable 
errors svliicli safopuanls tlie worker in the formulation of his con- 
clusions, Rionietricians have referred so freely to probable errors 
that critics have facetiously su.f!c:ested that biometry is chiefly 
error. But frankly and candidly, if a given set of observations is 
insnflicicnt to demonstrate a relationship, is it not better that the 
investiaator discover the fact himself than that he should publish 
errone(uis conclusions wiiich nmst be corrected by subsequent re- 
search? 

Thh'il: The biomctric methods not merely furnish a system of 
mentally comprehensible constants and concise equations, suitable 
for the drscrij^tion of complex phenomena, and a series of probable 
errors which safejiuards the worker in drawing conclusions con- 
cernin£x these phenomena, but they make possible the investigation 
of relatitMiships so intricate and so delicate that they are quite be- 
yond the scope of unaided obs(>rvation. Here the biometric methotls 
have a potentiality for service analogous to that of the equipment 
of the UKvlern observatory, which is capable of dealing with stellar 
]>henomena that were beyond imagination a century ago, or to that 
of modern microscopic equipment and technique which have given 
rise to wluile sciences of microcosms which were beyond the ken 
of Limu\eus. To argue that it i«? unnecessary to push on into the 
investigation of these nu^re recondite relati(mships is as contrary 
to the spirit of science, as react ionaiy. as to argue that it were 
better to have stc^pped with Galileo instead of arlvancing to the 
refinemcT^ts of modern astronomy through the develojunent of in- 
struments and mathematical theory. 

Fourth: For many classes of problems the biometric formulas 
aj>plied to lari:e masses of data furnish the closest possible approxi- 
mation to the experimental method of investigation. 

The exp(»rimental method, as ideally applied, consists essentially 
in the simplification of conditions by renderinc: constant all but 
one. This one factor is then varied and its influence upon the 
organism is noted. In c(?rtain phases of statistical analysis an 
essentially identical method is followed, wluui we determine what 
is called the partial correlation b(»twecn two variables for constant 
values of one. two» or more other variables. 
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For example, the basal metabolism of tall men is on the aver- 
age greater than that of those of less stature. Heavy men also 
show a hi.^her daily Raseous exchange than light ones. Hut taller 
men are on the average heavier men. and it seems quite possible 
that the lanzor ba.'^al food requirement of taller men is merely 
the resultant of the relationship between stature and body weight 
on the one hand and b(^twecn weight and metabolism on the otlier. 
The biometrieian solves such a problem statistically by determin- 
ing the i^artial correlation between stature and metabolism for 
constant weiiiht, i,e,. with the influence of body weight eliminated. 
The experimentalist would have to attack the problem in exactly 
the same manner. 

Illustrations might be given by the score of the analytical treat- 
ment of statistical data which gives results of essentially the same 
nature us those \Nhich are attained by the experimental method, 
often in cases in which strictly experimental technicjue cannot be 
readily applied. 

Fifth: The biometric formulas furnish the be.«t means as yet 
available for predicting the value of one variable from another, 
or from a series of others. This is due to the fact that it is pos- 
sible to pass at once from measures of interdependence in terms 
of the un v»rsally mmparablc scale of correlation to regression 
equations showing the rate of change in terms of the actual working 
scale of any variable as.sociated with another, or others, whose 
values are known. 

The great theoretical importance of this feature of the biometric 
methods will hr^ clearly realized when we rfmemb(»r that the test 
for ihv validity of a theoiy is its rapacity for predicting the un- 
knowTi. 

The forepiing treatment in outline may have b-'en disappoint- 
ing to thoso who have expected argument by illustration of specific 
accnmplisiiment. The method has be-n followed because the bio- 
logical eontrihutions which have already been made through the 
use of the biometric methods are now so large that no one man, 
eveii with unlimited space, can be expected to summarize them. 
This is tYW\ notwithstaTuling the fact that the number of workers 
who have persi.-^tcntly stood by the biometric guns during the long 
and discouraging years of general iiidifiVronce on the part of biolo- 
gists can be counted on the ling(M'.< without using all tlu' digits of 
the hands. 
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III. TiiK MouK G\ svMM Skuvu k of Mathkmatics IK Biology 

Certain Limitations and Services of Mathematics in Bi- 
ology. It WDuhl 1)0 unU)rtiiiiati^ tu \mn\i this \)ix\)vy to u cloj^u 
without ('iii|)hasi;uiii^ l»oth i-iTtain liiiutation> ami cortuin wkWv 
^vYv'wvri oi niatht'iuati"s in ImoIduv. 

TUv biological universe is all hut inllniti'ly cumplox. It is not 
couroivahlf that all hiolo^Mcal |)luMuiiui'iia will bv. treated by niathe- 
inatiral inetlioiU. All that is lujccssary, however, is that the 
luutheiiuitieal luetluuls of research he so (leveloi)eil that they luuy 
he aj)i)lieahle tu any bioloRieal j)r()hlein. 

Nor must tliere he inisuuilerstandinj; eonn'rniiij^ the dcsirahiHty 
ol an unbroken Iront eomi)rising all the methods of researeh in the 
attaek on tlie comi)lex problems of the l)i(doi^ieal universe. In 
biology, evolution of s^eientilic method has l)een of surjjassing 
rapidity. I)('serij>iinn was ileserted when et .. parison h^'eanie tlie 
order nl' the day. The mines of comparative nuji'plioUi^y were in 
jiart ahandcim^tl wluMi the cry was raised that ex|)i^rinuMitation was 
uneovrriuK solid nut:^ii*ts. The problems ol biology are so numer- 
ous aucl sj) viu'ied that no nu-thod of re:?carch can b(^ j)ermanently 
discarded. Observation can never fail to he the ci)ruerstone of 
biology. The task of ehiJ-siiicalion is only partly i'om|>lel.ed, wvn 
by those methods whieli were in U:*e at the time when it was the 
major interest of naturalists. Taxonomy mu.-<t jjrolit by and ulti- 
nuitely iMror|U)raie all the j)ertinent facts unearthed by the newer 
methods of research. Comparison can never fail to yield results 
of importanre. Hut all these nictiu)di; uuiy now be nuide more 
retined anti exuct by the introduction of matheuuitics applied (o 
the tlesrripnun ami analysis of (piantitative data. 

Two Points of Emphasis. In elnsin^r. I would like to return 
to the br(K'id(T sid)je(t of nuithrniaties in biolo^^v and to emphasize 
two points. 

My Urst point is in the n.'iture of a proi^hccy. 

In the f iture, mathematics will ha\'e an iiicrca^^iii^ inlluencc 
in detrrminiu^; the direction of research. 

This is due not solely to the fact that the blomctric foruudas 
facilitate the solution of many problems, but also to the fact that 
after a certain sta^e in scii-ncc is readu'il. calculaticm is to some 
deiiree caj)abh? of ant iciiJatiuK [he results df expcrimrnt.ation. Tlie 
value of the mathematician's prcdictitm is ued known to tlie 
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pliysicist, the chcuiist, and the astronomer. As yvt little progress 
ill tliis direction hub been nuule in biology, but I am glad to go on 
rerord as predieting tluit before nuiny years have pujis^ed experi- 
mentation will be to a eonsideruble extent guided by preliminary 
ealeulation. 

My seeond point has to deal with a very ditferent matter, 
Kieganee or form has always made a powerful appeal t. Mie 
niathematieian. As the biologist is forced by the inevitable prog- 
ress of his science to occupy himself n;ore r.nd more with nmthe- 
matical literature, its logic, terseness, and elegance of expression 
umst have an inlluent'e upon his own standards of presentation, 

Nummary 

J>unuuarizing in u few sentences we may note that mathematics 
is driving into biology on two wide fronts. 

Un the one, physics and chemistry are by virtue of their intlu- 
ence upon biological research forcing biologists to take over the 
mathematics whit-h is an intlispensal)le part of these sciences. On 
the other, biometry i.^* grappling witii i^roblems which are not readily 
amenable to experimental treatnieut. 

The possible contributions of mathematics to bulogical science 
are too varied to be succinctly sunmiarized. We must, however, 
record our entire disagreement with the dictuni that mathematics 
is only a mill from which no more comes out than was originally 
put in. What ire put in are raw data, the signilicance of which is 
obscured by all the perplexing irregularities due to morphological 
and physiological variation, to errors of random sampling, and to 
errors oi measurement. What comes out is a .scries of nuithematical 
constants and e(iuations, ei)itomizing in mentally intelligible form 
the whole discordant mass of irregularities and smoothing them in 
a manner to bring out the underlying laws. To assert that the 
value of a biomctrie research is determined by the raw biological 
data i.< not altogether unli^re mea.^uriug the value of a Titian by 
the grauis of pain ^'KiuU'ed to cover the canvas. 

It has been the ran- good fortune of Quotelet, (lalton, and Pear- 
son to initiate one of the great lin^-s of advance in Ijiology. These 
men will one day roei;ive from biologists recognition as free and 
generi)us as their great service merits. As for the rest of tluit little 
handful of workers who have made up the biomctrie J^rhool, it has 
been the satisfaction of a few never to have stejiped back from the 
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iims during tho long and discouraging yours of biological indiffer- 
ence and opposition. 

The ultimate recognition ■)f niutheniatical biology i.s uierely a 
part of that inevitable and irreversible evolutionary process by 
whieh biology is to take its place in the ranks Oi the exact sciences. 



ERIC 



THE HUMANISTIC BEARINGS OF 
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By CASSIUS J. KEYSER 
Columbia University, New York City 

Mathematics and Humanism, In order to reduce the hazard 
of being misunderstood I will begin by giving some indication of 
the senses in which the terms Mathematics and Humanism are to 
be understood in the following pages. 

Mathematics Defined.^ After many centuries of endeavor it 
has become possible in recent years to define Mathematics with a 
high degree of precision and clarity. Mathematics may be viewed 
as a body of achievements or as an intellectual enterprise. I prefer 
to view it as an enterprise, and I define the great term in the fol- 
lowing words: Mathematics is the enterprise which has for its aim 
to establish Hypothetical propositions. By a hypothetical propo- 
sition I mean one that either is stated, or admits of being stated, in 
the form, p iynplies where v denotes one or more propositions 
(called axioms, postulates, assumptions, or primitive propositions), 
where q denotes a proposition (commonly called a theorem), and 
where the verb implies is intended to assert that q is logically de 
ducible from p. 

It is common and often convenient to state a hypothetical 
I)roposition in the form: // p, then r/. J^nt here one must be on 
one s guard, for it is obvious that many propoj>itions, though stated 
in this form, are not hypothetical. For example, the proposition — 
if it lightens, then it wiU thunder— docs not mean to assert that the 
j)roposition, it will thunder, can be logically deduced from the 
proposition, it lightens. The test as to whether a proposition of 
the form — if p, then q — is or is not hypothetical is whether the 
assertor is intending, or not intending, to assert that q is logically 
deducible from p. 

It is to be carefully noted that a hypothetical proposition is 

* For n fuU exposition of this ami klndml ctjnceptlons the roader may be re- 
ft- rriM I lo my l)c)i)k. The Pastures oj Wondvr, Columbia I'ulvori^lty Press. 

;50 
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truu or falsu uccording as the asserted deducibility is or is not 
possible, 

A niatlu'inatical proposition is a hypothetical proposition that 
has hvvn established. And an **establisho(r* proposition is one that 
is so spoken of, so rcRurded, so treated, by all or nearly all experts 
in the field or subject to which the proposition belongs. 

The foregoing conception of mathematics gains in clarity by 
viewing it side by side with tlie following conception of Science. 
This term ought, I am convinced, to be defined as follows: Science 
is the enterprise having for it(i aim to establish Categorical jyropo- 
sKion.^. A categorical pn)position is one stating that auch-and-such 
16 the case, regarding no matter what part or asjject of the actual 
world. A categorical proposition, no matter what its form, never 
asserts logical deducibility, or implication, but, as I have said, a 
hypothetical i>roposition always does. 

By mathematical method I mean all available means estab- 
lishing hypothetical propositions. Of these means, one is ^reign, 
always absolutely indispensable. I mean Deduction; all other 
means are but auxiliary thereto, mere servants or helpers, never 
adequate in them.selves. The law is: No deduction, no mathe- 
matics, 

liy scientific method I mean all available means for establish- 
ing categorical propositions. Of these means, one is sovereign, * 
always absolutely indispensable, I mean Observation, all other 
means are but auxiliary thereto, mere servants ur helpers, never 
adequate in themselves. The law is: Ko observation, no science. 

In mathematics Deduction is supreme, observation and all other 
means subordinate. 

In science Observation is supreme, deduction and all other 
means subordinate. 

Types of Humanism. As for Humanism, it is especially im- 
portant to indicate the sense in which the term is to he employed 
in this csstiy, fur that fine old word is to-day used in such a variety 
of incompatible senses that, unlike the term mathematics, it cannot 
now be said to have a standard signification. And so tluTo are 
} -imani.<nis and humanisms. It will, 1 think, he a helpful prelim- 
ihury to signalize some of them. 

Tliere is, for example, the recently much-discussed Humanism 
whidi Professor Irving iiabbitt )-is been endeavoring for two or 
tlu'ec decades to formulate and losier by means of lectures, essays, 



ERIC 



38 



THE SIXTH YKARUOOK 



and books, and wliich he and fourteen other representatives of his 
cult set forth a few mouths ago in the form of a symposium en- 
titled Humanism and America^ edited by Mr. Norman Foerster. 
In his editorial preface Mr. Foerster tells us that ^Trofe.-^sor Babbitt 
has done more than any one else to formulate the concept of 
humanism/' and that he is, in Mr. Foerster s opinion, **at the center 
of the humani.st movement/' It is, then, not strange that Pro-, 
fessor Babbitts rule in the symposium is that of oHicial definer. 
Mr. Babbitt teli.^ us at the beginning of his "Essay at Definition'' 
that definition is •*indisi)ensable/' Naturally the reader is glad- 
dened by the prosjiect of finding here an authoritative fcninulation 
of the proper meaning of the great term Humanism. 

What, then, is Professor Babbitt s definition of that term? He 
states it in these words: ^'Humanists are those who, in any age, 
aim at i)roi)()rtionateness through cultivation of the law of 
measure.** In i)oint of form the defirition is good, but what of its 
substanee? No mere hitching togethei of such hazy verbal abstrac- 
tions can convey any definite idea. Obviously the definition is 
sadly in need of intcrjjretation. The entire essay may be viewed, 
and was doubtless intended to be viewed, as an attemi)t at such 
an interpretation. And what is the interpretation? It consists 
mainly of fragmentary description — of scattered bits of description 
— of what Professor Babbitt means by Humanism. Mathemati- 
cians need not be told that there is a radical difference between 
description and defhiition. Of Mr. Babbitt's scattered bits of de- 
scrii)ti(.)n some are jiositive but most of them are negative. The 
most revealing of the positive bits are these: The humanist "m:iy 
work in harmony with trariitio.'i il religion/* yet he says with Poi)e. 

Presume not (lod U scan: 
The p^roper study of mankind is man; 

his central maxim is ''Nothing too nnich'*; like Milton he regards 
decorum as the ''grand masterjiiccc* tn observe*'; his final ai>i:)eal is 
to intuition; the basis of the j>aftern he imitates is not divine but 
is **tlie somethini;' in man's luituro that sets him ai)art simply as 
man from the other aninuils*'; humanism nuinifesis hMi prinuirily, 
'*not in the enlargenumt of comprehension an{l sympathy/' but in 
•'selection/' in the imposition of "a scale of valuers"; like Matthew 
Arnohl, the Innnanist "hates all ovcrj)re|H)nderan(*c of single 
elements"; he aims at ai)i)ri)ximaiMig ever nearer and nearer to 
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"perfect poise*'; for the humaiuBt tlu universe is sutidered by a 
viirii'ty of old dualir^iu^, the p5:ycliical and the physical, the sub- 
jr^'tive and the objective, tlie properly human and \hv subhuman 
or natural, the propurly human ant! the sui)crhunian or super- 
natural, -Maw for man" ami *Ma\v for thing/' the free and the 
determined; essential for him is the *Miiyher will," heru called the 
^iiiglier innnediacy," whose function it is to control the "lower 
inunediaey' — "the niereiy temperamental man with his impressions 
aucl enujtions and c\j)ansivc desires." 

Such are the positive bits of description, here assembled (not 
wiiliout labor) fnjm various sections of Mr. IJabbitt^s essay. Most 
of them have long been familiar suggestions of the iilcal and many 
of tiiem are admiralne. No doubt they liulj) us sonu'wliat to under- 
stand what it is that J'rofessor Babbitt's delinition of Hunumism' 
is intended to dcline. We nuist not be too sure, however, what these 
Positive bits are ciesigned to describe until Mr. Babi)itt has in- 
terpreted them for us. In interpreting them he has suj)pleniented 
them w^tii many descriptive bits of the negative kind designed to 
tell us what liunianisni is nut. In the light of these negations we 
perceive that Mr. Babbitt s brand of Humanism is almost incredibly 
>irict and exclusive, 

Amuxing, vast, an^, very inij)ressive is the array of lunnan in- 
terests, points of view, cults, activities, enterprises, personalities, 
ciithusiasm.-, aspiratiuus, dreams, that Mr. Babbitt, cither explicitly 
or by implication and with the air of pontifical authority, excludes 
(jutright from t!ie category of things hinnanistic. All monists (who 
deny or question the tenability of the oltl famiiiar dualisnih and 
attempt to view tlie universe as a genuine cosmos souiehow involv- 
ing tiie unity of Nature and Man), all naturisis (who believe that 
"out of the uirth the poem grows like the lily or the rose"), all 
Innnanitarians (actuated and sustained by faith in the endless 
perfectibility of mankind), all n)nuintici..ts, all cleterminists, all 
realists, all the philosophers who regard the One as a "concept** 
instead of a "living intuititju," all the colleges and universities and 
t)thex* educational in<titutions that "j)roclaini the gopel of service,*' 
all pragmatists, all psychologists, all devotees of science, all 
special;, ts (except specialists in Mr. Babbitt's variety (jf Human- 
ismj; all of these anil yet other kinds of the imworthy are rigor- 
ously cxclucled by Mr. J5ab})itt from his huniarnstic tabernacle. 
Tu admit men and women having any essential sinnlitude to such 
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as Epicurus or Lucretius or Nietzsche or Shelley or Shakespeare 
or Rabelais or the Walter Paters or the Rousseaus or the Walt 
Whitmans or the WiUiam Jamesc^i or the Benedetto Croces or the 
Thomas Hardys would be to profane the sacred temple, and so 
they are debarred. Debarred also, by the clearest indicia of Pro- 
fe>^sor Babbitt's conception of Humanism, are such creators of 
psychic light as Spinoza, John Locke, David Hume, I^uclid, 
Xewton, Einstein, Willard Gibbs, Lobachevski, Riemann, Gauss, 
Laplace, Lagrange, Charles Darwin, Herbert Spencer, Henri 
Puincare, Louis Pasteur, to name only a few of the greatest of the 
great Unfit, 

It is evident that Humanism, as conceived by Professor Babl)itt, 
is too lacking in cathoHcity, in spiritual amplitude, in magnanimity, 
to attract any one except Mr. Babbitt, his ilisciples, and fellow 
symposiasts, who regard it as the sole remedy for healing the cul- 
tural maladies of the world, especially in America, and as the sole 
means for qualifying human individuals to represent worthily, in 
their life and work, the great potential dignity of Man. Some have 
called it **academic*' or ^'strict'* or **doctrinar' Humanism. It 
might be described, not inaptly, as supercilious, sectarian, Phari- 
saical, arrogant. **It is,*' as Doctor H. S. Canby has said, "a very 
porcupine hunched up against our familiar world/' Speaking of its 
central standard of htorary excellence, Mr. Henry Hazlitt has 
written: ''We are above all to judge a writer, not by his originality 
or force, not by his talent or genius, but by his decorum I That 
is, we are to praise him for a virtue within the reach of any learned 
blockhead." 

Very different from the foregoing is the type of Humanism 
dehneated and advocated by Charles Francis Potter in his beauti- 
fully written, sympathy-winning book Humanii>m: A Xew Religion 
—very different in content, in manner, and in spirit. For Mr. 
Potter and his kind, ^'Humanism is faith in the supreme value 
and self-perfectibility of human personality." It might be called 
human Hunumism or nontheistic Hunumism because, though it be- 
Heves in man, it does not believe in a supernatural God. Mr. 
Potter's conception of Humanism as a religion is prol^ably due to 
the fact that he was bred in, and for many years practiced, 
theology. His religion, however, has recently undergone a great 
change, for he now agrees with Ames that ''religion is the con- 
sciousness of the highest social values" and with Haydon that 
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''religion is tlie shared quest of the good life/' Mr. Potter's re- 
ligious Hinnanism is scientific in the sense that it looks mainly to 
science for help in more and more realizing *^tho twin visions'' — 
the visii;n '^)f an ideal developed human personality" ar.l the 
vision "of an ideal commonwealth made up of such personalities/' 
But Humanism can no more be defined exclusively in terms of 
Relipion tlian in terms of Art or Politics or Education or Literary 
Criticism or any other one among ilie great interests of man as man. 

A tliird variety of Humanism is that portrayed in The Xeio 
Iluwanism by I. eon S^amson, The book is bold, richly suggestive, 
frecpicntly keen, notably omniscient, strangely visionary, and often 
flamboyant. Mr. Samson's so-called Humanism might be fairly 
describ(»d as loquacious Plumanism, for. says ho, "There is nothing 
that so immistakably marks a man human as his capacity to talk"; 
or it might bo called proletarian Humanism, for 'Hhe prized jewels 
of contemporary society will be tu^ricd to ashes when the pro- 
letariat lights the fire of life and love on th*? funeral candles of 
civilized culture'': or it might well be designated Utopian or elysian 
Humanism, for it envisages a planet-wide community of humans 
wlio. having outgrown both war and work and the making and 
reading of books and all religions and morals and governments and 
.•dl otlior historic or existing institutions, will tliereafter devote 
tlieir unbroken leisure ecstatically to endless conversation — to 
honest, oricinal, infinitely varied and, of course, unfatiguing musical 
discourse by word of mouth. 

The Proper Meaning of Humanism. It is hardly necessary 
to say that in dealing with the humanistic bearings of mathematics 
I shall have in mind a conception of Humanism vastly dilTerent 
from any of the foregoing varieties. It cannot bo defined in terms 
of Mr. Babbitts ''decorum,'' '^proportionateness/' and 'Maw of 
measure/' nor in terms of Mr. Potter's excellent "religion/' still 
less in terms of Mr. Samson's wholly fatuous proletarian dream, 
Indeerl I shall not attempt to define it at all. For. as in the case 
of many anotlier great idea— that of justice, for example, or wisdom 
or poetry or knowledge or truth or religion or art or love — its 
significance is too immense, embracing: too much of life, to admit 
of being confined in a precise fornnila. Hut. though it cannot be 
n(»atly dofined. it can l)e described well enough for the purposes 
of identification and recognition. In respect of brevity, clearness 
and comprehensiveness, combined, the best description I have en- 
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countcrc-d is in the following words of Mr. Walter Lippmann: 
flun.anism "signifies the intention of men to concern thempclvps 
with the fliseovcry of a good life on this planet bv the use of 
human faculties." The Huniani.sni indicated by that description is. 
m .spirit, in aim, and in implicit scope, identical wi(h the Humanism 
which, bcfrinninp in the fourteenth century, sprang into full life and 
groaf'v nourished throughout the fifteenth centurv as an essential 
part of the Renaissance, first in Italy and later in other countrie.s 
nf Europe. The term humanist, which then came into use. was 
applied to these men who, by their activity, proclaimed the full 
rcc(,v(-ry of a very precious and very powerful human sense, one 
fliat I.ad been lost and almost extlugui.-'hed in the preceding' long 
••cMturies of submission to external authoritv-I mean the sense 
that lummns arc. as such, endowed with the dignitv of autonomous 
boings. i.otnitially qualified by native inheritance [n judge indi- 
vidually and independently in all the great matters of human con- 
cern and, by the exercise of their own faculties, to fashion their 
Mves worthily. 

That .«ense of per.«>onal autonomy is essential to the proper 
duriuty of man and it is, as I have intimated, in the central core 
of Humanism. The fact is contimimisly manifest, and frequently 
becomes niticul.ate. in the activity of the great humanists of tlic 
Rrmaissance. Let me cite one or two examples. One of the most 
illustrious humanists of the fifteenth century was Pico della 
Mirandola. hi his famous Orntion on the Dign)fi, of Man he rep- 
resents (lod as adrlrossing Man in the following remarkable words- 
The nature allotted to all other creatures restrains them within 
the laws I have appointed for them. Thou. re.«>trained bv no nar- 
row bounds, .shalf determine thy nature thv.«>elf according to thine 
own free will, in whose power I have placed fhne. I Imve -^cf 
fliee midmo.<=t the world in orrlor that thou mightest the more con- 
veniently survey whatsoever is in the world. . . . Thou slmlt have 
I>.n\er to decline unto the lower or brute creatures. Thou shalt 
have power to rise unto the higher, or divine, according to the 
sentence of th> intellect." Note Picos vicornus assertion of the 
autonomous nature of Man. anrl observe, too. now perfectly hi< 
utterance rimes with the following words ..f another eminent 
humam.4 of the time, Leon B.-.ttista Albert! • "Mon can do all 
things if they will." Having in their hearts so living sen^^e of 
personal snvereignfv it is no wonder that the great humanists of 
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that period cast off the shuokles of ecclesiastical authority, and 
it is no wonder that they were so eager in seeking, mastering, and 
<»inulatinff all that remained of the literature, philosophy, science, 
and art that had been created by the great bunumists of antiquity. 
Humanistic Education. I hope that I have now sufficiently 
intimated what it is that the term Humanism is to stand for in 
the followin^^ discu^^sion. As most of those who will read this essay 
are pnU'ossional teachers I will try to view my subject from the 
•tandpoint of an educator and will deal with it as an educational 
theme. 

By humnnistic education I mean education having for its aim 
to (juahfy human individuals to represent worthily, in their life 
and wnrk. the great potential digi.ity of Man, In other words, I 
mean education characterized by the aim of qualifyhig human 
individuals ^^to discover'' or— what is tantamount — to create ''a 
good life on this {)lanet by the use of human faculties.'^ I say 
''on this pi. met" liccause in all times the great humanists have 
been sane enough to concern themselves primarily, if not exclu- 
sively, with mundane aiTairs. with means to excellence of life here 
upon the earth. The discerning reader will rea<lily see that the 
two statements of aim are virtually equivalent. 

Tt is obvious th,.t in humanistic education we are concerned 
with the hidiest and most composite of genuine ideals. "Com- 
posite" becaus(» it embrace.^ many other ideals which, though they 
are also genuine, are suborninate and auxiliary, for genuine ideals 
ronstitute a hierarchy of dignities. In this connection I cannot 
refrain fn>ni saying, what I have repeaterlly said elsewhere and 
shall nc^ver miss an opporttmity to say, that genuine ideals are not 
cTDals tn lu» reached but a^e perfections to be endlessly pursued, 
(lenuine idi-als arc like those mathematical limits whose variables 
appmaeh tluMU ever more and more nearly but never attain them, 
I know nnt how to condenm with sufficient severity that all too 
familiar phiiosojihy. for it is now in much vogue, which counsels 

to eschew genuine ideals on the alleged ground that, because 
thf y an* unattainable, they tend to dishearten and devitalize. To 
hearken to that couusel is to turn away from the most powerful 
lures [o e\erlh'nc(\ For it is pursuit of un.attainable ideals that 
has led to the *:reat trimnphs of the hu:nan spirit in every depart- 
ment of life. It is iinleed the proper vocation of man. 

In the theory of htmianistic education it is necessary to die- 
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tmguish between a human being and the mere follower of a human 
pursuit. As aiiiinate creatures inhabiting a world wb.ere we humans 
are obliged, like the animals, to win our lives from day to day, we 
all of us arc, or are destined to be, in some sense, hewers of wood 
and drawers of water. And so we all of us require vocational or 
profe.x^ional training. We cannot e.scapo the nccessitv of being 
specialists of one kind or another. The ideal of such training, the 
ideal of specialism, is cmcieney. But officiency is not tiie ideal of 
humanistic education. For lunnanistic education aims at the de- 
vok.mnont and the disciplining of the whole man. And the man 
building a bridge is immeasurably greater than the engineer; tlie 
uian teachin.n; the calculus is infmitely greater than the mathima- 
tician; the man cultivating fields is vastly greater than the farmer; 
the man painting a picture is incomparably greater than the artist'. 
Humanistic education does not exclude the ideal of efficiency. 
What it disowns is the ideal of mere efficiency. The ifl(<al of 
humanistic education is intelligence, emancipation, nia^nanimity : 
intelligence regarding the human anrl the non-human worhls; em.an- 
cipation from every manner of trivial or sordid things, emancipa- 
tion from provincialism, from fanaiicism. from bigotrv, from 
prejudice, from the multiform tyranny of fear; and magnanimity, 
largeness of mind and spirit, imagination enough and sympathV 
enough and reason enough and emotion enough and will enough 
to gain and maintain the lord'y poi.-=e of a freeman amid>t all the 
trials and frustrations encoi n^ered in a vast, complicate, perplexing 
world. 

Great Permanent Facts of Life and the World. It is obvi- 
ous that humanistic education aims to orient and discipline our 
human faculties, not with special reference to the technical require- 
ments of any given pursuit, no matter what, but with reference to 
all the great permanent massive f.-icts of life and the world. A 
little reflection suffices to show that there are such facts. 

One of them is the fact that every human bcint has behind 
him an infinite pa.^t out of which he has come and which contains 
for his guidance and edification the rcconls or the ruins of ah the 
experiments that man has marie in tlie art of livinir in the worhl. 
It follows that humani>=tic erlucation will not neglect the di.<cii)lincs 
of the hi.story and the literature of antiquity. 

Another of the great abiding massive facts of life and the world 
IS the fact that we humans are oon.'^trainod by for^T?^ hovond our 
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control to live, not in ipolution, hut in luiinan society; that we are 
literally horn inon^hers of a thousand teams with wl-.ich we must 
learn to cooperate in some measure or perish. It is, therefore^ 
evidont that luuuuni.-tio education is bound to provide disci- 
pline in political science, in social science, in ethics, and in 
jurisprudence. 

A most impressive momher of the group of great permanent 
massive facts or life and the world is the ubiquitous presence of 
lieauty. Beauty is the most precious and the most vitalizing 
element in tlie universe. More than aught el^je it is beauty that 
not o.ily makers life worth living hut nuikes it possible; for if by 
some spiritual cataclysm all the beauty of nature and all the 
beauty of art and all the beauty of thought were suddenly blotted 
out, our human race would quickly perish by depression of spirit 
owing to the omnipresence of uglin'^ss. Ccmsequently humanistic 
education will fashion itself in large measure by the consideration 
that those who are to be ciualified for the discovery or creation of 
a good life must needs have taste in- the arts of men and an 
awakened sensibility to the marvelous natural beauties of lani and 
sea and sky. 

Mathematics and the World o£ Ideas. Among the momen- 
tous facts with reference to which it is the function of humanistic 
education to orient and ('-^cipline our faculties I have now, finally^ 
to signalize the stupendous fact denoted in German by the term 
Ordankemcclt—thc world of Ideas. For equipping one to deal with 
itleas as such~U) deal with them, that is. in accord with the laws 
of tliot gilt, in accord with vhe standards of rigorously pound think- 
inc—there is but one available discipline, and it is that of logic 
anrl mathematics. In deference to C(mservative usage I have said 
]or:ie fim! mathematics, though the nuiturest critics regard the two 
as one. It is evident that to be set in right relation to the world 
nf ideas, thougli it is not alone sufficient, is certainly necessary, to 
qualify one to represent worthily the proper dignity of man. We 
are thus lumnil to say that, for humanistic education, logic and 
mathi-niatics ccmstitute not merely u useful discipline but one that 
is in(iis]>ensahlo. 

Attitudes in Mathematical Study. The fruits tjf that dis- 
ripHno nattnvdly vary with the :ittitu<lc of the student in pursuing 
it. and the stUflent's attitude nuiy bo any (me of three. lie may, 
that is, pursue mathenuitics for its own sake or for the sake of 
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its uses and applications or for the sake of what I shall call its 
bearings. 

One wlin pursues mathematics for the sake of nuitlieinatics is 
sustained by its charm. Having gained some knowledge of it, he 
eraves yet more, and what he has gained at any sta^o ecpiips liim 
for further gain. If he be a research mathematician, tlie investiga- 
tions he makes lead him to further investigatinn.^, and so on end- 
h'ssly. The attitude of such a student reminds one nf the farmer 
who. when asked why he raised so much corn, replied, '*In order to 
feed liogs/' and wlien asked why he wished to feed so many hogs, 
replied, '^In order to buy more land/* and when asked wliy he de- 
sired more land, replied, ''In order to raise more corn,'' I am not 
condemning the attitude, far from it, but merely indicating it. 
This attitude of the matliematieian is indeed well justified by two 
(•onsiderations. One of them is that lie has great joy in the game, 
and any one who has felt the joy knows how sustaining it is. The 
second consideration is that, if mathematicians did not pursue 
the subject without regard to its applications or u.^es, then, when 
m.Mtiiematip'il doctrines are needed as instruments in the develop- 
ment of other seientific subjects, the required doctrines would not 
be in existence. Moreover, one of the important lessons of history 
is that doctrines created lor the mere jov of creating them, created 
that IP, without rcpard to any question of applicabilitv, are sooner 
or later foi-^d to be applicable and thus acquire a secondary type 
(if justification. A familiar example of this very significant fact 
is affnrdcil by the theory of conic sections, which was essentially 
worked nut for the pure intelleetiuil joy of it long before it foimd 
application in astronomy and navip;ation. A more recent and even 
more strikinc; example is that of the frightfully complicate Theory 
of Tensor:?, established by Riemann and Christoffel long before 
the ''idle theory" became, at the hands of Einstein and his fellow.*, 
the "backbone" of the General Theory of Relativity. Tn this con- 
nection I must repeat one of the delightful stories told of J. .J. 
i^ylvcstcr when he was professor of mathematics in the .Johns 
Hopkins Fniversity. One day as he was crossing the eanipus he 
eiicountercfl a notably practical-minded colleague, who said to him: 
"Professor S^ylvcster. what subject are you lecturing on this term?'' 
Thf great mathematician replied: "On the Theory of Substitution 
CIroup.-" "What," asked the prartieal man, "is' the me of that 
theory?" "I tnank Ood," said Sylvester, "that so far as I know it 
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hiisn't any/' ?5yl\Tstrr was at licart a poet. Rnlvunizcd to tlie 
hifilirst iiHuul by tlip hoaiity of pure tliouRlit For liiin mathematira 
was **tlio Music of Hcason/' 

Very (lin\»ii'nt. ortlinarily* is the attit\ulo of a student purs\iinR 
inathH!Kitirs in preparation fi^r the prartior of onRineorinj:, And 
flio saim* may ho saitl of one pursuini!: mathoniatics in preparation 
fcM' n rariHM' in physics or astronomy or chrmistry or statisti(^« or 
fotniomics or sonio otluT srientilic branch in wbicli mathematics 
lias boon foimd srrviccnbh^ as an instrument of research. For such 
students mathematics is justified, not by its inner charm, but by 
its applii'Mbihty. Thi\v rejrard the subject not so much as a branch 
of knosvhMlL'o as an indispensable tool The attitude of such 
students riM|uin\< no defense. It sometimes happ<M\s, lunvovor. that 
such a student is inclined to ih^preeiati* one of the Sylvester typ(\ 
Tlu' fact is well exemplified by Fourier who, as is well known, was 
dc^votetl to the apjilications of mathematics to physical problems 
and especially to the theory of \u o nmrh so that be reproached 
Jaeobi for not devotinp: his ma^mtieent abilities to similar prob- 
Kmus. The reproach called forth fron) Jaeobi a justly famous nncl 
\ery siirnifieant rt^ply: '^\ philoso[d]er like Fourier. said Jaeobi. 
*'ou^ht to know that the uni(pie end of science is the honor of tlio 
lunnan spii'it. and that a question respeetinjz nundier is quitc^ as 
pertinent theri^to as a question respecting the physical world," 

Humanistic Value of the Foregoing Attitudes. I shall not 
tarry h(M'e to arLMie at length the humanistic value of mathematies 
when pursued for its own s.ake or when pursued for the sake of 
its applie.'itions. ^^*ith reirarfl to .'applications, when T think of the 
imme.asunible s(M'\iee rendiM*ed by mathematics in tlic countless 
ordinary affairs of the workailay world, in the d(»vplopments of 
many branches of scienci\ and in the invention nf marvclou^^ means 
fm* thf^ conquest of space and time. I can hardly imagiu(^ any one 
dull enough to deny that, in these w-ays mathematics has ^rrently 
eoiitrihuted to the '^creation of a good life on this pl.'tnet by the 
use of human facudties." As fm* those j2;reat mathematical creations 
that owe their existenee, not to any uses thoy mny servo, hut to 
the pun* joy which their creation nnd contcmi^l.aticm yieM. it is 
safe to say that hardly any other human acliiev(Mnents better 
demonstrate the dignity o{ man. To trlance at ix single phase of 
the matter, what can be found in the whole hisiory (^f thought 
more humanistieally oflifyinR than the story oi the evoluticm of 
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the muubcr-concopt, from the-rudcst beginnings in primitive mind, 
long before men had learned even the first steps in the proeess 
of eountinK. to the great number-creations of the modern world? 
The coneepts of Integers and Fractions, of Cardinals and Ordinals, 
of Positives and Negatives, of Rationals and Irrationals, of Reals 
and Imaginaries, of Algebraics and Transeendentals, of Kinites and 
Infinites, these great concepts viewed with the oeeasions of their 
rise, with their struggles for existence, their ultimate triumphs over 
stubborn opposition, their persistent hardy growth through the 
centuries, their countless diversifications and subtle r(«finements, the 
infinite network of their interrelations and tlicir manifold, ulways 
inereasing. practical and theoretical uses ami applications, afford 
a series of scenes that, for any one who has onco contemplated 
them, constitute a truly unforg(*ttable and inspiring panorama of 
the march of mind- 
Mathematics One of the Humanities. It remains to consider 
the attitude of one who pursues the study of mathematics, not for 
the sake of mathematics, nor for the sake of its uses and applica- 
tions, but for the sake of its bearings. By the bearings of mathe- 
matics I mean the relations of mathematical ideas, processes, and 
doctrines to such great human concerns as are not. strictly speak- 
ing, mathematical. One who pursues the study with a view to its 
bearings can hardly fail to discover tliat, by virtue of its humanistic 
significance and worth, mathematics is entitled to high rank among 
the great Humanities. For what arc the subjects that are best 
entitled to be lasted among the humanities? It ean hardly be 
donbtefl that the answer ought to be this: Those subjects have the 
best el;iim to be called humanities whieh best servo to reveal +hc 
nature of our common humanity and bc.^t .serve for the guidance 
of our human life. 

^ It can be readily shown, I think, that, according to the double 
criterion just stated, the claim of mathematics to be regarded as 
one of the humanities is unsurpassed. Let us examine the matter 
a little. We nuist begin by asking: What is the chief mark of man 
as man? What- is the defining (juality or character of the essential 
nature of our common humanity? What is it that serves best to 
diseriiuinate human brings from all other kinds of living creatures? 
The answer. I think, is this: The chief eh.'iracteristic mark of man 
as man is what Count Alfred Korzybski in his book, The Manhood 
of Humanity, has called the time-binding capacity of human 
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beings. The fine term denotes that liighly composite faculty in 
virtue of which each generation of mankind is enabled to employ 
the accumulated achievements of the preceding generations as 
capital for the production of yet greater achievements, so that, as 
the generations succeed each tither, science begets bettor science, 
philosophy better pliilosophy, art better art, jurisprudence better 
jurisprudence, ethics better ethics, religion better religion, inven- 
tion better invention, and so on. By that composite faculty man 
is i-et apart from the animals and the plants. It is the secret of 
the progrc^rsability of our human kind. It is the civilizing energy 
of the world. 

Where does the time-binding power of man nuike it.self mani- 
fest? Obviously it manifests it!*elf in the development of all great 
subjects and human enterpri.se.-'. 1 now ask: Where is thi- defining 
mark of num revealed most clearly? It is most clearly revealed 
in mathematics, for in tlie continuity of the progressive develop- 
ment 01 mathematics, running from remote anti(iuity down through 
the centuries and flourishing to-day as never before, the tune- 
binding power of the human intellect is mit only revealed but 
revealed in its nakednoss. 1 contend that, by this sui)erior dis- 
closure of the characteristic nature of our common Immanity, 
mathematics conclusively vindicates its claim to distinguished 
membership in the as.«embly of the humanities. 

If we turn now for a moment to contenii)late nmthematics re- 
garded as a guardian and guide of our lunuan life, we shall find 
that the foregoing conclusion is abundantly couhrmed. As every 
one knows, human activity presents certain great distinctive types. 
One of the greatest of these types is that which wo call logical 
-thinking, not merely tlnnking but logical thinking, the generating 
of precise ideas, the combination of them, the relating of ideas in 
the forms of judgments and propositions, the uniting of propositions 
to form doctrines for the enlightenment of the human understand- 
ing and the guidance of human conduct. Every oi.e knows or ought 
to know, for the fact is sutiiciently obvious, tlu t above each of 
the great types of human activity there iiovers a shining ideal of 
excellence— a muse, if you will, or guardian angel wooing and 
beckoning us upward along the steep endless path toward per- 
fection. Now, what is the muse or the angol that lures and f<us- 
tains our efforts in logical thinking? The name of the muse is 
familiar— it is Logical Kigor, the name of an austere goddess de- 
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nmnding. though never quite .ocuring, absokite precision; demand- 
ng, hough never quite securing, ah.ohite clarity; den.anding, 
hough never quite securing, ub.olule e.geney. Is this unattainable 
oal of absolute rigor a valuable one in the c.nuluc-t of human 
I to. Ihe answer, whieh cannot be too emphatic, i.s this' In everv 
department of life where thought is required, the standar.l of Ingical 
r gor IS so valuable tlmt just in so far as our thinking .k-j^arts from 
. , our discourse sinks down toward the level of mere .hatterin-- 
the noise and gabble of our prehuman and subhuman ancestor. ° 

n hy is It that the standard of logical rectitude is so ,.],arly 
H-vcaled in niathematics? And why is it that mathematics succce.l. 
>o tamously m approximating conformation to the standard-> The 
secret hes in the incthod of mathematics-the method of carefully 

iS, iT ""'T' '"^ °' l>--^^^^^^^i"g deductions or domon- 
lation.. Because there is no field in which a worker can escape 
the necessity ol making conscious or uneonsdous use of postulates 
..or the necessity of fonnulating definitions and of attempting de- 
ductions and demonstrations, it is evident that mathematical 
procedure iurnishes a model for the guidance of criticism of all 
d.scourse ot reason, no matter what the subject or field to which 
the discourse pertains. 

Mathematics and the Universal Concerns of Man The 
.■onsiderations thus far advance,!, though funda.nental and decisive 
.x-garding the titl. of mathematics to be listed among the Inuuani- 
t.e., are lar from being all that might be adduce.l. One who open- 
....ndedly contemplates the humanistic bearings of the subject will 
be led sooner or later to see that, as 1 haN-e said elsewher.v -/w.cr. 
n,ajor conctni among the intellectual concerns of mm is a concern 
of ma he^natHs. ' Xo doubt that staten.ent will se.m to some to 
be extravagant. Yet the statement is true and th,- truth of it 
«;ught to be made known to all. Let me briefly submit a few justi- 
tyuig consuU-rations. 

F.very one knows that among the mn>t impressive fart., of our 
world IS the groat fact of Change. The universe of event.s. whether 
g.-eut or small, whether mental or physi,-al, is an endlesslv flowin.^ 
stream. I ransfnrmation, slow or .swift, visible or invisible I. 
perpetual on ,yvvy hand. But events are inter.lepend.mt, .o that 
.•hange in one thing or place or time produces ehang... in other 

il.U- l'hi,.,.,.„Hy and Other t:«mv.. K. I'. 1>,hIu„ uml Comimuy. 
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things and places and times, AVith the processes of change every 
human being - inni'Dn, medioci'e, or genius— must deal constantly 
or perish. The processes of change are not haphazard or chaotic, 
they are lawful. To deal with them successfully, which is a major 
concern of man, it is necessary to know their laws. To discover 
the laws of change is the aim of science. In this enterprise of 
science the id\^l prototype is mathematics, for mathematics con- 
sists mainly in the study of functions, and the study of functicms 
is the study of the ways in which changes in one or more thin<;s 
produce changes in others. 

We are here in the presence* ol another hearing of uuitlu^matics 
upon a major concern of man, 1 mean our human concern to 
!iscertain what things, if any, are jK'rmanent in the muUt of change. 
Human beings desire to know what things, if any, abide, AVe 
wish to know what things, if any, may be counted up(m. In this 
great (piest of permanence in the n\idst of mutation is found the 
unity of science, philosophy, art, and religion, for it is the sov- 
ereign concern of them all. Is it n concern of mathematics? To 
lind the answer one has only lo glance at the innnensc mathe- 
matical literature embodying the truly colossal doctrine of In- 
variance. 

Next consider the great subject of Relations. Such terms as 
spouse, husband, wife, father, motlier, parent, child, king, subject, 
president, citizen, partner, enenw, friend, greater, loss, better, worse, 
and so on and on, arc familiar examples of relations. Whoever 
examines the matter will be astonished to finrl that most of the 
words in any language, either directly or indirectly, cither ex- 
I>licitly or implicitly, denote relations. Kach thing in the world 
lias named or unnamed relations to everything else. Relations arc 
infinite in number and in kind. Being itself, said Lotze. eonsists 
in relations. Science, said Henri Poincare, cannot know ''things'* 
but only '*relatif)ns/' To be is to be related. To understand is 
In understand relritions. To have knowledge is to haV(» knowledge 
of relations. It is evident that the understanding of relations, the 
gaining of relation-knowledge, is a major concern of :dl men and 
women, whether they are awan* of it or not. Are rchitions a con- 
cern of mathematics? They are so much its concern that able 
rritics have thought it possible to regard mathematics as having 
r(»lations as its sole concern. 

I have thus far said nothing explicitly regarding morals and 
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religion Untloubtodly these are among the major concerns of man. 
A word rcgardmg ethics. We knosv tliat, in any fairly stable 
connnunity, no matter how primitive, no matter how civilized 
ihcre gradually rise and ultimately prevail certain sentiment.s re- 
garding "right" and "wrong." regarding "good" and -bad," regard- 
ing what "ought" to be, and "ought" not t„ be, in human conduct. 
Ihese sentunents get themselves expressed in the forms of nuixims 
or propositions-. The propositions are regarded bv all, o- bv mo^t 
members of the community in question as embodiments of'ethical 
knowledge or truth. The body of propositions is an ethical svstem 
grown out ol experience. Such systems vary from communitv to 
community, and from period to period in the life of a given com- 
munity. What service can mathematics render in connection with 
such a system of ethics? The question has been well answered 
by Jacques Rueff in hi.s excellent little book. Dcs Sciences 
I hysiqucs aux Science.-^ Morales. He has here shown that in the 
case of any such system, it is always possible to find a set of prin- 
ciples or postulates from which the propositions of the .system can 
be deduced as consequences in the mathematical mamier. In this 
way an ethical system rises from the level of experience to that of 
a logically orr^unized doctrine. The transformation is one im- 
periously demanded by the human intellect. iMoreover by such 
a transf(^rmation an ethical system is shaped for criticism! And 
this IS well, for, as Cousin l(;ng ago said, "La critique c.<t la vie de 
In science." I should add that Rueffs hook has been translated 
into Rnghsh and published by The Johns Hopkins University Pre'^s 
under the title. From the Physical to the Social Scinur.^. 

The bearings of mathematics upon religion are treated by 
an.jthcr e.<=say in this volume. I will, therefore, content mvself 
with a single relevant ob.«crvation. It is that the concept of in- 
finity which IS involved in the great question of imuK rtalitv, i^ 
dealt with in mathematics, but n,;t elsewhere, in strict accord with 
tlie standard of logical rectitude. 

In the light of what ha.s been said and sup-ested in the fore- 
going discussion it is abundantly evirlont, I believe, that, among 
the agencies for (pialifying human individuals "to create a good 
hfe on this planet by the use of human faculties ' „r to represent 
worthily, m their life and work, the great potential dignity of Man, 
Mathematics is unsurpassed. 



MATHEMATICS AND RELIGION 



By DAVID EUGENE SMITH 
Teachers College, Columbia Urdversity, yew York Citj/ 

The Bonds Between Them. It is one of the tendencies of 
the mind to look upon its own major intere:?t as the focus of all 
knowledge. The mina tends to see analogies that arc, at best, 
remote,; to magnify the iniluence which its own favored science 
exerts upon all other branches of knowledge; and to feel that it 
detects bonds which do not exist. The poet, for example, sees 
in the Book of Genesis a magnilicent prose poem, the upHfting 
power of which vanishes when he thinks of it as a treatise on 
natural science. The mystic sees in the Did Testament a field of 
what he feels is mysticism, and he reads into it a harmless ob- 
scurity that pleases him and has the merit of injuring no one else. 
The Christian apologist finds in its inaccuracies, as that ti {jn) 
equals 3, the errors of some ancient copyist, instead of frankly 
recognizing that the one who wrote that particular verse simply 
u:jed the everyday common value adopted by the i)eople of his 
time. The mathematician may, for a similar reason, tend to 
exaggerate remote analogies and to assert a closeness of relation- 
ship between his own field of interest and that of the theologian 
that is, in fact, very attenuated. In speaking of this relationship, 
therefore, one must always be on his guard aj^ainst trying to see the 
invisible or to imagine that which lias no existence. So much for 
the initial objection of those who look upon knowledge as made 
up of separate and distinct domains. 

The bonds uniting mathematics and religitm have often been 
considered, and many have been the monographs written and the 
words spoken upon the subject. The trouble is that the attempts 
have generally concerned the theologian on the one side and the 
mystic with some knowlerlge of elementary mathematics on the 
other. They have only rarely licen made by either the seeker after 
the good, the true, and the beautiful in religion, on the one side, 
or the constructive matheniaticin:x cf genius on the other. Even 
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W'hvn the conditions^ huve smnud mvoniblc, howuvor, as when 
Xcwton wrote on religion, the result has been more laineiituhlo than 
eonvinein^' or inspirinj;. (. aucliy was a niatheuKitii'al g(Miiiu< but a 
religious bigot, and many a rdiiiious leader in the ^Middle A{i;os 
luokud upon niatliematies as an in\*ention of Satan. 

Hence it is evident that no brief essay i.s likely to contain niuch 
that i.< now w to have an inlluence that n^aches beyond u sinati 
eirete of readers. Nevertheless there is some ad^ 'Mi^'ige in the 
intimacy which such circles afford, for a writer can feel that a 
relationship is erraU-cl which allows him to consider that he is 
among friends to whom he is boural by ties ..f coninum interest. 

Terms Considered. If by the term "religion" is meant sec- 
tarianism, or even C;hristianity, or lUnldhisni, or iiraluuanism, or 
Mohannnedanism aluue, then thi.- es>ay will mean but little. If 
by the term "niathenmtics" is nu-ant nothin*;- but number mys- 
ticism, or hyi)erspaee, or a belief in the infallibility of any single 
dictum of the subject as we now know or do not know it. then 
these reuKU'ks will mean even less. But if Mie reader belongs^ to 
that increasing class of ihose ;v!io have a general knowledge of 
and a sympathy with both religion and matheniatii's in the* large, 
then it may have at lea>t the \'alue of suggestiveness. 

All religicnis writings tend to a uiysticism which arises from 
ignorance or from the inability tv) explain the inexplicable. As 
jKirt of this mysticism is the mystery of nundjcrs. The three primes 
in the connno-^ nuudjer realm of prinutive peoi>h's-the 3. f), ami 
7—enter into the rituals of ])ractieally all religions, and it would 
be un interc>.;:.u: but rather prolitlcss ta.<k to write a liii^tory of 
any erne of them. The material is suflicient for a labor of nuuiy 
years, but after it was carefully sifted, the result would be tlna 
these numbers are m\stie simply bi»eause they are prime, .and tbat 
for this reason ainne they have been forced into all domains of 
religious mysticism. 

Wh.at concerns us. this little circle of reader.<. hossevcr. is some- 
thing (luite different, nainely. the inliuenr e of elementary luatlie- 
matic's upon ihe reiigious in>tii:«l- of ycmth; an inlluence imcon- 
sciously or at least unohtrusiveK stnnnlatcd by any teacher 
without bigotry, by one h:iving no wish \o indulge in propaganda 
and not posse»ed with that fatal defect o! hallucination whieh 
le.ads mankind to believe that it sees or hears or feels that which 
has no being. 
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The Infinite. First, mathematics ^oon loads u:? to a feeling 
that the Infinite exists?. The inquiiiitive child shows this when he 
asks hi.s teacher what is the largest number; and the teacher shows 
it in her inability to reply. This feeling grows more impressive when 
the cliiltl becomes the youth and studies any elementary series, 
even the siunmation of n terms of the geometric or any other type. 
It increases when he stu«lies geometry and wonders what hai>penj:J 
to the sum t/f the angh-s ol ii triangle when the vertex is ''carried 
to infinity/' and when he asks the teacher what infinity means. 
It increases when he studies simijle trigonometry and finds that, 
as an angle api)roaches 90-' the tangent apjn-oaches infinity, sud- 
ilenly becoming minus infinity when it passes through the right 
angle. It increi'Si'/. when, if ever, he becomes a scholar in nuithe- 
nialics, and deals ^itli the infinities of higher orders, with trans- 
Unite numbers, with the jveral i)lans of representing infinity 
graphically, and with the infinity of time and space, or with the 
iiniteness of each. And finally, when he measures the known uni- 
verse, or universe of universes, and thinks in light years Uhe 
distance that light travels in a ycarj, and finds that the distance 
across explored si)ace may be 400.0UU,UUU of these light years, and 
lets his hnagination carry him to the verge of this space and leads 
him to womler about that which lies beyond— then the mystery 
becomes overi>owering. He has inishcd back the clouds of igno- 
rance only to see that his own ignorance has become more and 
more homeless, and tluit science leaves him helpless in the presence 
ol a new infinity. The childish boast that we will believe only 
what we see, the nu)st childish of all our feeble as.sertions of our 
faith in our puerile strength, avails us not. Alathematics has 
lured us on, and at the last we feel more helpless than ever, be- 
cause we have come to s(»e how full of awe we are in the ijresence 
of the awful Infinite. 

The Changing Bases. Again, the yorth need not even reach 
the Irgal age of the aduh before another fh.od of mysteries tends 
to engulf him. lie is taught in mathematics that certain postu- 
lates are .facre<l and that he must not (luestion them. In religious 
in.<truetion he is taught the same. In mathennitics he will be en- 
couraged by any honest and capable teacher to see that certain 
po.^itidatcs aie not always true: in religion he may be conrlennicd 
if he (picries certain others. In general, many teachers in each 
(hunain disjjlay a kind of fear of honest impiiry, a fear based either 
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upon ignorance, or upon fuith in tradition. No field of niuthe- 
inatios need fear scarcliing inquiry, and no rcli<iion or sect need 
fear the scientific study of its essenuiil nature, however much it 
may fear a study of the nonesficntials wliich Iiave ac-cumuhited 
through the ages. In mathematics it is evident that each of these 
.>eries has tlie same number of terms, however far we go: 

1234 5 6 7 8 9 10 ... 
2 4 6 8 10 12 14 16 18 20 . 

for each term of the second is formed from the term of the first 
that lies just above it. If, therefore, the number of terms of each 
is unlimited, the number in each case may he said to be the same. 
But the «:ccond series is a part of the first, consisting of every other 
term. Hence, in this case, the part is ecpial to the whole. The 
illustration is a common one, and equa ly coumion is the one which 
shows that the infinity of points in one line is the same as that 
in a line twi"e as lung, or half as long, or one-tenth as long, or a 
million times as long. Therefore the youth in school readily comes 
to the stage at which he sees that postulates that are valid for 
the small field in which he has lived, and that are necessary in 
such a domain, cease to be so when he laces the Infinite. A postu- 
late is an assumption of validity in some special region; but we 
outgrow postulate.^ as we outgrow clothes, whether in mathematics, 
in physics, in behavior, or in any other domain, substituting new- 
ones which appear to have validity in the new region of thought 
in which we find ourselves. When Einstein made known his theory. 
It did not destroy Xewion's postulates in gravitation, or his law's. 
The.<e are valid up to a certain point, or at least are practically 
workable. He simi)ly took the next step. When Lobachevsky 
and Holyai proclaimed their theory of parallels, they did not de- 
stroy Kuciid's postulaics; they isimply assume.! another set and 
worked out a new lot of conclusions. In ordinary finite .space, 
luiclidV geometry is a workable one; in space in general the other 
has advantages. Euclid tacitly a.<simied that space was every- 
where alike and that a straight line, however far produced, never 
returned into itself; modern writers tend to a.-simie that .<paco i.e 
curved and that what we think of as .i .>;tr:ii.-il;t line is like a great 
circle on a sphere, always retiu-niug into itself. Mat ..-uiatics 
simply says, "It tlii.s then that"; it does m.t say, -This is eternally 
true, therefore that is eternally true." It never fears to have a 
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scaroh made into its fundamentals; science never fears it; and no 
religion, whatever it may be, need fear it. An ignorant teacher 
may fear that Euclid has been killed: but the great Alexanch'ian 
has been killed a thousand times by over-ambitions teachers, and 
yet he is more vigorous to-day than ever— vigorous because the 
bases of geometry have been more liruily fixed througli a searc^h 
into its fun(hunentals. and because the nature of proof i'^ "iK;re 
clearly known. It is the nonessentials thai go; the es<entials stand. 
ModcTii religious thinking leads to the ramc conclusion — that it 
has nnthing to fciir from honest study: if its nonessentials go, the 
essentials will stand the more firmly. 

The Play of Imagination. Like physics, astronomy, religion, 
art, and poetry (whet he. these are s(»parate regions of thought 
need not cMicern us at present), nuitla^uuities ofTers a field for the 
play of the imagination that is tendintr more and more to he (culti- 
vated. Take such a simple figure as the triangle AB(\ If we 
place a j)oint on the base AB, the figun* may be c(u;sidered as 
a four-si(kMl one, AXB(\ What has now ^ jppened to the sum of 
the angles of the figure? Any pupil in geon iry can readily answer 
the (iue,«^tion. What ha]>pens if X moves upward, so that the figure 
has li ref-ntrant angle? Then let A' roam as it will, now resting on 
fiC, now resting at /?, now passing through now going to 
''infinity"; now ^'passing through infinity and returning from the 
other side— and so on. What a chance for the play of imagination 
is here! And has not this play its analogue in the speculations 
to which the searcher after the grent things in religion is led as 
he comes to consider the relation of the finite to the Infitute? For 
what the youth in his study of this simple figure has found is 
another illustration f>f the permanonc<» of laws, the permanence of 
truth, the confidence that may he his in his pn>ofs of propositions 
relating to what we know '^Kuclidean space/' It is a wonderful 
thing to come in contact with sonu'tldnc;. Iiowever insignificmt, 
that is 'ihe same, yesterday, to-day. and ft^rever/* even in a hypo- 
thetical field. If the speculations of youth in such a field are 
noble, how nnich nobler are those in fields more extended and 
more vital! 

Space and Tinne. Matlunnatics leads iu(*vitably to a ronsid- 
cratioi. of the nature of space and tinu*. The ccmsideration nuiy 
seem trivial to ns, but that it exist.^ at all is significant. Where 
docs space end? Has it any end? If it curves, through what? 
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Is it through a fourth iliinension, which scientists now come to con- 
sider n C()ninioni)lacc iden? If so. what other spaces are there find 
what is their nature? Not without vakie are the rather childish 
Cvinsiderations of Flatland and its inhahitants, and of the way in 
which a four-dimensional beinc: niay look at us and at the lives 
wo live. If tliis raises the question of other ?j>aces, of other uni- 
verses of universes, the speculation, immature though it may be. 
lias value. It places religion in a new light, it sets new bounds to 
human impotence, and it takes away the boastfulness of a mind 
characterized by "arrested development." The .«amc influence 
ccunos with respect to time. Is it. like space, a closed affair, re- 
turning into itself? Is it, like length, a dimension— the fourth 
dimension? We can point to the north, but can we point to 
to-morrow? Time has the elements of a dinicn?ion but we are too 
three-dimensinnal-mindeil to point to the direction it takes. 

Algebra, like geometry. Icafls us to similar speculations. The 
equation 2.r + 3)/ = 0 is represented geonietrically by a straiglit 
Hue in a flat surface (a space of two dimensions) : 2x 3y 2 - {] 
is represented geometrically Sy a plane in our space of three dimen- 
sions: but what about the cfiuation 2.r -f- 3)/ + z iw = 6? Have 
our dimension.^- given out? Should it be a .«olid in a space of four 
dimeiisioi,.<? And if so, where shall we end in our speculations? 
Into wh;it kind of a sui)er-cosmos are we behig led? People say. 
"I will not believe in God," but they believe firmly in Nature, 
and most of theiu have the faint remnants of a belief in signs, in 
omens, in luck, and in looking at the new moon over the right 
shouldei. They will not believe in any possibility of ;i world 
beyond, but they will see the entire possibility, and at present they 
believe in (he iirobability. of a dimension beycmd our own. It is a 
curious sifuatiou. this religious skejiticism, and it would seem that 
it would tend to vanish if the theologian were not ;ifraid of honest 
search after the fundamentals of religion. This, at any rate, has 
been the result in the fields of mathem;itic<s and of science. 

Obscurity of Language. Much of mathematics and p.ls(^ of 
religion is obscured by the languacre used. Mathem.aticians in the 
sixteenth century spoke of negative numljcrs as "fictitioas" l)ut as 
soon as it was fdund that they could bo represented graphically 
and used physically, they ceased to be such. They then became 
no more fictifious than a fr.aetion. for we can neither look out of 
u window of a time nor look out of it —2 times. Each number 
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may be vulknl artificial, hut neither is fictitious. Similarly, the 
ft(limre root of a negative numher has long boon called "imaginary," 
but a? soon as it was represented graphically and used physically 
it coasojl to bo any more imaginary than a fraction or a nogativo 
number. Religion' ha? met with the same difficulties. Much of 
the trouble that yoimg jH'ople have in comprehending it is due 
to the presence of term? and concepts that are entirely irrelevant 
to the essence of the subject. Eliminate the.^o. or at least make 
tl'.em moro concrete, and this difficulty will be lessened or 'will 
even disappear, as it has in mathematics. If we wiaild cease teach- 
ing a con-^iderable i)art of current algebra and concentrate on the 
great features of even elementary mathematics, pupils would get 
nmch more out of it. If wc- should do the same for religion, the 
result would be erpialiy beneficial. 

Some Effects of Mathematical Study. A very good friend 
of mine, and one for whom I have great respect, is continually 
dcmanfling. "Will anyone tell nu> why the girl should study 
algebra?*' Mv answer would lie th.xt .she should nof study it at 
all if it is lo be taught to her as it \v;,s taUght to him. or as he ami 
I may (Uic time ourselves have t:iii-ht it. After we have? cut off 
all the us''less traditional growth that encumbers it. sh.c should 
<rudy it for two or three very good reasons. (Uie of them being 
that" she has a.< much right as a buy has to feel her position in 
the universe, to be led to consider such concepts as time and space, 
to appreciate the nobler side of mathematics and to eNperience the 
feeling of the grandeur of space th.at it opens to youth. Then T 
would ask my frientl in return. "Will anyone tell me why the girl 
shouhl know anythimr ab.)Ut the nobler sid<' of religion?" The 
two (luestions are compleinenlary. Perliaiis he might say that dish- 
washing is more noble than either mathematics or religion, and 
th:it to iil.ay bridge is more imjiortant than to think of what the 
infinite in algebra or in religion -.neans to her or to her brother; 
but does he really think so? 

Through elementary mathcmatu.- :he youth finds f(U- himself 
that certain laws are eternal, that in the presence of the Infinite 
some of his early beliefs iiiust be abandoned, that what he once 
beli»-v^-.| to be a "fiction is as real as life itself, th.-it there may be 
other spaces than ours, that our si>ace m:iy be curved just like the 
thin space on a sphere, and that de;ith has no efVcct upon the 
eternal truth that the sfiuare of n 4 f'' -'r ^"^> '^"^^ ^^^-^ 
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that quartz always crystallizes as a hexagonal prism joined to a 
pyranjitl and that the hee's cell patterns after it, and has done so 
for millions of years and will do so for billions more. With the 
unseen tendrils of las mind he grasps the Eternal. Xo book, no 
prie.st, no teacher, no authority has lerj him to .^ee that the certain- 
ties of mathematics lKi\e helped to conquer what he considered his 
certainties of childhood. The essential features of religion olVer 
no difficulties that difTer greatly from those which ho niuv easily 
conquer in the domain of the Mother of Sciences. 

Do children get this from their mathematics? Not when led 
by te.ifhero \vho.-;c minds and interests have never seen the light— 
and so with their courses in education, in science, in history, in 
rcligion,_ and in art. But a new era in the teachin-j of nKithenm'tics 
IS dawning, an era in which tradition gives way to a nobler concep- 
tion of what all +he sciences mean in relation to one another and 
m relatiim to the higher ideals of humanity— the fnie arts, the 
cultivation of a taste for better literature, the social life and the 
comforts of the world, and the religious instincts of our race. 
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Cninrs'll/ tij Minui'MUa, MinncapolU, Minnesota 

PaHT I. INTUODUCTION 

Extent of the Discussion. Alon^^ tlio backbone of the hiisi- 
nrss world we find those proljlcnis which involve simple interest, 
ennipound interest, and the a])]ilieations of compound interest in 
the theory of botli annuities eertuin and i-imtingent annuities. The 
word anuuity here refers to any sHjuenee of periodic jiayments. 
The theory of interest and annuities and their applications is re- 
ferred to as the mathematics^ of investment, or the mathemattes 
oi fnHxnce\ it is a ]v\rt of the more extended field of actuarial sci- 
ence. Tlie mathematics of investment, as distinct from mere arith- 
metic, is at the foun<lation of scientific banking, accountinu:. bond 
practice, all forms of at'tivily involving: the investment of money 
anfl the discharue of tk^bts -particnlarly the dischariie of <lebts by 
setjuences of periodic paymeiits. ufe insurance, and life annuities. 
In the present chapter, wl shall discuss the theory and applications 
of simple intere}^f, compound intcrcfit, ixud nnriuitic!^ certain. AVe 
shall not consider the theory of contingent annuities, and their 
api)lications. which occur mainly in a treatment of life annuities 
and of life insurance. This aspect of the mathematics of invest- 
ment is not of such g(Mieral appeal as is the rest of the subject, and. 
moreover, its treatment presents »^s.<ential theoretical and notational 
flifiiculties. 

Mathematical Prerequisites. A nnnimum satisfactory ^ athe- 
matieal backfrroimd for the study of the elements of the 
mathematics of investment C()nsists of arithmetic, and one and one- 
half years of high school algel)ia. Familiarity with the computa- 
tional aspects of logarithms is very desirable, but is by no means 
an es.<cntial part (^f this ba<*kuround; it is merely convenient to 
simplify the arithnu*tie involved by using higaritbms. or. better, 
by using a coniinititig nuu-hine. In anv rational treatment of the 
mathematics of investment which (hu-s not introduce artificial 
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niiithoniaticul difRc-ultie.s inm»Iy a$ theoretical toys, there is no 
necMl of tho uso of hurarithniS in solving exininential equations, 
or other advanoed topics in the theory of h)garithnis. In the 
present chapter. h)f:arithnis will be referred to only in brief dis- 
cussions where an effort will be made to proi^erly gauge their use- 
fulness, or the necessity for their presence. Knowledge of the 
formula for the sum of a geometrical {progression i? tiie only item 
of the theory of progressions which will be needed, and this for- 
nmla will he used only once in the chapter. This rather extended 
discussion of the role which logarithms and progressions will play 
has been given in order to dispel at once an all- too-in'evalent no- 
tion that the mathematics of investment is heavily dependent on 
pro.'rressions and logarithms. A proper foundation for the mathe- 
matics^ of investment consi:<ts mainly of good arith.metical skill, 
that familiarity with the use of literal numbers an^l algebraic 
manipulation which results from one a* 1 one-half years of algebra, 
an«l such maturity of exi>erience as ir< possessed by students of the 
RMiior high school, or higher levels. 

Historical Background. The nuithematics of investment 
deveIope(l very early, along with the use of interest in fmancial 
transactions. Fmm the year 1202 onward, books on muthematies 
included prob' ^ms concerning both simple interest and compound 
interest. At an extremely early stage wc find problems of great 
difRruhy. as juog^^I from the standpoint of the early mathema- 
tician who had fioit^-er the theory of logarithms nor the extensive 
modern interest tabh*^ at his disposal. Thus. Fd)onacci (1202) 
proposes the followimr prf>blem:^ 

.\ cnrtnin rn:Ui puts nun drnnnus at intcrrst at such :i ratn that in fivp 
yfMr« ha.> twn flfiiarii. :ind in ovory fivp Vf-ars (hfTnaftor the money 
d(uihlrs. I nsk how many (imarii \vi>ulil uain from this (inn iliiuiriu.'? 'ui 
100 yf'ar.-\ 

In Tartaclias (imrval Tmttafo (looH). we nuTt the follow- 
ing problem.- whose solution by Tartaglia. with his inelliciont 
mathematical tools, demandeij great ingenuity: 

A ririvhant ua\.' a nniv.r<ity 2..SI-1 ihirat.s o'l thn lUidnrstamliaK that ho 
wa? to pay GIS ihjrais a yp:,r for nino y^a.-s. at thn on(l of which the 2SI4 
diunits should nmsitli-rrd :i8 paid. What intrro.-^t was ho p'ttinK on his 
nioni-y? 

* S.-n Vi-ra Sanfiinl. .t shnri Ui^'*nnf t,f Mnthrwu irn, p. \:u). HniiKlitnn MltTlin 
« 'oinpjiiiy. 1i);:i>. 
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In fact, wo CUM siiy that t»:<:ientially all of the small iuuoimt of 
th.Odry (in \vlii(*h tho inathtMuatics of iuvostmont is baj^ed has been 
known for ccnturirs. 

The Unfamiliarity of the Subject, The niathcniatics of 
invc<tnifnt consists ni very little theory and of very tuucIi appli- 
eaticm. an.l cxtnMnr'Iy intorostinj: and j^'artlcal application at that. 
Bryonil the level (»f elementary ariihnietie antl mtuitional geome- 
try, we shouhl cla^Js the niatheniatics of investment ti^ practically 
the most elementary field of applied mathematics. In it. we find 
that arithnirtic wnd (to the astonishment of the elementary 
student J even alurbra liml continual n>e. In spite of the lomr 
history ni the mathematirs of Investment, its elementary charac- 
ter, and its -reat practical imjiortance, American schools have been 
slnw to movr any ai>prtM'iable part of the subject down to the 
school level where it miudit well be brought in. Tntil compara- 
tiv(*ly recent years, one couhl not refer to the mathematics of in- 
vestnifut ovi'U in an a.iilience of tuNife^sional niaMiematicians with- 
out fcarimi; that inn>\ of f)nes listeners were ])ractically unin- 
formed in reL^ard to th(^ appliratinns of the subject at hand. Up to 
fifteen years airo. very little efYort was nnule in American col- 
leges to teach a specialized (»ourse in the mathematics of invest- 
mont excej^t to tluit extremely small uroup. present in only a few 
universities, which wa.- receivine the trainimr necessary for the 
actuarial side of lite insurance. The -uain difficulty in presentina 
the nu\thcniatics of investment to elementary Americmi students 
was the lack of a proper textbook. Tiiis difficulty was successfully 
overcfuue iov the first time in 1913. when Professor K. B. Skinner 
(if th.e University of Wisconsin niatle an iiuf standincr contribution 
to mathematical pedairo^y by the publicatiim of the fir^t edition 
of his Mniln vmfir^ of /?/?7^7///c?^^•*^ Since then, a areat variety of 
other texts an eh^nuMit.ary nature have ap]>earcd. nfferin.ir va- 
n<^us moilifica(i(Uis of the course as it was originally nrcianized by 
IMaUVssrjr Skint)er. With the aid t^f the many cx(^ellent texts on 
thi' subject, the mathematics of investment \< nf)\v t.-iutrht .*uc- 
ce--fully tn colh'ii-e freshmen on an extensive s(\ale. m.ainly to those 
who are s])eciaiizimr in business .admini^tratitm. b^t also to hirue 
numbr'rs of .•students in the ireneral collcL'e courses. On .account of 
tlio c(anparativi*ly recent appe.arant'f^ of th(^ m:ithem.'«ties of invest- 
ment in th(^ c.illetre currn-ulum. nm] the alnm-t entire^ absence* of 
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any treatment of it at the secondary level, the discussion of the 
pre^sent chapter will prosuiiiiose no knowledge of the subject out- 
side of the familiar facts about simple interest and comptiund in- 
terest. 

Outline of the Discussion. Part 11 o! the chapter will be 
devoted to a disciisrsion of certain aspects of simple interes-t, and 
of the relatefl topic of >imple discount. .\(lmitting that the mate- 
rial referred to in Part II is present in high .school arithmetic, 
Part II aims to orient this elementary section of the subject with 
respect to the more advanced portions. The author believes that 
such orientation could with advantage be emphasized in the teach- 
ing (if arithmetic. 

Parf- III will be devoted to compound interest, with emphasis 
on simplifii-ation of method. Such simplification comes from (1) 
the use of the interest period instead of the year as the funda- 
mental unit of time in the formulas, and (2) systematic use of 
interest table: ami interpolation in them, in place of logarithmic 
methods. 

Part IV will be coticerned with a derivation of the fimda- 
mental annuity fornuihis, and their application in various types 
of problems. The length of Part IV, relative to Parts II and' III, 
does not projierly indicate the outstanding importance of Part IV 
in the mathematics of investment. Lack of space for descriptive 
material makes it impossible to present more than a brief indi- 
cation of some of the many applications of annuities certain. 

P.VKT II. Sl.MPI.K INTEKE.ST .-VND SiMPI.E Dl.SCOUNT 

An Algebraic Treatment of Simple Interest. At any 

school level bcvfind that on which the student has dealt with linear 
equations, the treatment of simple interest and its applications 
should be definitely tied to the familiar eciuations: 



In the^-e equations, P is the original principal, r is the interest 
rate, expressed as a flecininl. t is the tim(> of the investment, ex- 
pressed in years, / is the imerest earned by P in t years, and S is 
the amount duo at the end of t years. We should not confuse the 



I = Prt; 

S = P(1 +rn. 



(1) 

(2) 
(3) 
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5>{ii(lciit by long-winded \vurd-descrii)tiuns of how to find thr rate 
wluMi the principal, the iutiTer^l. and the time are j^iven, or of how 
to find the prineijial when tho amount, the rate, and the time are 
jriveii. He shouhl he tautjihl to i^ub^stitute iriven (piaiititics in i)roii- 
erly seleetecl e(iuations, and then to lind the unknowns by tlie nat- 
ural al^ebraie proeedure. 

In a treatment of the nuitheniaties of investment, simple in- 
terest is important not only on it^ own merits but also as a means 
of presenting the important torniinology of pn^sent valuCt <iwour}t, 
uccumulation, and diwount under a simj^le guise. In ecjuatioii 
3, we eall P the present value of the amount The jMissessioii of 
P ti)-day is just as desirahlc as the possession of S at the end of t 
years. With aecount taken of the effects of interest, P and *S are 
equivfih nt sums of money due on different dates. 

To accumulate a principal P for t years at the rate r means to 
find the amount *S due at the end of t years if P is invested at the 
rate r, 3'o dUcount an amount S for t years means to find the 
present value of S on a day t years befure it is due. The diseouiit 
on iS is the dilTerenee between S and its present value P, or is 
(S~P). 

Kx.\MPLt: 1. (a) Discount ShloO for 2V2 ycurs at the rate 5^.i'c, simple 
iuttM^•^t, {h) Find tho discount on the §1,150. 

Stdufiop, (ft) We desire to lind ilio pn.r^ent Vyiluc 01 tho amount .S-"- $1,150, 
2Vi yrars brion- it is thu'. Wr- us«» ociMation 3 witli Z — 2li», ^—1,150, and 
r — .055 : 

1,150= /ni + v(.055;J. 

7^2 + 5 (.055)] = 2,300. 
2.275 P =^ 2:m 

ih) »^infr ilu' pn-MMit \;iln»* n\ Sl.ir>0 i.< SI.OUj.UD, ihi? diM-ount is U,150 — 
1,010.911), or S130.0I. 

In the pre(*edin^ example, S139.(J1 is the dis(»oMnt on Sl.loO, 
due at the end of 2\'{* year^. and. aUo, SliVJ.Ol 3 the interest for 
y^*iii'> ^^1^ ^lio pr*nu*ii)al $1.U10.U9. That ' Si:3i).01 plays a 
(h)uhle role. 

The hist parap*ai)h illu>triites an ii.tcrt stini^ f.-u't. Frt)ni ecjua- 
tinu 2, / - ~ iS- -/'J. HencOj th(» quantity /, wi.ifh \va< d(Minetl 
as the ihfci'fst on the pi'in«'ii)al Py has in)\v lu-en given a seeond 
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nanio; / is also llu* dUcount on tlio iUiujunt That 1?^, / play»^ a 
double role. 

Simple Discount. The prt'cedin^ discussion of the quan- 
tity / leads naturally to an inijiortant notion. In rd'errin^ to / 
as the interest on I\ wv use the ecjuation / ~- Prt, which expresses / 
u.s a certain percentage per year of the principal /^ .Similarly, in 
considering / as the discount on the anioinit S, it is very con- 
venient to express / as a certain percentage per year of {]\v amount 
^^ To do so, we iutrotluce a rate of simple, discount, cull it f/, 
expressed as a dcciiuah Then / ^V/^ Accordingly, from equa- 
tion ^ 



Hence, we are led Ic; the folh)wing ecpiations of simple discount: 



Kcpuitions 4, 5, and 0 are just as important as ecjuations 1, 2, and 3, 

KxAMi'LK 2. SI3U0 is dm? :it the tuul of 90 duys. Fiiul its iu'csi»nt value, 
at 69c siniplu discount, usiim ;X)0 Unvs to tho yrar. 

Solution. We aiv ^iivm N-'l^UO: f/ — .(X>; / -~ Vi. From eqiuiliiin 4, 
/ 3(X)(.(X>) ( V4) 4.00. rrniu cieintitm T). P ^ \m - 4.o0 S2U5.50. 

In current tenuinology, simple discount is frcqULUtly referred to 
as simple interest pa\iablc in vdvaucc. This is somewhat mifor- 
tunate. because simphj discount is (liarocfit and :s not interest, in 
the orilinary sense of the word. Nevertheless, if -».*e once rccogniz'j 
that simple interest in advance mcan-s di^<count, x'onfusion ceases, 
j)rovided we admit the indcpruident existcfice of eciUations 4, 5, autl 
G, and do not attempt to make cciuatiDUs 1. 2. ancl 3 ilo double 
duty ^ both fur v^imple interest and ft^r >imple discount. All of the 
usual prtjblenis in the discounting oi promi>s()i*y iint(»s. mul tlu' 
other muuerous applications of simple (iisciiunt or (what is th.e 
samej of inti^est j)ayuble in advance, can be conveniently han- 
dlcjl by use of ecinations 4, o, and ii. 

Kx.\Ml'i,K 3. A b;iiikc-r I'hai'Kt'S GCc ^iinplo iutoi'e:>t p.'iVahle ia iulvaneo. 
(a) What ^luvll i ann u to pay to hiia at tho end of 6 months, in order that 

*'Ph»' ;i.ith»>r fiM'N ihat tli»» froijuont f:nl«ir«» of toxthntikx to v*t'*-i:n\/A* tfu> Inde- 
i«»'ii«i»ut i».\i>t«*rn'i' of Miuntiurjs *. ."i. nn«l ;ui I'vil \vlii»'b Ii-inl- t«> tin* <Mrri»nt 

ia»k «>t* rhsir thinkiuK al>uut disvuuiit aii-I u.hTf'-t iu aiivau«*H b> tin* avcruiff mau. 
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I may receive $1,000 from him now tlio jn-occeds of my loan? (.b) What 
interest rate am I aciiiiiUy iiayinn? 

Suludoti. (0) ImiM'osi in atlvanci!, at ihi; rate 6%, moans that simple 
diseoiint is huiiiK eharueil at the rate CC'c In ctinations 4, 5, and 6, we are 
given /*— 1,000, t " and d — .06. Wo um- otiuation 6; 

1,000 = 5[1 - '/i(.0C)l; 
.97 8= 1,000; 

=31.030.93. 

ib) From Part a, 1 pay S30.93 interest at tlu' vi\d of 6 months iu addition 
to the Sl.OOO wiiich I recoived at thi> hcfiinniu^ of the transaotion. From 
I =^Pit, with r ^.--^ 1,000, 30.93, and t == Vj, 

;i0.93=-- l,000(r)(Va), 
Uu solving?, wi> f)})tain r — .0619. Hence, a rate of 6%, ]Hiyah!e in advance, 
on a 6-uionth loan, is equivalent to a i-liarj:i' of simple inti?n';st at the rate 
6.19%. 

The tonninology of jircscnt value, amount, accuniuhition, and 
(li.'?count api)lie< etiually well both to simple disrount and to yinijile 
interest di-'.-ussions. To discount an amount .S, duo at the end of t 
years, under aimple intorst at the rate r, means to find P by use 
of S = P{1 'i^^ diseount an amount *S, due at the end of t 

years, under simple cluscount at the rate r/, means to find P by use 
of P = S[l — (//). The ecjuations of simple discount are easier 
to api)ly than those of simple interest, if we desire to find a i)rin- 
eipal P when the amount *S i.s given, that is, when we desh*e to dis- 
count an amount *S. The ecjuations of simple interest are easier 
to api)ly than those of simjjle discount when we desire to find N 
when P is given.^ 

Part III. Co.mpound Intkhkst 

Definition of Compound Interest. If, at statecl intervals 
(hirhig the term of an investment, the interest due is added to the 
principal and thereafter earns interest, the sum by which the origi- 
nal pruicipal has uicrcased by the end of the term of the invest- 
ment is called roifipaund intcrtst. At the end oi the term, the 
total amounl tUie, which consists of the original princii)al plus the 
conii)ound interest, is called the compounfl (nnounf. 

Hereafter, tlie untiualified word Intcn.'it will always refer to 
compound intere-st. 

intt-n-Nt, jii-.. t*Ini|»t« r 1 •>!* llii* nin hur's Mnlht i.-utt .rn q/ /nr< .vO/u /if , A'l riv<i</, I), c. 
U»-uth ami t'omimny, i»ukjUsliiTs. 
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We «i)oak of interest being compounded, or converted into prin- 
cipfil. The time Wtwoen successive conversions of interest into 
principal i.< culle<i the convemon periotL or tin* hitercst pcriud. 

Thus, if the rate is eanii)oundeil (iiuirtcrly, tlie conversion 
period is 3 months, and interest is earned at the rate &;o per year 
during each iH'ricnl, or at the rate l.o^c i>er conversion jieriod. 

KxAMH.B 1. Find iUv uoiupound aiuo\uit ;it the end of 1 year if $100 is 
invcstod at thf rate S9c, cojiipouutlrd (j\i:iricrly. 

Suluthn, The rate pe>r convtnvion ptjriod is .02. The ori^inul principul 
is SUK). At the end of 3 months. 5^2.00 intm.st is d\\r\ thr new princiiml is 
$102. At thii I'Hfl of 0 mouthv, tlio iniin>t Aur \< 2V( tif $102. or S2.0J. 
and \ho ni-w prinfipnl is (S102 + S2.04), or SlOl.DI. In this f:ishion, we find 
th.-it the anu>imt at \\w cud of 1 yi-;ir i< S10S.2i;3. The tot.-d conipfumd 
interest earneil in the year is ScS.213. The rate at which tin- «)rii:in:il iirincipHl 

8 243 

increa.sed <iuring the year is or S213Cc. 

Nominal and Effective Rates. In the u.^ual way of dv- 
scril)ins a R'iven variety of coniiiound interest, the rate specified is 
called the nominal rate. It is the rate \H'V year at M'hieh interest is 
earned (hndng each conversion period. The ctjrctivc rate is the 
rale prr year at whieli interest is earned (hndn^ eaeh year. Thus, 
in the preceding exaniplc, the nominal rate is 8';;: ; the effectivo 
rate is 8.243 ; the rate per conversion ju'riod is 2',/. All of tlie.'^e 
three rates of interest should ho kept in nnnd when eonsiderinir a 
given variety of C()in{>ound interest. 

It is emphasized that, in the future, wlicn we refer to a rate of 
interest, we mean a rate per year, except when we otherwise spe- 
cify a rat(» per co}iversion p/r/o//. 

The Compound Interest Formula. Let the interest rate per 
conversion period be r, expressed as a cleeimal. Let P he the ori.iri- 
nal principal, and let S he the eomixiinnl anifiunt to which P ac- 
cumulates by the end of A* conversion periofls. Then, we sliall jn'ovc 
that 

Sr^I'il (T) 
Proof, The original principal invested is /^ 
The itit(M'est due at \ en»i of I>t period is Pr, 
Xew j>rincipal at the end of l>t pr-eiod is P -i^ pr ■ p[ \ -f-r). 
Intrrcr^t (hie at the eiid of 2d pi-riod i< /- .:. r » j. c»r yV( I -|-n. 
New princip.al at the end nf 2' I p'-ri^fi is 

P\ \ r ri -\^P\ \ ^-nil 4-r), or Pxl 
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By tho end of each period, the principul on hand at the begin- 
ning of the period ha.s been multiplied by (1 + r}. Hence, by tho 
end of k periods, t.ie originul principal P has bei-n multiplied k 
sueee:<sive times by (I -f- rj, or by (1 + r)^. Therefore, the com- 
pound amount at the end of /; perioib: i.s I\\ -f ^^^y hs in equation 1. 

The exeeedinjZily elementary discussion leading to equation 1 
was not given with the idea that any new facts were being pre- 
sented. The objei't of this; disrussion was to exhibit the convenience 
of the terminology of conversion periods, and rates per period, and 
to show how this terniinology leads to a simple general fornuda for 
the compound amount. 

As in Part II, we call P, in equation 1, the present value (jf tlie 
v-imouni S. To accunudate P for k eorj\-ersi()n pi-riods at compound 
intt'rt>t. means to lind the amount by usu of cciuatimi 1. 

KxAMiMJ-: 2. Acciiiiiuhitti $300 ft^r OVi >oars at GCr. coinpoiinUccl (iiiurti-rly. 

Sulutitiii, The nito i»c>!* corivoi'sioii pi;rioil is .00 -^- 4, or r — .015. Tlus 
iiuaibtT 01 etMivor.sioii pt-riod.-^ is /; = 4 ■ 1> l-i J --37. From oqii:itiuu 1, 

S =^-= UOUd.Olo;'" :^00tl.7o48) $o20.44. 
In tht' .-tjlulioH, Wf t)l>iaiii»-(l ilu* \ ;iliu? of (1.015;" from Table I, on pu^o S4. 

If Table I were not available, (1.015;*^' would have to be com- 
I)uted by use of logarithms, or, less conveniently, by u.-:e of the 
binninial theorem. For this reason, one nught rashly say that 
lo.uaritlims were esseniiul tools for further W(jrk. This statrmcnl 
is unjustilied, bet.'ause fairly complete tables*^ of compound anmunts 
arc just as accessible as tables of logarithms. The whole discus- 
sion from here on presupposes that some convenient set of interest 
tables is available. For the illustrations of the present chapter, 
the accompanying extrtu:tjs of t^d)lc^^ arc .^unicient. 

To (Usroutit an amount S for A* c<mvcrsinn jierlods means to 
liuti tlie present value t)f »S on a day k perintls bcfurc >' is due. To 
find /\ the iM'esent value, we solve ecpiation 1 for P in terms of i"^': 
we find P — *S -r- (1 + rj^, or 

P Svl + ;•) •^ (2) 
Altl.ouirh ('(luations 1 anrl 2 ;irc eciuivahnt etpiafions. we n-fer to 
tl. eui as the funjhuuchtal aiiuifitots al compountl interest. 

K.KAMi'i.K DiMMjMHl ::jO ftjr Pj yi-;u-.s at V/r, compoun<l(^d .sr-ni'inniuaUy. 
SoluOifu. hi tqiMiioii 12. W'* li.'iM- .S ■ ■ ^.10, r .02, and A:"2 4li)— 9. 

p ■■ r)(Hi.o2, ^ - r)O(.h:;076/ - •■§4l 8i. 

Tlu' fiiM'ouiii on tin- iM) Is (jCJ -4I.SI\ or .>S.10. 

M'... I', r :m !.ri 1-. till- ;i!iMi'«r'K 'i''ihh» from tUf M*ititi < nf Ini'nttimnt^ 
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Comment on the Fundamental Fomiulas. Hecall tliat, in 
riiUHtu)ii> 1 ami 2» tin* luiit df tiuio is tlio runrrrsion period, and 
not one fj((ir\ \\w synihul r is thv rato per ronvrrsion period; A* 
is llio tinu\ expressed in eonvorsion pf^riods. This feature resnlts 
in a wortliwliile sin)i)lilieati()n. If we had h^t n l)e tlie number of 
years for winch P is invested m he the number of times tluit 
interest is convert eil in each year, and ; l)e tlie nominal rate, then 
we would have found that 

' + ■,;) ■ 

'i'he greater complication of (ii), as cumpami, witli d ), is the 
reason why wo useil the conversion period instead of tlie year as 
the funihunental unit of time for the description of data. We do 
not cmi)loy ecpnition 3. and recnnuucnd its complete^ submersion. 

Compound Interest for Fractional Periods. The funthi- 
niental definition of compound interest ^ives no meaning to tlie 
notion unles.- the time of the investment is an iniep-al number of 
conversion periods. That is. up to the present, we have assumed 
that A', in erpiation 1. is an inte«i-er. If the time of the investment is 
not a whole nundjcr of conversion i)eriods, it is customary in 
praetice to define the eomjiound anujunt to l)e tiie result obtained as 
follows: 

iU Find th( nimpound (unonnt at the end of thr laat vdiole 
coftrcrsion pf ritnl fonfninrtl in the given time, 

1.2) Arrinnulafc the nsidtiny iunount for the reniaintlvr of the 
time at simple inftrcsf at thr (jinn nominal rate, 

KwMVLK 1. Kiiiil ;tn« ;iiiiijiiut at the riul of 2 years antl 7 months, if 
SI.OOO is in\»>tf(l af s'; . cijinpoun-lrd (luartcj'ly. 

Stiludtfit. la-t iniiTi'st ilatc .11 tin- term of thi' invr>tinpnt in at the 

t'lul (»l 21-2 years. 'I'hi* ani'iiint j*t \hr ithI ui yj-ars is. by e<iiuition 1, 

Sl.lHHJi 1.02)^' - 1.000(1.2190) ■ ■$I.2I'.UX}. 
TliM rriiKiinnu^ tin." w 1 mtnith. Ht-ner*, \\v lu'i'iiinulate th" now principal, 
S!,2P.*. fur I mouth ai Mmplf iiiti ri st. at th«' ro^ S'.k, Wo ust* I ^ Prt 
wah I' ^1.21'J, .0*S. aii<l / I'jM: 

/ 1.21i)(.(XS)0-iiiJ S8.13. 
Thf ainoiiiu at th.. , nd (,f 2 y.-irs unl 7 months is i$1.219 + $8.13), or 
SI,227.i:{. 

In place of the dcfinitiim of the cnuiiioiui'l ainnunt for a frac- 
iii)nal j>eri(Hl whiidi we have ]u>[ used, it is custtimary to agree, 
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ill tlit'oroticul that. (}m irhrti k is nut an integer, the pres- 

ent vahir P and the amount N shall bo rclatcil by equation 1. 
Kor contrast, thn (h^dnition tised in Kxamplc 4 \\\\\y hv called the 
imirticnl (h*finition of the amount for a fractional perioiL and Ww 
second definition may be e:i!led tJie theoretical definition. The 
aniotnit i^iven l)y the practical definition differs only sMghtly, hi 
the usual prol)l(-ni. from the amount given by the theoretical defi- 
nition. 

Unknown Rates and Times are conveniently found by simple 
interpolation in compound interest tal)les. The process of inter- 
polation referred to is the same as that cmployeil in the use of 
tables of h)garithms or tul)les of the trigonometric functicnis. 

KxAMPu; 0. If itilf rc^t Ls nJinponiicliMl >omi;inniially, find the nominal 
rafn :it which Sl.lHK) acctanulati- to S1.21X) in 5>i years. 

S<tliition, Lit r the unknown rate prr cDuvnrsiuu iJcrioil. \\v have 
P ' $1,000, - SI. 200. anil /; ^--^11. Vnnn niiiatiun 1. 

1.200-= 1.000(1 + r)'\ 
(1 +r)"- 1.200. 

In thf riiw uf Tahh? I fur 11, wo fhid (1.015)^ ^.1779, which is lass 
than 1.200. and ( 1.02)" I.24:U, which i.s mnrr than 1.200. Htaicc, r is be- 
tw^iu .01.*) juiti .02, In findiii^c r by intorpolation, we ; ^ | "(I'ijJTjir 
:i--'i,'ip- that /• is tin* .Niim.* proportion of the way frcjm ' - — . - — 
.oi:> .02 a> 1.200 is 1,1 the Way from L1779 to 1^434. 1 . '^^l*'^ J J'^'''!'!^^ 

1.2134 - 1.1779 - .0055; \J.': '\ ■ 

1.2000— 1.1779 .022 L l Ji ^'^^^^'^ 



IIe.'nc<\ /• is -^^^ ni the wav from .015 to .02. Since (.02 — .015) .005, 

. 221 

r .015 + -r:-^{.(M)."j) 015 + .0017 .0167. 

Till* nominal rati- i.s 2r, i>r .03:^4, or appnixiniati ly 3.3^t . This final result 
\.< alnio-* i-i-rtainly accurate to tenths uf a yvv ct ut. .\ si-rouil api'r()xiniati<in 
(••iiilil ho r:)tin(i Ia' intf fpolatitui, hy um* uf tM»n-:ilir:iljlf computation/ but 
thi- pri srnt rrsult wuuld .<:itisfy mo.'-t. pr ictii-Ml ni r-il-^. 

KxAMH.K 6. How lonj: will it takt* for §5,2.50 to acctiniulat** to S7.375 if 
thi- m«jnfy i> in\»*>tiil at G'.t, conip^'undid qu.irti-rly? 

^niuln)n, hit /.' Ih- ihi- ui'ci s>ary uuHihiT <;f t'onvi-rsina pi-iitjd.s. From 
rtpiatifju 1, 

7,375-= 5.250(1.015y^-; 

(1.015)^'= lAm, 

Hy interpolation in tin W-j'/r eolumn of Tahl^ I. wo find that A: — 22.83, 
lua-itnls (if 3 months. The* timi* r«'quin'tl i> S^22..S.3) yi*;irs, or 5.71 yeiirjj. 

' Si'i' CunumJit 1. i». '.\\, in tin* autlmr's Muf h* nm! tin uj lnv» >*lmi nt. 
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There is ample ju:?tificatiou, on tlie grounds of iK^curiicy and 
j^iniplicity, for using a fcrtuin logarithmic method in Kxamplo 5. 
However, in the analogous and more important type of problem 
relating to annuities, thi:^ logarithmic nu'thod is not applicable. 
For this reason, we a(loi)t the interpolation method as our standard 
one for determining unknown rates. 

In Kxaniple 6, we solved an exponcMitial ecjuation in k by use 
oi interpolation. It vmi he proved « that the solution obtained by 
interpolation is an exact solution of the problem, sul)ject to the 
natural limitations of the table.-^ einplo\e(l. if the practical defini- 
tion of the previous section is adopte^l f^r the compound amount 
for a fractional period. On tlu other hand, a solution of the ex- 
ponential equation in Kxample i\ by use of the customary logarith- 
mic method gives an inaeeurate result, according to jiraetice as 
excmplilied by the practi^'al definition ui Section o. This is an 
interesting point, in view of current impres>i()ns in leganl to the 
api)roxinuite nature of results obtained by use of inter])olation 
methods. 

Equations of Value. To compare two sets of financial obliga- 
tions involving sums of money due on various date>, we nuist first 
reduce all .'^unis involved to eipiivalent suuis due on some eonmion 
comparison date. An C(/imtion oj value is an eiiuaticjn stating that 
the sum of the values, on a certain comiiarison dat(», of one .-^-et 
of obligations ecjuals the sum of the values on this date of another 
set. iMjuations of value are jiowerful tools for solving proljlems 
throughout the mathcmniics of investmeni. 

KwMPLK 7. W owes }• (//) $100 iliio at th^ md uf 10 years, and (b) $200 
din» at tlu? end of .5 yn.-irs wiili :u*(*iimul:ited inti-nv-t at tho ratn 37o, com- 
pounded M-mi.iune'dly. \V swAix-s to pay in fidl by making two equal pay- 
mi'iius III thr vuiU of :]d and th.. Ofli ypir<. If nicm.«y is now considrml 
wunli •r,r. rorupoumlod m miaunucdly tlu.* un-dMnr \\ lind tli»» sizo of U"s 
rtjual iiaynicut.s. 

Hidniintu Lf'i be thf- pciym^nt. W \\\Au r^ to replace hW, oM obliua- 
tions by two ni-w ones. \Ky niuation 1. Pent III, obli«:itifm b roquims tla- 
puynirnt of 2l)oa.01.>;'' at th- -nd of 6 \\\iv<. 

Old Obligations Xrw Ohllf/ntioru^ 

o/; SlOU i\\u' at tlm end of 10 yr. Sj duo in 3 yr. 

ih) §200(1.015;*' duo at th*^ end of 5 yr. Sx duo in 0 yr. 

Wf» .-h:ill ust» tlw end of o y.-ns as :t r.>rn:'ar;.->n il.ito. In the followinK 
fqu.jriMU of v.duf. thr I. I'l m. nib»-r i- ihf >uni «if tin* tMiuivalpnt vahios of 
S-». \\\ U. II;irt. {>n'Hia/i .Uathvmatitnl M'tnth!}/, Vol. XXWI (l'a2a;, p. :;7U. 
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the olil (thiipuion.s ;it tin- nul of 5 yeurs, and the right member is the sum 
of thi! riiiiiv:ilcnt viilufs i.f thi* new oblijjutions at the end of 5 years. In 
writing thr Ifft nn inbt-r, V f ih\<i'i)uut ia) for 5 yours, and take (6) unchanged, 
betMijj^i* (/)) iii duf :U thr i-inl of 5 yturs. In writing the right member, we 
amo/iultHv the fir>t S.r f'lr 2 yriu's, r.iid disCtmnt the second $x for 1 year. 
In diyi'omitin^i. or at-i'unnihitnm, wu uso equation 2, or equation I, as tho 
<*ii>u uj iy bi\ 

100( 1.02) " 4- 2C)0( 1.015)" = x(1.02)* + x(L02) A 
lOOCmi) + 200(1.1605) = x(I.082l) + rr.9612). 

314.13^ x( 1. 0821 + .9612) 2.0i;j6x. 

314J3 



Vakv \\\ Annuities (*khtain 

Annuities. An annuity is a ?oquonro of equal poriodic pay- 
nionts. An annuity roinin i? one wliose payniont.s oxtend ovor a 
fixod period of tinio; a rnnfingcnt annuity is one whose payments 
oxtend over a poriotl of timo tho lcnp;th of which depends on events 
whoso iliiiva of oocun-pnoo oaniiot l)o arouratoly foretold. 

Thus, a >i*qu(»noc* of oipial payuionts made in purohasinp; a 
\\nu<c on the installinont ]>lan forni«? an annuity certain. The 
prouiiuni.s on a life insurauoo policy form a contingent annuity 
because tlie premiums cease at tl)o doatli of tlie insured person. 

We sliall deal only with aniniities certain, and, in this discus- 
sion, the qualifyin.LT word rrrfnin will bo omitted. Tho sum of tlio 
paymotjts of an annuity which are niarlo iri one year is called the 
iwvunl rent. The time between successive payment^ is called the 
painnrvt InffD'fiL The time betueen tho bcsinninc: of the first 
payment interval arul the end of the last one is called the frrw- 
<^f the atmuity. Unless otherwise sfaterl. the payments of an 
annuity are flue at the ends of tho payment intervals; the first 
{\aynient is due at the end of the first intt'vvah and the last, pay- 
ment is duo at the cDfl of the tj*rm of the annuity. 

Thus, in the case of an annuity o\ .^loO per month for 15 
years, the payment interval is n\.v miuith, the annual rent is 
SlSOf). and the term is lo years. 

Present Value and Amount of an Annuity. Tnder a specified 
rate of interest, the prr.^cnf inhir i\\ an annuity is the <iini of the 
lires(MU values of all tho p.aymonts ni the annuity. The amount 
of an annuity is the sum of the compound amounts which would 
l)c on hand at the end (^f the term of the annuity if all payment> 
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should acouuniiate until then frum the dates on which they are 
due. 

lllmtrntiofu Consider an aimuity of $100, payable annually 
for 5 years. Suppose that intiTOst is at the rate 4^' , compound^Ml 
annually. We obtain the present value .4 of this annuity by add- 
ing the 2(1 cohnnn v)f tlie following table, and the auiount by 
addinp: the 3d eolunin. The value> of the various powers of (1.04) 
were taken from a table not included whli this chapter. 



f*Av>rKN' r HK $100 , 



1 yoar 

2 years 

3 years 

4 years 

5 years 



100(1.04)"* --^ 
100(1.04)*^-- 
100(1.04)"'=-= 
100(1.04)^*=- 

100(1. ai) 



1)2.156 
S8.900 
85.480 
82.193 

(add) ^1 ---$445,183 



(*j>MpnrN-i> .VMOfNT AT l')M> or I 
'rXUM U* I'AYMKXr Is I/El-T in \ 
\rrt Ml f.ATK AT TntKUKHT ' 



100(1.01)*= 110.986 

100(1.0-1)'-- 112.4S6 

100(1.04)'-= 10S.160 

100a.04) 104.000 

100== 100.000 

(atid; kS --§541.632 



Annuity Formulas. In application?, the payment interval of 
the annuity involved is usually found to be the san\c as the con- 
version period of the interest rate. This is the only case which we 
shall treat.^ 

Consider an amiuity which pays $1 at the end of each interest 
period for n interest periods. Let (aui at i] represent the present 
value, and (.s,7i at i) represent the amount of this annuity when the 
inf-erest rate per ct)nversion period is 

To determine a formula for ani- The first $1 payment is due at 
the end of one? interest period, nnd h;is the present value (1 + 
Tlie present value of the second payment is (l + Zj-^; etc.» the 
present value of the next to the last payment, due at the end of 
in— I) periods, is (1 + iV'"'^^ The present value of the last 
payment ir> (1 + n «. The present value of the annuity is the sum 
of these present values, or 

ajT,^ (I (1+t)-'" . + (1 _ /, (1 +1}-'; 

OiT- (1 + /)■"+ (1 + n -^^^ + .. . + (1 + 0 *- + (1 + M-^ (1) 
On tlie riuht -'do of equation 1. Wf* im-et a geometric jiro^ression. 
will, the C(;mnu)n ratio equal to i 1 /i. The formula for the sum 
of a geometric progression is (;7 ^ ,n ( ... ji, where r i< the 
ratio, I is the last tenn, and a is tlit^ tir<t trrm. In equation 1. we 

•Knr n Kru^ini tr»'ntm»^nt r.f •m^.'s whi.-h arisp In Wh- appUratlons of nn* 
nuitips, 8C** autlinr'a .hfnthematirii of l>irvHtmt^nt . <'haptLT IV. 
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Imvo r ~ { \ -I- /i. / ( 1 + /) \ and a (1 -f- /i Ilt'iu'o, wc liiid 
that 

riij- -.r Y , U) 



To find n inrmidn for .sr. nn-all that if \Vf accuiiiulato a 
present vahic \vc nhtaiii the (M)n'(^-p()n(hn{: anuaini. Tli^nco. sinco 
a,',^ is thr prrsi-ni \'aha» of the i)ayuuMits of tht* atnntity, ami s]r. is 
tho sum of t\w amounts of thi^ sanio paynuuitji at tho onrl of the 7i 
j"'i*iocl> which form thr torui of tht^ aiinuiiy, \V(» can obtain .--yr hy 
ai'fumuh'itinn; n„; for u poriials. ''rhtu'<*for(\ liy fornnihi 1 of Part 
III. with /* • r {, and A' - 7l 

V 

Now. (^(Mi<iilor an !inTiuit\' proMoni in which l\ is tlu^ poriodir 
paytnont. i is tho inton^st rat(^ per ronvorsion period, and » \^ the 
number of periods in the term. T.et .4 represent the present vahio. 
and S the anu)unt of the annuity. The present vahie A will be R 
titnos aiT'. whieh is the present value when eaeh payment is SI in- 
stead of and. similarly, the amotmt .'^ will be R times Sn-. 
TIenee. 

.•1 = Hay,; ^4) 

The relative ec^niplieation (^f ffWMunhis 2 and 3 micht lend one 
to think that any applieation of the annuity formula^^ wcuild ho 
tedious. However, the exist onre of exeellent annuity tables allows 
us to eoniplcttdy stibuuM'fxe ecpiaticuis 2 anrl 3. ancl tf^ wcu'k entirely 
with (he simple etjuations 4 and o. c^xcept in unusual problems 
whieh necMi not be eonsidcM'ed in an intn^tlueticMi tt^ tlw^ subject. 

I'.WMri.K 1. la pjm'h.i^iiiu x lu^u.-f*. m luixu '.lams to j-ay $6,000 rash. nn«l 
Sl.O(H) at tlip .-nil i>f • Mch i\ immths fnr <) y.MPs. If auin«\v is worth V'r, com- 
pmindml .-'iniMtuiually. litul th" rrinival'-nt ra>h \^rWi^ of tho hoaso. 

Sn!i,'ft<tyi. Th" ?1.(V)0 i^aynu-at^ form :ui annuity whosf^ tonn i:< G ycvirs : 
thn intfM'pst ratf ]wv (Mnu'iM'^imi p'Ti^^d is .02; th'» tfrni is 12 prriods InUiT. 
Thn pfeiivah^nt j'ash \:ihio of th»^ .'innuity is its ])r'V-<ait vuhio .-1 : from equa- 
tion 4, 

.4 = i,(XK)(/hT| :it .021 l.(HK)f 10.:)7n:^. (Vrnm TaMf IV) 
H"n.*i\ A $H).:">7r>:iO. Tho n-h vahio of thi* hou*.«« is (SO.OOO ^ .4), or ap- 
proxinnfoly $16,575. 
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KxAMin£ 2. If vou lirposit $50 ut the m\d of oiivh 6 months in a hmk 
which cmhtfit iiitfr st siMuiiinnuulIy at tho rato 4^1, how much will be to your 
CTvdit at tho ond o' the 20th yt-ar? 

i>olu(ion, Thi» nnuMint to your credit i<j thc» amount S of tho annuity 
formed by the dfiosits. We use equation 5 with I{=$oO, ?i = -10, and 
I '--^ .02. 

5---oO(.v :it .02) -^.^OCGO.m)) =-=S3»020.10; 
in tho sohition. wc uscil Tahlo III, 

Kx-VMIMJ^: I]. I purcha>v a house worth S12.(X)0 r.\A\, I pay $2,000 ras'h. 
I aUn auree to luakf eciual payment.*; ai (he end of o'lch 3 months for 9 years 
ti) iii.<ehar>re the balance, principal and iutrri«<t inchided. If interest is at 
the nit(» OC'r, eompLanuled (pi.-irti-rly, what must I jiay at the end of each 3 

UlOIlthiJ? 

Mur'nyi, ..\fler paying S2.000 cash, the halane^^ is SIO.OOO. This $10,000 
is th(? pn .vnt vahie of iho annuity which I .-^hall pay» quarterly, in discharging 
my di'ht. Le't A' be the unknown cpiartrrly payment. Then. >ve ust> equation 
I widi .4 - IIO.IKK). A' unknown. and / --'.Oir): 

10,000== lt{niir at .01,1). 

P_ 10.000 _ 10.000 

Amortization of a Debt. A debt, whoso present val'io is .1, is 
.'-aiil ti^ ho aworfi:rfi undor a fr^veri rate i^f intorest. ii all lialnlitios 
as to principal arui in((»rost ruv (liseliariml by a so(iu<»nee of perioflio 
payments. When tl - payments are eciual. as is iwually the case, 
they fiM'ui an annuity wh.os^ present vahie must e({ual .-1, tlie oric^- 
inal liability. In the preeedii. hixaiuph* 3, we t^etcTuiinod tlio 
cinarterly payment whieb would r>»;.e7/c/ a ih-bt of SIO.OOO with 
interest at & t , eonipoun<l<'(l ( w T^'cly. in 9 years. 

i:x\Mi*l.K 1. .\ farm is worth ?2").00t) cash. .\ Iim.mt will pay $12,000 cash, 
auil h.' will ;imf^rii7:c thp h.nl.uic.' by paymoius of Jfl.OOO a* tlm end of each 
3 numth.^ for 3 years and !) months. At what iiuere,>,t rat<\ p.iyahle quarterly, 
IS the tr.uisaction brum pxrcuted? 

Snl:i(i,)r7. Th-. balance diu*, aftrr the cash p:iyni.'nt. is $h3.000. bet t bo 
rue uriknown uuerrst rate. eonvrrsmn ]v'rawi u,f 3 monflisb Then, 
?b'MKX) must i«((u.il the propnr v;due. at the rati* /. nf ;?n annuity of SbOOO 
pavahh- (luart. rly f.,r 3 yrirs and [) nuuulis. \Vn h.m' h>rn.ula 4. wiih n b5, 
R --$1.1XK). /I .<13.(HH). :uid unknown: 

lo.lMK) l.OOOu/i" at />; c^/^m u i) ■ \:\. 

\Vt» s(dve tlie last equation by interpolat i(Ui \i\ Table IV. \Vo see 
fr(uu the tal)|e that (r^,,- at P.-'; * I:i.:i43. and la-.,. at 2'; ) -.-.-.r 
12.vS10. Ib'Uee. / is between ; and 2';-. Hy a solution like that 
of Kxaniple ."i ai Part III, we find that / .0185: ^^ijiee this is tho 
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rate per 3 inontlip. the nominal rate ij< 4i = ,0710, or 7A\'( , appruxi- 
inutciy. 

KxAMN.K 0. I iuirc'li:i.<t^ II buiUUiiK worth .?2O,0OO caj^h. and apree to make 
eqniA pa.vnn nts at tho bririnninp of each 3 tuDUths for 8 yoarf, to comploU'ly 
ilisrhanio jill of iny lial)ility as to principal and inton'st. If interest is at 
tho rato CCr. conipoundrd (luiirterly, find my qiiartorly paynu'P*, 

Solution, Let R be the unknown quarterly payment. If, for the moment, 
we di-sreiranl the 1st payment, the remaining payments form an annuity whose 
tn*m eommenee^ on the day of ]iurchasr; the term of this annuity Ls 7% 
vtars. because the last payment oeeurs at the beginning of the last period of 
3 mcmths in the S years. Hence, the })res(nt value of all of the payments, 
fuuittine th.* tir<t (MI'-. \< /m/.— Tlu* ea-h vahir ot tlu' house e(iuals the 1st 
payurnt A\ whirii is rash. })lu> the present value of the rei.*aining payment?. 
TlKivf- 0. 

20,000= R + RUu] at. .015). 
20.0OO A>(1 + n^,-), 

20.000 =:/?(!+ 24.6461), (Using; Table IV) 

„ 20.000 _^^^^^r 

In Kxamplo o. the quarterly payments furnish an illustration 
' . , n nnnuUii due. A poquoneo of equal periodic paynuuits is said 
TO lorni an (mnidty <lup. as judged from a certain date, if tlie pay- 
ments oeeur at the hr(]i}}f}ing.^ of tl:o payment intervals. The first 
paynuMit i^f an annuity due is payable at tlio bejiinninfT of its ternn 
aufl the last payn*ent is payable one period before the (Mid of the 
term. In l'!xnmide o. we oould say that the rash value of the build- 
inc: \< the present value of the nnnuity due formed by the payments. 
In (U'der to detenitine the pr(»sent values, ov amount^ iM' annuities 
due, we dn not have tn develnp new fiuunulas; we solve sneh pr(d)- 
\v\\)< by suitable manipuhiti(ui o\ the funthunental bUMimhis ^ 
and 4. 

Determination of a Final Amortization Payment. If a debt 
(if s]M-^eified si/e is tn be auKutized. at a criven rate of interest, by 
perindir payments of spe.dfie'l size, we meet tlu^ picblem of deter- 
niiniuL^ when these paynuuits should, eea-e and o\ tuidiiur the final 
irreirular paynuuit wliieh will (dose tlu^ transae^itui. The final jviy- 
nient is almost eertainly irreuular. as v.'ill be easily inferretl from 
tl;e solution of the next (»\nmp!e. 

PxAMPLK 6. A ni.m borrows $10.O(X) wuh the ricreement that money is 
worth S'-'^-. cfmpnnnthMi uu.'irterly. To (ii>i'h'iru«^ his princiixd Jind interest 
Ki»r n fon\i«l»'t»^ «Iis'*»i^>i"n «»f .MiuiuUlfs ilu*'. sre tho aiitht)r 8 \('ithrw'(tii'i< of 
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ohiiu'afitms. hv will p.iy <tm at th.' viul oi ciich 3 months as long as necessary, 
:in.l 111. will pay whatovfT fiiiiil iiistalliiicnt is ncco,ssur>- to clos^e the trans- 
.•iption ;i months after tht- last $500 payment which is required. Find (a) 
how many SoOO paytnents will bo required; (b' tlie final smaller payment. 

Snbitit.n. (fj) If yi faynients of mO each ^re exactly sufficient to dis- 
charit.. the debt, then tlii' rri'seiit value of an annuity of $500 paid quarterly 
l*<ir n i..Tio(ls would f.<,ual §10,(K)0: tlut is, by equation 4 with i~ .02, 

10000= S'^ ■'- a* .02). 
(«. i at .0-:) - (tj) 

From T;il)l(> f^i-c that u;,, at .02) : 19.5, wliicli i.^ loss 

fliaii 20. Hfiicc. 2.") payinciits of S")00 each would tiot fw nufJirinif 
to .li>cliarp' the tlcbt. .Mso. from Tal)It> IV. ((/:..„ at .02) r:-'20.12; 
heticf. since tlii.': morr than 20, it foIh)\vs that 2(5 payments of 
?.")0() oac'li would he niorr than is ivquireil tr, disoliar'ro the debt. 
Thr.M. fact.-. .«=Iu)w that the (h'btor .^lumld pay 25 in.^tallineiits of 
•?5(10 each, and .some amount U", Icm than ?500, to olo.^e the trans- 
action ;it the end of the 26th poriofl. The hi.==t SoOO is duo at the 
end (if 25 periods, or G'.'i years. 

ih) To (iefermiup ihe unknown final payment. H", we proceed as foliow.s. 
Fir>t. we .-.olvo equation 6 for n by interpolation in Table IV. We find that 

?i=2.j+-; -r^ =^ 25.7970. 
0,9(0 

■rh.'n. Th^on-m 1. wliich follows, states tlut the final pavinenf is 500( /975) 
or .$.398.75. 

The sohition of tlie hist example .<'ervcs tn ilhistrate tlie fol- 
hiwincc theorem. 

Thkuijkm I. Whrii a dfbt. ,1 is dis.'liarired. prineipal .an.l inter.'.-^t inclu.led 
by iviyniMnts „t A' at fli.. en.l nf ,-a.-h interest ji-njod for as lone as n.M--s.<ary 
with ui a.lditi.ui d Mualler i.aynu nf ..no pmo.l after die lasr installment // 
then the .l.itp and sizP .,f tl.r fmal .-[..all payment can be found as follows: 
1. S'-.!',- A •- R{iu,: nl i) jni- n hy 'mti 'pulatinn {>i Tnh'r I\\ 
2 /,/ thr ..•„/.,.'-„« nh!„!nr'! !.< k + f, irhrrr k k a pnAilbr intryrr and 
f n pn<>in r „:i,„h. /,■.« //„;„ /. //„. fn,.,! i„v,m, nl i.^ ,{'.c at Ihr n,.{ 

„, a- 4- /I n,!, -,:.-! p, riii'I.-!. niui 

/iii'il pH-,m, i)t - /A'. (-) 

The essential part of the statement of Theiu'cm I is in equ.atinn 
7. whose proof is beyond the scope of tlie present chapter.'' 
I'.'Muatinn 7 w.-is used in the .-johitimi of jiart h of Kvaniple (i. In 

"l-or a pr.w.f. w. I.. Hart. .1 m.n. .).. \f;tl,. .n-it,.al Mn„thlu, Vol. .\X.\VI 
' i I . p. .179. 
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('([tiatioii 7 w'v hixw aiuithrr intvrc5?ting illustration of an exact 
result. (iljtniiiHl throtmli an intrrptilatiiui process. A solution of the 
etiuation A ->v. A'(/„: a lo^xarithniic in^^thod, (uuployiiifr the explicit 
uu'niula 2. wduI^I .liive a iK-cinial /i nearly the same as the / of 
r(pniti(Ui 7, wliirli was uhtainrd l)y iutcrpiilati(Ui. liut, the number 
/, wouhl n(»f lia\*e tla* pri^perty whirh \< piis>ess(Ml by /» and is stated 
in efiuatinn 7. 

Sinking Funds. A sinkin-j; fund is a fund aceunudated to ])ay 
an obliiraiijjn falhuu; dut^ at stuuc future date. If a funrl is a<'- 
i-UM!u!atiMl by invesiin-j; eijual pcritMlii- dejvisits. the amount in the 
fmid at any time i> ihe tnnoniit <if ihr (nnnt^^iif foi'nieil by the 
<lepi)sits. 

.Nippnsc that is borroweil. with the agreement that interest \< 
l>.iyalde a< ilue. and that the principal sliall bo paicl in lUie install- 
ment at the end of A years. If tlu* ilt^bt(U* provides for the futtu*e 
j\':ynH-nt of $.1 by tlu^ i*reati«in of a sinkiinr fund, ho is said to rlis- 
ehar.fro his dei)t by the sinhihg fniul method. Under this method, 
wo shall a<>ume that tla* debtor makes oqr.al deposits in hi^^ sink- 
ing fluid lUi the same days that lie pays interest to his creditor. 
The dciit(U-'s {leriodie expense^ on aeiaumt of the debt is the sum of 
the foilnwinp; items: 

in) Vninvcnt to the vrctlifor of the })fttrr>if due on 
\b) Deposit for f}'C .<ivki)}ti favd, irjtirh An' to accurvulatr to 
$A h]i the end of the term of the tr(i)h<aef)ou. 

Kx\Mvty. 7. .\ neui hnrrnus $10,000. arid ;iur'M«>; \n pny intrrr.^t .<rini- 
niinu:Uly .0 tLi* m^-- 0'"/. ami U) \y.\y priinMial in one iiis*alhu»*'iit at ihr^ 
I ii'l of '2^ .1 y- n*^. If d' I'tor u-.*s ih" .••iiikiiiir fniul ni» rhod. an*! invr-t-' 
liis f'ai'i :tt V', ''-I'd' d iiiianiiMally. th,- >i nu:itimial ex|i'-usp nf 

til'* ili hfi>r t'li a«t*'>!:iii t)f tlif 'i' bt. 

S,)/.*.' '.)/». S'i;ii:ani»i.il iio^ r >♦ at fK'. \vlii(*li is |- lyabh-* t» tlip cnvluor, i.-* 
.o:UU\t)(Xl\ ..r $m 

LiM A' li'* -I ;:u mui'mI «i'*|'(^<it ia tht* .^iiikiiik: fund. Th'*sr di^pnsit.-* 
fi'Mii an atitiui-y ulit».-»- t» riii i< y» ars. and whi^-j* aiunnnt riust bo $10.00<\ 
l>i i-;it-t ihf fund H pri^\':d»* fnr tin* r« paynv iit of tin* tl.*ht at the »'nd i^i 
y» irs Situ*, tin- f»:u.l !nfunj»:l 0» < at t''. ctMnp'iMnd»^d si^:ni:ininiilly, we 
ttiuatifii ."i v.:'h » 02 /? .1. N U^.txH). and Ji Miikn'n\n: 

lO.iHJO - A''... a' oj' A* .VJOlio. 
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_ Bonds, A bond is a writton contract to pay a definite m/ewp- 
tw„ price .?r on a specified redemption date, and to pav equal 
divulcnds SD jieriodically until after the redemption date. The 
prim'ipal $F mcntione.l in the face of the bond is called the face 
vabir, or the par vnliir. A bond is said to be redeemed at par if 
C —F (as is usually the case), and at a premium if C is greater 
than /-'. The interest rate namr(i in a bond is called the dividend 
rnfc, or the \mu\ rate. The dividend /; is described in a bond by 
snyiiit: that it is the interest, semiannual or otherwise, on the par 
value at the diviflon.l rate. The following paragraph illustrates 
the essential paratrraph. in a bond; 

Tho K:iri<:i.< Iinptov .•ni-iil Corporution acknowlo.l^p.s itsolf to owo and 
for v.ihi,. n'tvivf.i. i.i„,ni.^P,s to pay tho bo.ircr Kive Hun-ired Dollnre on 
Jntxmn- 1. I0;36. with i„t,T.^,t on the .sum from and after Jannarv 1, 1925 
at th.' rate GC'r por annum. p-.iy.Mr soniiannu;dly. until the said 'prinoipal 
sum I.S pai.l. Fnrtli.-rmoro. an .idditional lOC'r of tho said principal .shall bo 
p.iiU tcthi' hearer on the dato of rotiomptiun. 

For the bond of the preceding paragraph. F = ?,')00, C — So'iO, 
and the .semiannual dividend D = $lo, winch is .■semiannual interest 
at (5'; on ?oOO. A bond is named after its face F and dividend 
rate. that the precedinci paragraph is an extract fn)in a .?oOO, 
C)'"c bond, ("nrrespnndins to each dividend, there wonhl usually be 
attarlie(l to tie bond an individual written contract to pay SD on 
the proper date. 

AVheri an investor purchases a bond, the interest r;it<' which his 
uivestin(M)t yields is computed iuuler the assumption that he will 
hold the liond until it is redeemed. 

When a bond is sold on a dividend d.-ite. the seller takes the 
divi.leud whirh is due. The purchas-r receives the fuim-e divi- 
deiKls. wliicli form an anmiity whose first r...y, nent is due at the 
end of one divi.len-l intorv.al. and whose hi<\ pavincnt is due on 
r'le re.len.ptiou date. If an investor -Icsiivs a s"[>eritied vieid on 
imrchasiiig the bond, the price whi.-h he should he wil'in;; to 
pay is -iven by tho following uiuation. where present values are 
conipute.l at the invc.-tment rate whicdi t!:e ]-nyrT h.as specilied: 

P — tpiYsciif v(dui- of S<\ due o» thr rrdci" nf>''\. ,iatc) -f 

<pi-rs, )if vnhir of fh,: annuify formnl by the dindrnd.o . (8) 

KxAMPi^: .S. A ?1(X). tV; l,„nd. wuh divi-i. nd.^ piyablo ..omiannually, will 
rpdopni.'.i at par .at ^W ,■.,.1 of lo ye.ar.s. Find tho price of the bond at 
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which a purchaser will ubtaiu a return ol 4Cf, cuiupuuud^»d st-mmnaually, ou 
hid uivt*.Ntnn*nt. 

Stihidtiu. Tlu' st'iui Uiiiii il ilivitiru.l is Th" .uiui'tioii v:iluc is $100, 
duo at th«* i-iul 1)1 15 yr;irs. Thi' tmn ui ihe iliviuiT 1 muuiiiy is 15 years, 
or 3U ini*'rf<t {Kniuiis. I\v u.<o of eqiuition 

100(1.02) •^ + 3W/.7.i:it .02) ^-$122.40. (9) 
lu l iiUatiuu 9, we us^hI T.il>I«' II .uul also TahU' 

Determination of Bond Yields. A puvcha^^or of a bond can- 
not, as a rule, il^ 'taU' tlu» prii-i- whii-h lie will pay, or the intere.'^t 
rate whieh the bon.l shall yirhl. alt Imufih. dI rourse, ho may with- 
hold his purehasf until the conilitiuus satisfy him, ]*>seutially . u 
ptu'ehaser of a bond must pay a prii-e whit'li is sju'eilied by the law 
of sunply anil ilemand. a< i-xemplitied in the prices on the bond 
market. Hence, we an- lecl to the problem of determining the in- 
vestment yii»ld which is .ii;iven by ilu» j)nrcha^*f' of a bund at a iriven 
price. This problem is the cuuverse of that treated in the priH'e(lini; 
example, when* a yielii was given ami we delermiiUHl the price, 
A :?o!ution of this converse problem is too lengthy fur the presi-nt 
(lisctission. althoojih the solution presents no serious dinirulty. If 
an annuity table, like Table IV, is available, the problem can be 
solwd by interj)ulation, alter a suitable arrangement of j>relim- 
inary tletails. The sulution is j)articularly e.asy if a bund tal)lo 
is availahle giving the j>rices of bonds at various yields an<l for 
varinu-'j times to the redeniptitm date. 

An approximate solution of tli ' j>roblem of detenninhig a bond 
yield can be obtained hy tiu' method oi the next two examples. 
Kxample 9 illustrates the case of a bund l)oii'j;ht ;it a discount, 
that is. bought for less than the redemptinn i>;iyment. Kxample 10 
illnstrate> the case of a bond bought at a j)rennum. that is, btuiirht 
for more than the redemption j>ayment. li is interest ing U) note 
that the method of these exaniiiles involves mere arithmetic. 

hxxNUMj-; \K A Sl.OOO. O'.i hotui imvs iilrn«l< anminlly .uul i.s n'tlmn- 
alili: at par at ilie cDiI of U) viai-. If th.- hiui-i l)<>u.ilil fur $»V)0, lii termine 
all ,Hn*o>\nu.iiM)U to ihr yii*ld wiiuli ihi- iii\«-t>'r fh^aiii.N. 

So'^it't'it. l\.u'li iln:d-.tul i> 5^>0. Tin* in\t-ii>r |My.< SVu) for hond, 
and n enX'N §;,v«K) .it the eu«l of U) vi ar<. br>i'ii> the divi'l« UiU Thi-^ dif- 

fiM'« in-' ( l.CtH* • S.*il)>. nr $l.Vl. rr; -r* Mlit.< a«' lUiiUlalt'd V.ilUi-. :0 thi' rtul 

of 10 \« US. "1 n\U vi -t uu 1 1'- in\ »-^; u:»*iit h» .•^hli s that uh:rli thr divid< iids 
providid. PiH'iiii; ihr 10 yi'ai>. tin* uive.<tur .-Imuld think nf tin* v.iiui* (^f 
» l*..r :\ Oi — .r- ri- .-e. jiistlMtwUion ot th»» lui'tlnMl, s« i» a»aluir > \l'i!! >tnuti^ s of 



ERIC 



82 



THK SIXTH VKARMOOK 



lis 



hand as uu-iv...<uii.' lVn,„ <is:M i.. .^l.tMKI. Ji lli.' SloO iiut.m.«. wviv sinvi.l 
umt..n<il.v " .U.I- tl,.. It) V.-,.-., i|„. in..r.-,-,- ,.. r >,.,r w..,.l.l t,.. i,„i !-,<)). 

Ilii.s SI.-,. i„ii..|„r smiI, .|„. :,„u.i.il i.|,ti.l .,i s<u). ..i sr:, i,, .•lU, is 
.•.I.IT.,\ii,nt. l.\ 111.- . .1,11,1.1 iiitM-.M i. Miiii li-...„ th- siiu. iit, Thr .•ivci-'ij£C 
\al.i.- ..f th.. iMv. ^ti,„- '.,.s,-,<)+ l.OfK)-. „i- S-12-,. l„.ruiM. tl„. vmIu.. of 

ium.l iiKT. .... . n.,:., SS.M) to >:1,,hh). Tl.- itit. iv.-t rat,. .,l,f.in..l l,v tlu' 

iia.'.M<.f IS .-.i i,i-.,Mti,.,i.Jy ,1„. ,...t. at uliKli <^:r> i< ,h.. ,n,..n-M „„,.' yi-ar 

o:i Sirio; .1,,. r:.t,. .„. .,m. Tliai i^. il,,- I,.,,,.! yi,.kls ai-i-roxiiuiitfly 

S.l'c jit-r y.-ai-. 

It can hr >ln)\vii tl.:it the iiii-rl,.„l di the iin-ci-.liiiu- cxaiiijjh. lur- 
iiislu-> a frMilt wliifli i. ii.Muilly in wmv \,y ,„,t i!,..n- than .2' 
a vi-i-y cxtrcnii- limit, in tlu' customary ty{u- .if i.t-ohli-m. 

i:X\Ml.I.K 10. Il 111.. l,..,ul „f Kxaitli.hv 1) l„,iml,t ,■„,. 

ai-l>t-..xim.-iM(,ii I.) th.- yi..l.i ubtaitn-.l hy tlic> iiiv.-t.ir. 

S..luli,„.. K-..-h divi.l.ti.l i< mi Th- inv,..i.„- i.ay< h.it n-.viv.-s 

..i.ly sl.iKK) .-It tl„. ,,,.1 10 y,...„->. 1,...„1...< ,1,,. .livi,l..„,k It i. nut rorr.rl 
U> .<.ay tl.at tl,.. .liii.,-.,i.,. a:2w-lsm\ S-mK-. ,--i„-,.s. nt.< a l.,s< „l prill- 
n;.;, . Wr >l,.,i,l,l say tint this .v>(X) .l-.-r.-a- n j-r. . „ts a t-. tinn o( i-iincMVal 
vvhvh lu< r,.-:ilt.-.l thi-.,:;uh ll„. ,!u i.l,„.l i.ay,„. „.s. Tl,. n-!.>i-.-. , -.eh .iivi.l,>„.l 
c<.n<>t. ..„ly i,;u-tly „i mt.-i-.s; ; ,..,..1, .liM.l. i,,! i> p-nifn .,t i.titLaj.-.l 

It th.- s.'tiO i.-tuin oi iii;„-;i.:,l u..,-,. ....r.,„l iu.ii-..i-iulv " ..v.-r th.. lo v. -u-. tl,e 
•yt.in, i-r .v..ai- w.,1,1.1 b. i„,.20o.. .,i- >?20. U, ,k-.-. m . a.-h .livi.h.ti.l oi' m 
•h'lv ,s a r. l.ii-n .,t al...ut .?2() ..! |.nu.-ital: ih.- l,.la...-.-. ,,r SlU. is i:.l.fi-st! 
Ih.- vah;.- ,1 th- l„,„.l a.-.-r,as.> iV.,iu .?l,.Hi() t., S1.(kio .hiritii: ih,. 10 v,.,rs- 
th- .-tvon.u,. xah... is ',.1.2(K)+ 1,0(X)). Sl.l(K). Th,. i„t..,-,.st rat., whii-h thJ 
uiv-stor ..l>taai> is a;.j.;„siui:ii. ly ..q,, ,1 ,., th.- tat.- at whu-l, $10 i.> inturest 
■•.H' orw yrav uii .^I.Kk); ihi^ JJ^, 'n>.. inv.sn.r ..htains 

apiiroxiiiiati-ly a.GCi on his iiivi-sttu.-nt. 

V.Mil \". C.'i>N( i.f.-i;ij.\- 

The <lisci!>Hon .,f I':„t< II. III. aii.l IV l.iir.t ar..uii<l an 
fXtn-nii'ly siu.al! nnn.l-iT (■(jUati'Uis. thn-:' i.,r .-in.j.ii- i;iti-n-st. 
tl.M-i' I'.if siiniili- .li>c,.iiiit. two i"..r c.jn.p.nin.l intcn-.-t. an.i two i,.r 
ami'.iitifs. In i-a.-h iT.-hlcni c.insi.i. rc.l. tl.i- s.ilution start. -1 .iirccily 
Wi'in oiH- Oi' tlii'M- nih.lanH'ntal <(i;i-it i..tis. .\;ti.nti.,;i i. .■allcl to 
the n-lativf >iii,]);icity oi <ii<'h a luctl.o.i. in (■..ntra^t t.. one where 
we wouhl cnii-loy the auxiliary .-.-t ..i' Uiriaulas ..l.t.ui:..,! |,y s.ilv- 
inir. in turn, in each oijiiation. for each syailio! in ti-rnis .jf the 
othiT.-^ I.resi-nt. Tins ^,.i-oti.l nii-tho.i. a< ai)iilii<i t.. tlu- .■<iiiatiun 

A. >.,:.: 1.-.. <■... i- 1,., - .S..--.. I;. ......r ,!,.• V.-'.- l...,„l. 

"A.■t.^.il.^. II,- 1-.; ,i-„ ..1 IT.,,. ,s .;,:i-..r„,l> ......r I,... ,„„.•. 
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S - P(\ -f- rj^, \\i)u\i\ (UmikiikI that wo solve tlie o([Mati()n for ?*, :ui(l 
t*4)r A*, as ;i prcliminury tt> our (lisiMi>Hit)n of rompound iutiTt'st; tlu* 
>ohitionjf would ho 

log (l+n ' \P 

The addition of ctiuatiniis 1 to tht^ two siiuph* forniul:is wlucli we 
havo wvd in dist-ussiuii: couiin>uud interest wouhl givi' a ratlier 
couiplicated Uiatlieuiatieal barkaround to an otliorwise simple suh- 
ject. In Parts II. III. and IV. the restriction of our formulas 
to tlie few simple ecjUatinns whieli we enii)loyed fiives ;i mathe- 
matical baekiiiromid which is e;isy to riunend)er and convenient to 
apply. 

The metliods enjph)yed in this chapter were absolutely dept'nd- 
(»nt on the ust^ of previously preparcnl t.ahles uf the v.ahies of the 
fundanicnta! expressions invoh'tMl. F.-iilure to u-e such t.ahies to 
the fullest extent wouhl result ui an ;irtitiei:il ]>resentalion having 
few eontaets with actual l>ractici* in th-».<e fields where tlie subject 
finds use. 

The author belieVi*s tluit a lar^^e amount of the subject matter 
of this (diapti'r merits consiih-ratidu as a part of any advaiu*ed 
course in aritlnnetic ^iven in the si*nior hiiih school. 
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TABLE I 



k 


1 P-Vr 


2% 
*■ /i« 


1 


l.UloO 


1.0200 


2 


1.0302 




3 


1.04o7 


1.0612 


4 


1.1)014 


1.0824 


5 


1.0773 


i.iaii 


5 


1.0934 


1.1262 


7 


1.1M8 


1.1487 


S 


1.1205 


1.1717 


9 


1.1131 


1.1951 


10 


1 1.1605 


"1.2190' 


11 


1.1779 


""1.2434" 


12 


1.19r)6 


1.2682 


13 


i.2i:jc 


1.2036 


14 


1.2318 


1.31'j5 


ir> 




1.3459 


16 


1.2090 


1.372S 


17 


1.2.S80 


1.4002 


IS 


1.3073 


1.42S2 


19 


1.3270 


1.4568 


20 


1.3-169 


1.4859 " 


21 


l.;k)7l 


1.5157 


22 


1.3S7C 


1.5460 


23 


1.40SI 


1.5769 


24 


1.4295 


1.60S4 


25 


1 Am 


1.6 lot) 


26 


1.4727 


1.6734 


27 


1.49>1.S 


1.7069 


28 


1.5172 


1.7410 


29 


1.54(X) 


1 .775S 


OA 


i.r)G3i 


1.8114 


"^^31 


i.r>.v:65 


1.8176 


32 


1.6103 


1XS15 


33 


1.6315 


1.9222 


34 


1 .6590 


1.5)607 


35 


i.C8:i9 


1 .01>99 




1.7091 


2.03U9 


37 


1.73 IS i 


2.0SO7 


3S 


1 .7r,os ; 


2.1223 


39 


1.7S72 


2.1617 


40 


l.SllO 1 


2.20S0" 



TABLE II 





k 


l'-'.( 


6 /O 


1 


.985 22 


.980 39 


2 


.97006 


.961 17 


3 


.956 32 


.942 32 


4 


.(^12 18 


.923 85 


6 


.928 26 


.905 73 


6 


.914 54 


.887 97 


7 


,m 03 


.^70 56 


8 


.8.S7 7I 


.^53 49 


9 


.87159 


.S:i6 76 


""lO 


.8(il 67 


.820 35" 


1 1" 


.818 93 


.801 26"" 


12 


.836 39 


.788 40 


13 


.824 03 


.773 03 


14 


.81185 


.757 88 


15 


.799 85 


.743 01 


16 


.788 03 


.728 45 


17 


.776 39 


.714 16 


18 


.764 91 


.700 16 


19 


.753 61 


.686 43 


"*20" 


.742 17 


.672 97 " 


21 


.731 50 


.659 78 


22 


.720 69 


.6 16 84 


23 


.710 0^1 


.634 16 


24 


.699 51 


.621 72 


•25 


.6^9 21 


.609 53 


26 


.679 1)2 


.597 58 


2" 


99 


..•)S5 86 


28 


.6.^^9 10 


.571 37 


29 


.619 3<) 


..56311 


"30 


"1)39"76 


.552 07 


31 * 


~6:;olu 


.541 25 


32 


.620 99 


.530 63 


33 


.611 .v2 


.520 23 


34 i 


.602 77 


.510 03 


35 


..•')93 s7 


.500 03 


:« i 


.5.s:><)<J 


.41*0 22 


37 1 


.:>76 1 1 


.480 61 


38 : 


.5fi7 92 


.471 10 


39 


..M1J53 


.161 95 


40 


^551' 21) 1 


.452 89 ' 
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TABLE III 





1 1^' ; 


2Vc 


1 


1 I'lK'U 


l.OOlK) 


•> 




2.()2U0 


i) 




3.0004 


4 


4.0i*l)!> 


4.1216 






5.2U40 


0 




0.3081 




7.:V2:U) 


7.4343 


s 




8.5^30 


\) 




y.7:vlG 




" li)"7ii27 


"""10.9497 


11 ~ 




"12.1087 


12 


l:l.(1112 


13.4121 


i:; 


1 L2;)i;s 


14.Gjiu3 




ir).r>iu 


15.i*739 


lo 


ir..rW2i 


17.2l»;]4 


it) 


17 ^':i2i 


18.0303 


17 


llM'">i I 


20.0121 


l.s 




21.4123 


iw 


21.7lMw 


22 S Ux3 


:o 


'*~2;iri2:i7'*" 


24.21*74 




~2"ri7o:r''"' 


""20.7833 




2.' .s:)7('> 


27.2iniO 




27.22.)l 


2S.S450 


•21 


2.v.o:;;5r) 


30.421U 


Jo 




32.0303 


•JC. 




1^3.0700 


o- 


:)2 IN*»7 


1 

1 3.'').3U3 






37.(1012 


•Jl» 


:;.'>.i»i'S7 


! 3>.7022 


jO ~ 


o7.*io^7 


. 40.:)<;si 


M " 




: * 42.37'>l *" 




4(1 i>vs:l 


: 41.2270 


t ii) 


42.2'.N^ 


■ 46.1110 


:)i 


: 4:]rai 


4S.0338 






■ 4lMnit5 




I7.27»'.n 


rji.iwi 


• >7 




0 103 13 




.'n».7r.»^> 


oO 1 1 11) 




,"2 1^1)7 


o> 2372 


"40 


■M 2«i7'.' 


0<). 41120 



TABLE IV 



n 


1^::^ i 


2Vc 


I 


.9S:>2 ; 


.9804 


2 


1 .Oo.vj ; 


1.9416 


3 


2.9122 


2.8839 


4 


3.8341 


3.8077 


5 


4.7>20 


4.7135 


6 


5.0972 


5.6014 


7 


6.5982 


6.4720 


8 


7.4S59 


7 .3255 


9 


8.3605 


8.1622 


^ 10 


9 2222 ' 


S.9S26 


~11 


10.0711 


9".7S68 


12 


10.9075 


10.5753 


13 


11.7315 


1 1 .3484 


14 


12-5434 


12.1062 


15 


13.3132 


12.8493 


16 


14.1313 


13.5777 


17 


14.^K)76 


14.2919 


IS 


15.6720 


14.9920 


19 


1G.4262 


lO.DiOO 


20 


17.1080 


lu.3ol4 


■ 21'""' 


"TtTiiodi" 


~17.0112~ 


22 


18.02U8 


17.6580 


23 


19.3309 


18.2922 


24 


2(1.0304 


18.9139 


25 


20.7 11H3 


19.5235 


26 


2Loii80 


20.1210 


27 


22.(V)76 


20.7069 


28 


22.7207 


21.2813 


29 


23.3701 


21.8144 


"30 


24 0i:>8 


~*22.3i»65" 


31 " 


2roioi 


"^22.9377" " 


32 


2:) 2671 


23.4683 


33 


2:).87i»0 


23.5J886 


34 


20. IS 1 7 


1 24.4980 


35 


27 (C'Ki 


24.99SC 


;U5 


j 27.()0(i7 


' 2.^1 .4SS8 


37 


2s2:;71 


2o.*i095 


38 


' 2s 


26.1100 


30 


2'.»;;oi() 


2O.i-02r) 


40 


. * "2i'''l.W"" 


' 27.3:15.)^" 



MATIIPLMATICS IX AGRICULTUEE* 

Hy HAUHV lU'U IKSS ROI. 
Cnirir.<tly oj Minnesota, Dtpiirtf/itut of Agriculture^ 
St. Paul, Mi7ini-6ula 

Introduction 

Value of Mathematics in Agriculture. There are still many 
pcnjile who (iiu'>tii.n the valiu» or the neeii of any ai)prcv'iahlc 
amount of matlumatiral trainini; in the field of modern agrieuliiiro. 
On this aecount. at the out:ret, it will be well to eonsider the j^resent 
:>trueline and relationj^hip-.: of the agrieultural industry. 

The Business of Farming. The modern farmer, if lie i? to be 
5>ueeessful, must he a busines.s man hi the fullest sense. He must 
have in his mental e(iuii)ment a larirer and broader knowledge of 
seientilir. eeonomie. and financial prineijile^i than that recjuired in 
almost any other line of business in the world to-day in order that 
he may i>lan. direct, and carry out the operation of his farm intel- 
ligently and with i)rofit. He must be able to i)lan the size and 
arrangement of buildings on the farm>teail. to subdivide his farm 
nito tields of the pro]icr shape, size, and arrangement for economi- 
cal and balanrecl operation, to plan suitable rotations, to inaugurate 
and carry out systems uf fertilization and pest c(UitroK to build 
a farm ealcnd.ar. cuul to schi'dule the amount and ilistribution of all 
man and horse labor, and mechanical power. He must know some- 
thing of the relative eliieiency of methods and equipment as well 
as of the priui'iples of ilepreciation and rc])laccment of both 
machinery and livestock. He nmst balance his crop production 
\o meet the neo'ls of his livt-.^tock. and iic must plan his feedin- 
rations and sel-ct an 1 brceU nt^w strains in both crops and livestock 
to insure bi«st resift^ in jiroduciiop.. Ho must be able to estimate 
the amount of paii.t recjuired for a buildin^^^ or the best shape or 
size for a given l:eld to be fenced with a known amount of fencim:. 
He nuist kuiuv th- capacities of men and machinery, of bins and 

• WHtt.-n for tln> s,.,'h Ynnh...,}. ■ ' y itmnitl I'nunnl of TvarhrrA of Mathr- 
mtUir.-< an.l iipprMV.Ml l.\ th*' OtMU :ih.i nirt-tur as >nMM'llaiH'..ns Tappr No. 22*1 
tlio 1 tii\i«r.«;it.v of Miiiiit»s«it:i. 1 ii'iiartni.-nt v»f A>:rii'nUuri\ August, VXM\ 
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huildiiiiis. Uv iiiU-'t have a kiiowU'dge of litiancing that includes 
invest lui'iils, iuconu*. h)uii.s. caiuializatiou^ atul amort izatiun. Above 
all Uv u\n>\ knuw uiarkuls. In* ahh* to huihl couii)araiivc tables 
and charts vl yields, rosts ol in'oiluctiuiu and })rices thr()u,iJ:h a scries 
(U* vear>, and iruni these to forecast, with n-asonable assuraueo. the 
prusjUTi^ hjr tlie eiirrent and the eoniint^ year h)r the N'arinus erups, 
a< a uuid»' to bis iceneral phiu ul larniini; for that year. 

This is a lariu' euntract ami it is i>hiinly to be seen tb.at it in- 
volves a prartieal knowledge of nialheniaties fa^ beynnd tlu* se )pe 
of the mere traditional third U of our grandfather*- day. It in- 
ehides nuMisuralioii. prupurtioii, rate.s and tlu* coniiuanul interest 
idea in aunuitii'S awd auun'tizatiou. graphs and their interpretation, 
frecpuMiry di^trihmion, and the aj^ldiealion of UKiiheniatii's to the 
I'lenienlary principles and i)rartiee of surveying. 

Related Industry and Commerce. Agr:eultm*e is. and will 
(auilinue to bi-, the basic industry in this eouniry. Therefore, 
wlii-tber .ve reeogui/.e it or not, a very large j^art of the giun-ral 
industrial atid oomniereial at*ti\'ity of the country is atr\nied to 
i .arnnuii/e with tbo auricultural tiehl. Millers of llour, bakers, 
meat packers— in " Wiinl. all jiroci'ssors i ' human and animal 
fuodstUlT-: makers ol slmcs and leather goo<U, chjthim;' materials, 
machinery, autl equiiJUieni; aL-^o railroad and siram-hip rumpaiiies 
and other agencies of distribution : and. last bur by no iiii-ans least, 
baidvcrs and financii >--;dl kce]) their hand on tia' ])u!se of agri- 
cidture. keej) fanu'i.u* with its needs, its nu'thoils, its accnniidish- 
ments. its inadilem- of jirnduction. fertib/atiun. and j^est cuutrol. 
and its periods of prosperity or dejire^siou. The structuri^ of any 
(Uie of the tyi)es of cu'ti\*ity just li.^?ed i< .<() ehisely iuterwowai with 
that of agriculture that i-Vi-u thi* e\pi-rt linds it inii>iis<ible to tell 
whi*re the one lea\*t< nii and the ntiii*r hi-gins. The forei's of com- 
ii;<*ree and indu>tr\" in all lines (U* manaui-rial and i'Xpert servici* 
are being drawn uhut auil umri* from the ranks of th(jse who are 
i-iiueateil in agrirubtne, agricultural >eirnei'. and agricultural en- 
umi-ering. 

It i> eirar to all wlu^ i!:rasp the sinniiieanei* lU' this pieture that 
whtai a man sei*k- tntinimr in a; rieulturr and relatnl si'ienia\ n«> 
(UJe ran i«dl in ul::it ra I M i lieat i»Hi lU inthi-:ry tu* i'«»nunerci* he may 
landa>are>ab ti: t hi- 1 1 aiuim:. li is t ipial^y «-vi«lent that whati^ver 
::,aihi'nial ic;;! irainii.u and knnwh'i!*:!' :in' c>>entia! to llu' ju't^pia* 
combn-t oi any lini* oi activity allii'd lo agriculture ihi\v :\vv also, at 
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lfa.<t potentially and fundaniontally* c:ii.sontial to training in ugri- 
culture and agricultural science. 

Ktpeoially closely associated with the licld of agricultural 
science aru the various milling industries produeing ilour, food- 
stuffs, and clothing materials, as well as jniper, lumber, and other 
building antl structural materials. This combination creates an ever 
increasing demand lor inthiiate knowledge of modern forest de- 
velopment, conservation, and management, of salesnnmsliip, of 
mechanical knowledge and training, and most important of all, of 
linaucin^. including such matters us investments, insin^ince, bank- 
ing, property valuation, loans, and amoriization. The range of 
niatiiematic.l knowludge re^iuired to handle this varied demand is 
readily ^een to be all the way from the four fundamentals of 
eomniun arithmetic up through the various ramilications of the 
compound interest principle, mensuration, logarithms, statistics, 
calculus, and the nu^chanies of nuiterials. 

The Rural Home Problem. Inseparable from the conduct of 
the favni business s the uwiov in the riu'al home which involves 
problems of htuising ami iVedini: ailjustment a^ between the op- 
erator's family and lured help, the simpliiicaticm of labor 
through modern met buds and tleviees. sanitation, the econonues of 
food and clothing, anil ehihi training and welfare. Here the re- 
(piirements in niatheniatieal knowledge and 'raining seem not to 
be so broad and varied* but they are none the less delinite in the 
liehls of proportion. niensin*at itui. and minor financing. 

Agricultural Science and Organized Research. This field 
eonil>rises: 

Atjricult ural Bioc/n mistri/. which to-day is at tl-.e very founda- 
tion of human food and elothinu: supjdy in the {iroeessing of 
dairy products, \\o\n\ and tither gr^du foods, dye stuffs, and cloth- 
iiiii: n\afrnals: ami also huildinu materials ilevelojied from farm 
grv)\\n crops, and the like. 

Sod Srh nri , on whiidi is based the eonservaticm and develop- 
ment oi fertility^ and the eouservalion and c*ontrcd of soil 
uioisiure. 

7*/./ Hit'luijii'nl Srn/irt.v, whirh involve the development of de- 
sirable types and strains in plant and animal life, siudi, for 
example. ;is are resistant to ili>ea>es and climatic rigors— and 
the control of both plant and animal pests. 
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Aijncultiiral Economic^i, which deals continually with ^iroduc- 
tion and j^ricc statistics, and market trends. 

The educator and investigator in any of these lines of srieiioe 
to-day demands that students siiceializinc: in those fields and others 
assisting in them in r«'Si*areh work sliall he stroniily fortified in 
mathematics, at least throuuli tlie caUmhts and frequency distnlni- 
ticm. For the worker in iho fiehl of genetics e-^^i^ccially. such 
forms of elementary series as econietrical proeres«iion. fundamental 
in the *tudy of life cycles, and tlie hinoniial tliO(H'cm. the very 
fimndation of the Mendelian law of inheritance, are essential ]W\< 
of the mental equipment. 

Agricultural Engineering, Tt is of course mulerstood that 
eucincerinjx practice of any type Is founded on mathematical and 
physical scient^c. Acriimltural eneineerina: is in its very natun^ 
unquestionahly the broadest branch of the ondneerine profession 
and emliraces the follosvine: fields: 

Farm :<frvcf>n\\<, coverim: farm huildines anil other structure>i 
and related etiuiiuucnt. such as that for liditina. heatinc, ven- 
tilation, sanitary arrangements, and water suppb', 
Ftirni Mrrhdnir,^, vnvcviuc animal. st»".uu. ixas and eh^ctric 
power, tillasie machine^ and inildenients. farm h<une convmi- 
iences. and related equiiMuent. 

Land Rcclawatinr), covering land clearing:, drainaee. contnd (^f 
soil erosion. irri::;ition. ami related structures and equipment. 

The proper suhilivisitm of the f.arm. or the planning of a fa.an- 
house bi\<t ad.'ij^ted to the car»"^ and feedini: of tlie lielp. or of a 
crop stm-aire huildinc:. requires a knowleduc of monsuratitui. sur- 
vpyina:. and of the Laws o\ statics fully ronunensurale with thiil 
required in planninc: a city adtliticm. a (uiy home, or a city office 
buildine. or factory. 

The design n{ a i^h»w In^tttMu. a e:r;un drill, a tLre-ihim: machine, 
rr a tr.'-c'tor rccpiires (piile as ciunivete and thnro...di kninvlevii:i^ 
.and undcrstandim: of streneth of matcri.als. law< of Iriction. and 
priniMi^lc'^ of nuc!::ini<m. of tlicrmodvnaniic^ and luliabatic ex- 
pansion as ilocs the tii'siun of .a wcavlni: l(^(un. a scwini: niai'liinc. 
a multiple cylindcT printine ]M*ess. or an autonmhile built for 
pleasure anil speed, althoueh thesi^ tW(^ t:n\av c^lasscs (^f ]u*obloms 
are essentially <HtTia*ent both in their (diarai^ter and in the rods 
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•ouglit; while the iclectloit of tlio type of trnctor bent vulted to do 
Mic work on n nlvon type of fnmi under given local condition! re- 
quire* n knowicdRe of •triicturnl materlnii, depreclntlon. loil dyna- 
mien, nnd Inhor nnd power clUtrlbutlon, which It unique In the 
field of cnRinccrliifir. 

It \» \mv InterMinn »»d sipnlficant to reuu-mhcr tlint Dr. i:. A. 
Wliitr,' the first neknowiedRod nRrlcultural enRlnoor to receive a 
Doctor'n .lomeo in that nohl. flcvoioped lome fifteen venri ngo nii 
his Doctor's tiie^is "A Stu.ly of the Plow Bottom anil ltd Action 
upon the Furrow Slice." » a acholnrly treatiio of 34 pages, 24 of 
which arc pure mathematics of a high and dinicult order. This 
study has had a profound influence on modern plow design and 
usage. It \tt the recoRnijted forerunner of cvteusive stmires, now 
heing carried on at some of our agricultural cvperiiucnt stations, on 
soil (lynnuiics in relation to tillage as a guide to the ofncient design 
of farm power units and tillage niacliines reeiuired in modern 
agriculture. 

The ihtrioaries of design called for in modern scientific plan- 
ning of farm drainagn nnd irrigation systems and of soil erosion 
control works, involving not only an intimate knowledge of the 
ba-'ic laws of water flow in (•io.scd conduits and open ditches but 
also of moisture relations of crops, of soil tcxttiro and soil water 
mo\-cnient~soil hydraulics, if you please— call for a grasp of 
advanced phases of mathematics and mathematical physics in new 
and (liirieult paths that is even now taxing to the utmost the abili- 
ties of our leaders in mathematical and physical thought. 

Kntrc ATiox i\ Mathkmatks fou AGRictn.nrRE 
This l)i-ipf survey of the field of apriculturc in its various rami- 
(Ir.-itiniis hriims us at once to pnps with the question of what 
funtlanu>iit;il mat hematic* in sccoi.dai-y school edurution is needed 
to prepare lor work in thi.^ tiohl. In this ronnrction reference may 
quite propei-ly he made to a former paper on tliis subject read be- 
fore tlic Malhcmutical Section of tlie Miniu-sota Educational Asso- 
ciation in 1921.' Tlie situation is not radirally dificrent from what 
it was lit tliat time except tluit porliaps tlie demand for higher 

••unVri'^'"^'" ^'"^ •'^■"f'"""' ^'"nimlltfi. uu Th.. UWntiou ..f Klp<«trl.'lty to Agrl- 
' h,<,rii,il „/ Afiririilli.rnl l< ■■•nir, h . Nii. ■(. Vol, XII. JU'. I'»lll82. 
'• .Mlnliiuiiii nf .Mnthi-miuii'iil Uciulmnifnt for AjirlfiilHirnl Stu.lv." Vnlhr- 

maiic» Tnuli,;, Vol. XV. No, 1, Jniiiiiiry IliUl. 
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timtlienmtie^ in cduontion fur nRricultun And related actlvitltt hut 
grown nuirh atronger. 

HUtorlcMl Rf troiptct. During the flrst cierndo of the present 

century demand wiifi nt n very low cbh, the ehief vnhie of 
mntlionmtiral trnining for fftudenta in the Agriculturnl field beinflc 
oonnidcrccl by many leadern in that field M a neeenftaiy evil who^e 
ehief vahie wnn cultural and diticiplinury. Thin attitude, however, 
resulted in 5iurh a decline in the (lenerni quality of ffehahirnhlp in 
nprieultuie tliat by the niidille of the second decade of the century 
a decided protect aiiain.it neglect of mathematical requirement 
bepan to nialic itself felt anvl its more viRorous proponents staited n 
dcflnite ntudy of, and a propnizanda for its more utilitarian aspects. 
By 1018 tills activity bcRun to take definite form in the claim that 
what \vu^< really needed was a K^^neral matlumatics especially 
adapted to the elementary requirements of aRriculturc. All non* 
essentials were to be swept away and only those topics were to be 
retained whioh could be shown to have a direct hearinK upon some 
phase of agricultural work, supported, of course, by the recognixed 
primary fundamentals. 

Within three or fom^ year** so vera I new texts appeared purport- 
ing to njeet the re(|uirements just stated. The general plan seemed 
to be clothed with ofTicial sanction when the Hesident Teaching 
*^ection of the Association of Land Grant Colleges and rniversities. 
in its annual convention of 1920, voted approval of a syllabus for 
a suitable text for such cotuscs, whioh was presented to the session, 
in galley proof form, by Professor Samuel K. Rasor of the Depart- 
ment of Mathematics of Oliio State Tniversity. 

A Specialized Mathematics for Agriculture. There seems 
to have been f|Mite general agreement as to the requisite details 
of surh a course, these being in general about as follows: 

A rrvi(nv of the basic essentials of elementary algebra as given 
in standard secondary schools through quadratic eciuations. 

The elciiuMitary principles and practice of common logarithms. 

Klemcntary scries, including especially the progressions and the 
binomial fornuda. 

Depreciation and elementary accounting. 

The compound interest princii)lc and annuities, perhaps better 
thought of as the mathematics of investment. 

Ratio, proportion and variation, dairy arithmetic, and mixtures. 
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The prlnclplM nnd pmctlcp of iuinu«rlrnl tilnonoiuctry. wpc- 
clnlly {)• «pphcd to gcnoiftl moimiration ami pinno nuvcylng. 

Pcrmutntionii niui roiubinntions, 

Klcincntniy stntistics, frequency dinhihutlon, nnd tlic elemen- 
tary theory of errors. 

Con^idorntinn lia» nl!«o l)eon pivon to various coiiil)lnations of 
cortrtln of those dotalls, under headinss of ecitnin fields in ajrri' 
nilture. such as. for cxamplr. the matlicinjitics of farm nmiiaBc- 
iiiciit. The Inclusion of this type of nuitirial has rccoivo(| enii- 
sidcrnble support from the spocinlists in the farm nmnapement field. 

There has been a tendency on the part of some of the carlirr 
text writers to Include topics that bclonjj specifically to other fiehU. 
siu-h as diawioR. physics, and survcyinR. This practice is not well 
««lviscd, as each of tliesc is a field by itself that holds and rcquiics 
fully as prominent and important a place in our school and collcpo 
curricidn as docs mathematics. While these fields jirc amonR the 
richest sources of real problems in juatlmimtics, the inolusion in a 
mathematies text of elwiptcLs on pure pliy.«ics, drawiup. or survey- 
liij; is to be deprecated, as no one of these distinct Holds of study or 
even of their major subdivisions cm be adequately covered in a 
chapter or two. This scem.s especially true when it is remembeicd 
that the time allotted to m;ithematics in school practice is fre- 
quently too limited for thorougliRoing results* even in that field 
alone. 

Difficulties Encountered, The idea of u specinlizcd jnathc- 
matics of aprirulture has grown up with such start linp sudtjenncss 
that, as niicht be cxpcotcd. mistakes in the plan of operation have 
.«n'iousIy intci;fcre(l with its complete .«ucco.ss in practice. Two of 
these nii.<take.s stand out with uimsual I'loarness. 

1. CoIIcRC pdmini.«trator.«;. continually harassed by the dcmamls 
of numerous new type.< of courses for a(liiiis.<ion (o the nviuircd 
curricuhim, and often influenced by those- who cherish a lifchinjr 
and unreasoniuR antipathy toward mathematics, have seized upon 
the new itica of mathematics in ajzrieuhurc as an excuse to hmit 
tl:e time allottetj to mathematics in nirrieultural currieuhi to a 
degree utterly inadec|uate to the trrmmd that must bo eovcre(h In 
many cases this has been carried to the extreme of limiting the 
time aUo!. u to mathematies in the atrrioultural eollrs^e to one 
(luartcr. with three to five hom's per week, when those responsible 
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for tl^c conduct of the work nrc painfully awaro that three to five 
v\Mn ho\m a week for n full yrnr in little enough thne in which 
to expect the sencrnl run of fro^hmnn or even loplioniore itudenti 
to graftp n workinn knowledse of tlie mnM of topics called for in 
mv\\ a cour.«o. No chuiht tlie ndniinUtrntion justifies it^ attitude 
|iy the plon that the usoIcm lunihcr of oUUfn^hioncd nmthemnties. 
cmnprif«lnjr fully t\vo-tliird» of tlie sid)ject matter material, hai 
hcen cut awny, nnd tlint i. Miould he poMible to cut the allotted 
time coriTfipoudindy ; a not well digcfitecl argument to be sure, hut 
intrenched behind n strong rampnrt of power. 

2. Too often the teacher a<»>«iBned to the courso is selected be- 
cause of his training in the field of pure mathematics, and from 
the general faculty of the department of mathematics. In such 
cases the chances are that, although he may be well trained in 
niatheniatic.^ and even thouph he may be an excellent Instructor, 
he know.« Mttlo nf the field of agriculture and his vision o. the rela- 
tion of mathematics to the agricultural field and its nm^w-sidod 
functions nmy he rcprwntod by the minus sign. Regardless of his 
**chohu*ly attninnionts, his podnRogical talent, or his enthusiasm 
for pure nmtliematirs ns such, a tcarlier of this type will find it 
very dilTicult to dioit the interest and support of the various de- 
partment? and groups of an ngricultural faculty so essential to 
s\ircess in teaching the mathematics of agriculture* and he is thus 
very apt to he deprived of his mo«t reliable source of real problems 
which show the rrlationship of the pure lundamental science to the 
Jippliod, 

Selection ot Teachers, It is n well-established practice in 
cnu[inc»(M*intr scIujoIs ami rolleges. hasod on experience, to select a:< 
toarliers of !niithcniati(*s men who have boon tndned as (Mi.u;inoers. 
and ar(\ as far as j-mssiblo, oxpcMMonood onginot^rs with a natural 
grasp of the rc^lntic^is of puio niiitlioinntics to the problems ot* 
onginecring. In the light of that exporionoe and with the fuller 
visnn of tlio plaoo of uiathomatios in agriculture that is opcMiing 
up to the prosiMit ag(\ why is it not the sane and logical iirooodurc 
to select our toaohors of niatlioinatios for agriculture iuorc largely 
from the ranks of tliost^ agrieulturists, agricultural s(Mcntists. and 
agricultural engineers who Ikivi* a v\vi\v understanrling both of pure 
uuitluMnatics as siioli and of its rtdatiou to the problems o^ agri- 
eultuio? This would s(hmo to be a rational practire, not only for 
our colleges but al ) for those secontlary schools whore preparation 
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for advAnced itudy In agrieutture nnd In allied Unci ii i pro- 
nounced feature. 

In fact, in view of the time limitationi on nmthomntici in the 
junior agrirulturnl college curriculum, it would neem tlint the ulti- 
mate lueecM of nny tyi»e of in»tructlon or any typo of courw in 
mathcmatiri of agriculture mum rest largely with the teacher of 
nmthemntirifi in the lecondary wrhool. 

Sub^-ct Matter Requirementi. This thought then brings 
even more definitely before us the fundamental question; What 
ore the secont.ary school requirements in mathematical study thnt 
wrve as a suitable preparation for advanced education in the agri- 
cultural field? An additional decade of experience in this field 
has not greatly changed the answer from the one given ten years 
ogo.« The extent of nmthematicnl training needed is largely de- 
pendent upon the particular student's lino of specinlitation in the 
field of agricultural or related study, but for good results the 
secondary school mathematics should, without doubt, be much the 
snme in all cases. It does not appear that its outer boundaries 
should greatly differ from those usually existing, in theory, in our 
established grade and high school curricula. However, possibilities 
of improvement over the stereotyped old order in interior sub- 
division, topic nrrnngement, content, and methods of presentation 
unquestionably exist. 

Arithmetic. The young people of the present generation me 
lilcely to be bunglers in their worlc with common nrithmctic. Too 
much stress, therefore, cannot be Inid on extensive prnotice in tlie 
earlier grades in the use of the four fundamental oporntions; nnd 
the numerous short cuts in inultiplicntion nnd ciivi.sion should be 
known nnd used with fnoility by every normni ynunc Amoricnn. 
It is wholly uniicrcssnry to find n supposedly normal cliiltl of hiph 
school ngc nnd stnnding using tlio process of lonj: division in divid- 
ing by nny single digit from 2 to 9. nnd no tt-nclior should ncccpt 
or lightly pnss over surh a piece of work. 

Teachers in other fields of work than nmtlicnmtios, in which 
ninthemntics is n necessary tool, coniplnin that llu- students nre 
incompetent to do work involving the conmion operations in frac- 
tions, decimals, percentage, and ,«*iinple mensuration. Tlic responsi- 
bility for this situation cannot lie laid upon tlie cliilcln-n themselves; 
it rests ii))on tlie teacher. 

* Mntlu'tMilW* riwhcr, Vol, XV, No. 1. .lanimry IDUl. Lm: ,it. 



MATHEMATICS IN AGRICULTURE W 



Coniidcrnblc itrcN U liiid by \thdm to-day on intuitive or 
Informal geiHuctry at thou|h it wert i new idea in mathematical 
training nnd luugc. It ia not new except perhapi in name, The 
Arithmetic to\tM of forty or fifty yeart ago included a very con- 
sidcrnblo olinptcr on mensuration. Tlicre are ttill living thousands 
of our older people who received the fundamentals of their educa- 
tion in the one-room, ungraded, country school of an earlier day, 
and who found both intellectual profit and keen delight in the 
mastery nnd piarMc*^ of both planimctric and volumetric mcnsura- 
tion, lonR before thiy ever heard of geometry as such. Many of 
them who never henrcl of formal geometry, as now taught in our high 
schools, can apply their early training in mensuration to the every- 
day problemi? of capacity, area, and direction with greater facility 
than can the majority of their children and grandchildren who 
pasj^ed through exposure to arithmetic without any conscious con- 
tact with mensuration and who consider the mastery of geometrical 
principles to l)e the epitome of drudgery and dullness instead of the 
acquisition of new mental power which it is. 

In brief, then, the teacher of arithmetic should insist on a ready 
and rorreet use of the fundamentals in practical applications. 
Intuitive or informal geometry is as properly a part of arithmetical 
trainiuR as is percentage or interesit, ixnd beyond that it is a fruitful 
source of practical problems to which no student in the agricultural 
field should be a stranger. 

Algebra. As elementary algebra is only generalized arithmetic 
the bejiinninps of algebraic notation and processes, such as the 
term, the exponent, the simple algebraic fraction, the binomial, 
and even the simpler special products and tljc simple equation in 
one unknown, sliould be introihiced to the student of arithmetic at 
the earliest possible moment. Tliere is no reason whatever why 
this practice should not bepin at least as early as in the seventh 
pradc and possibly in tlie sixth. Then by the time the pupil readies 
fonnal alpobra in the eighth or ninth grade he will be ready for 
it and the .lansition from arithmetical methods of thinking in 
number will be gradual and natural and carry with it no depressing 
mental shock. This is as it should be and is in line with progressive 
thought in erlucation. Dr. Reeve *s quotation from Dr. Charles W. 
Eliot ^ sums up and clinches this whole matter in excellent fashion. 

" .*hr Fourth Yearbook t }k at {final Counril of Teacherft of MathematirA, d, 141, 
llunau of PulUlcntlana. TouclierK <'oni»Ki\ Columbia Unlveralty. 
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III rccaiHl to roqulromenti in elementary «lKebr«, thii point hai 
been so definitely covered in the former paper already twice re- 
ferred to tliiit it necdt not to be diicuued here, although gome 
additional comment may be juitificd. It now leemi clear that the 
n\oro compllcntcd fnctorRblo form o" ± 6" should be among thoie 
omitted from high sriiool work in algebra for it finds very few 
applications in practical applied mathematics. The time that 
woulil be spent on it by the high school pupil can be spent much 
more profitably on other parts of the subject. 

One bit of repetition from the earlier discussion seems amply 
justified, even though it is in direct oppo.ition to eminent modern 
authority. Treating a proportion as nr equation of simple frac- 
tions is, of course, perfectly proper, f'-i* that is what it is, but it 
must also l)c treated and taught afi a proportion. The principles 
of proportion are essential, simp c, and eminently useful. The 
proportion, as such, is much more readily applied than is the 
alRcbrnic equation of simple fractions. Proportion is the front 
door to variation nnd both are essential in chemistrv, in physics, 
and in cngincerinR. The Poacher of mathematics will not secure 
and retain the whole-hearted cooperation of the scientif* and the 
engineer by refusing to teach the principles of elementary mathe- 
matics for which those groups have daily and constant use. Tlie 
chemistry of to-day is hard for the average beginner anyway. 
^yhether xhe administvation is willing to admit it or not, beginning 
eliemistry is an elimination course in the freshman year in many 
of our colleges. TIic teacher will make it doubly 'hard for the 
average frcsliman and almost insure his elimination, or, at least, liis 
.strict probation, by refusing to equip him with a eomprehon.> ive 
and tliorough knowlodse of proportion and variation; and tiiis 
refusal will not magnify tlic teacher in the esteem of the student. 

Klcmentnry series, particularly the progressions and the bi- 
nomial theorem, arc tlie very fmrndations of much biological science 
as related to agriculture. Tiierefoie. if they are not tauiht, and 
tliorouglily, in the sonmdary school they will hnvc to be taught 
in the junior college. Is such a plan good pedagogy? Is it not 
rather a Wiisto of valuable time for the student to have to secure, 
in the junior college, essential mental wiuipment that he should 
already have when he first enters there? 

One feels an urge to enhrgo on +lie place of the graph in algebrn, 
espeeially when he considers its multiform uses in agriculture, but. 
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M far at the subje.t it related to the teaching of nintliematict) 
Dr Ueevo eiTectlvely lunu up tlie estfentinl idea m follows: 

Tho #tudy of the uraph U a itmjor trend to-d^y in algebra bociiu«e» with 
the formula, it hoipa to clarify thn idea of fiiitctionulity. We now enipimiiiie 
tho nu^uuinit of grHpho ruthcr than the making of thorn. . . , Owing to the 
prominence of tho ntutiitical gm|)h» and the iucraa«ed interoit in educational 
•tatiit«ci» graphic work ia uMuri*d a permanent place in our cou»et in nmtho« 
niutici*^ 

It might he uUilcd, ''particularly in tho$e on tho inutheuuities of 
agriculture." 

As Algebra is bai^io to all other nmtlieumtics it may be udvis- 
ablo to emphasise tho fact that the high school stiulcnt should be 
so well traintnl in it that he handles itn elementary principles >vith 
undcri^tanding and facility. If the customary year allotted to 
olementary algebra in high school curricula is not enough to 
pro<^ ICO such a result, an extra half year of advanced elementary 
uigchra, treating of the more diilicult forms and including addi- 
tional topics such asj the progrcsfsions, variations, and logarithms 
is dcsirahlu and preferable to so-called high school higher algebra 
with its ahstruct proofs mostly beyond the intellectual grasp of the 
secondary school stMdent. T >r the young student facility in appli- 
cation conies from 1 andling often, with familiarity, rather than from 
deep reasoning. Algebraic demonstration largely calls for greater 
mental maturity than is usually found in the high school student. 
The practice of some of the best high schools in offering the sug- 
gested extra lialf year of advanced elenientary algebra or general 
niatheiuatics based on algebra, in lieu of the half year of j^o-calied 
highei alficbra, has been productive of good results and is to be 
connnendeiL 

Geometry, Elementary fundami^ntal rcqiiirenients in geom- 
etry, a^i in arithmetic, algebra., and possibly trit'onnmetry, are much 
the same Nvheiher the ulthnate field of the vStudcnt's life work be 
that of medicine, law, engineering, theoh)gy, or agriculture; for 
as one graduate school dean was recently iieard to state, advanced 
research in applied science vuix be naturally and safely based only 
on work in the fundamental seienees of mathematics, physics, and 
ehen.istry, with particular reference to their application in .solving 
the given special problem in the given field of applied seicnee. 

The fundamental requirements in geometry in secondary school 

• /*oifr//i Yrarhnok, Sntlonnl ('outirll of Tvarhvvs of Mathnnntio» p. UM). 
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training have bwn nlreacly vo carefull> covered by Dr. Reeve, 
by the writer, aiui by othert, that extended ndditionni diicuHion 
here is unnecessary. It nmy be well, liowevcr, to pluoe the em- 
p'insi8 of re|)ctition on the following basic considcratiun*. 

The nmnbcr of fundftinentnl |)ro|)osltloM demonstrated in tlie 
text should be reduced to the mlninuun absolutely necessary as a 
framework for the subject, 

Original demonstrations should bo oncourogod and simplicity 
and conciseness the ein should be insistrd on. 

No sharp lino should be drawn between plane and solid geom- 
etry. They can and should be taught in a conjbined course that 
need not exceed one school year in length. 

It has never been well doiuonstrated that trigononu'try belongs 
in the high school curriculum, particularly in the college prepara- 
tory courses. If taught there at all it should be limited to those 
simpler phases directly applicable to the solution of practical 
problems and its presentation should be made a part of the work 
in plane geometry. It is not that elonjontary numorical triijo- 
nometry is too liitlivult to be grasped by the mind of the hi^gh 
school student but rutlicr that, as » rule, when taken as a complete 
subKct in the IukIi school, jilane trigonometry is seldom covered 
in its entirety. The student having been once expo.scd to it in 
his high school experience generally passes by the college course 
in trigono.netry with its broader applications and point of view 
with the result that he is usually lame throughout his study of 
analytic geometry iM the calculus, even though by the time he has 
completed tli.se sul)iects he may have attained a niastery that 
enables hini to handle still more advanced phases of mathematics 
with credit. 

The value of practice in applic.-ition of jvcometry to the solution 
of practical problems cannot be ovorcmplmsizcd. botli us a stimulus 
to the interest of the f?tu(lcnt and as a vahi!il)I(; lesson in the prac- 
ticn! utility of fundamental sciciH'(> in (>vcry(lay ulTnirs. 

Calculur in High School Courses. Hiplit 1 ere it is of interest 
to note the di.«eussion l)y Dr. Hccvc of "Calculus in tlic Higli 
Sv.'iool," together with his uiolusion of clenientury calculus in the 
outline of a prospective course in iniitlicinatics for twelfth grade 
(senior high school) students." Tliis is perhaps a \mhl .«tcp, but 

Uuurth yrarbook. Xationul Counril o) r,m-hrr» o) iInthvmali,-M, pp. mt nnd 
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within tho limitfl of available time it iiiuit be eoneodcd to be allow* 
able for the idea and the urc of the flmt derivative, for exnmplci 
are not didicult to grasp, and cNpeiience hat shown that it fro* 
quently elurifieK ideas eonunonly included in the elementary matho* 
unities of luKh sehool curricula which the students find ditncult to 
handle or to understand fully without tlie aid of tlie derivative. 
Tlie subject of nmxiina and niininm is a clear case in point. 

The writer cannot atfiee with tliu idea that daily worl; by the 
claims at the blackboard is a mistalce. Piactiee of the hlacl(l)0ard 
type with a wcll-organiied cUmj when consistently followed in a 
w*elUplanned course in geometry and supplemented by rigid qucs« 
tioning and criticism by both class and teacher, uncovers and brcal^s 
down the bad habit of memorising prooff, stimulates keenness of 
insight, power to visualise, and clarity of logic. The best results 
in the teaching of geometry have followed systematic daily board 
work, broken ocrasionally by s))ecial presentation of originals or 
particularly complicated regular theorems by selected or by volun* 
tm mcnihcrs of the class. If any great amount of time is wasted 
in connection with board work it is uncjucstionably due to lack 
of system und class organisation for which the teacher alone is 
responsible. 

Value of Tnitv and thk I-iiutauian Point ok Vikw 

In closing this discussion it seems desirable, oven at the risk of 
souic repetition, to outline u certain broad foundation on which 
to base the requirements in mathematical study for any field of 
upj)lied science. This, of course, includes modern agriculture, 
whether consi(K*rcd directly or through the avenues of its znany 
closely related ficltls of interest. 

Mathematics Inseparable from Human Experience. It 
always hvvn clillirult to uiidt^rstand the antagonism displayed by 
nuiny j)uoplc to the idea of ar(iuirinn mathematical knowledV' and 
understanding; for, whether or not one recognizes or aeknowludges 
the fact, wo live in a seicntilie cosmos in which the fundamental, 
governing forces all act in aeeonlance with definUo law. Law is the 
idea, whether expressed or only implied, of the method of orderly 
progress, and orderly progress is niathcmatical in its very essence, 
llonce, no one can eseai)e the continual influence of mathcnmtieal 
princii)le in his life exj)ericnce, no nnitler how much he may claiu) 
or seek to do so. 
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Unity of tht ScUnet thf Xfy to Succtii. However, inuthe- 
innticinnt nnd other tclcntitts should rcoogniic tlmt, uiiiudb a liirKc 
of people, they have to meet this nmuRonintic atutc of mind. 
It •fetn» mwonnbic to u»»uiuc that the »lin|)lcr, the luoi'e unified, 
and the wore directly applicable to the problem! and interviU of 
daily life the ttcienco of nuitlicmuticai can bo made to appear to the 
public ndnd, the more successful will they bo in ovcrcominB this 
autagoniim. 

We must, therefore, think of mathcnuUics, not us nritlnnetic, 
trigononietry, or calcuhw, not i\it alyobra, frequency distribution, 
or thcurctical nicclionics, but m the science of quantity and its 
rclutiunships to thought and action with all their nuUerial accom- 
paniments. In other words, in our general consideration of the 
science of mathematics in relation to luunan life, education, and 
progress, we must wipe out the rigid artificial boumlaries set up 
through centuries of stilted and pedantic scholastici^ni between 
what for want of a better tcnu we are wont to coll "the branches 
of nuitliL-matics," for no such lines of cleavage exist in scicntilic fact. 

Utility Demanded by the Youthful Mind. Unc of the esscn- 
liais in mathematical training that applies with especial force to 
the broad field of agriculture is the development of its wuinently 
utilitarian aspects, That is, we nuist seek continually to develop 
the ability of the student to apply matlicmatical principles to the 
phase of Innuan interest. 

To accomplish this end in these times of swift progrc.'*s, wherein 
both physical and intellectual inertia arc being more fully overcome 
uhiKivt duil^ by new and startling (le\-clopmcnts that have nearly 
eliminated time and space in human experience, wo must be ready 
V. enter into the spivit of present-day youth. This means that 
we nmst always be on the alert to secure real probUuns fronj 
any and every part of the field oi activity. We must present them 
to our students not alone for practice in their solution— which 
must 1)(! insisted upon -but even more to arou>e their interest and 
to allow the utilitarian side of mathematics in practically every 
phase ol" human interest. 

Old Type Problems Obsolete. The youth of to-day from 
kindergarten to college conuncncenicnt is little intercritod in the 
mfantilc, senseless, or purely artilicial proidems with which our 
matlieiiiatics texts from arithmetic to calculus have been wont to 
be packed. Uathcr is he interested in what he sees actually going 
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un f aumi him every whot'Ci thingt and evoiiti tliut rciult in Activity i 
ill tttowiU cviclont to tlie eye, in enjoyment, and wlmtcvcr tendi 
tlicrotu. Tlie youth of to-day it far mon lophiiticnted than wm 
vWlwv liiM futlicr or hin gruiidfather at the iAinc AgOi nnd tlie teacher 
of uuiihciuativn nuiKt pluy up to thii fnct. 

Mi tttng tht Spirit of Youth. A boy 18 not inteiTiited to-day 
in how many oiaiia^'^ at 0 tontH apliu'e and how many marblei at 3 
wwU apieoo Mary vww buy at the vornor store for 25 rontu, nor yet 
in tho ntnnbcr of loup^ thi^ hound of fable munt take to catrli the 
e(|ually leKendary luire. His intercut lies in the thinfts he i^adu 
in the headlinoH of tlie daily paper and tlte tliingn tluit he heart 
older nwu dm^m—xUc baseball score of tlie major leagues, the 
stock market, the price and speed of the Ford coupe, or the range 
of the ratlio. This* state of mind is ctxpecially characteristic of tho 
youth in coiUatt with thinK^ aycricultural. He, too, follows the 
ba.schall score aiul thu autoir.ohile, but he is interested also in the 
price of wheat, the tractor nrsus the liorse as the power that draws 
the plow, thu binder and the combine, the inlhtence of the tarilT 
on the price of pork and how it alTects his profits on his pet litter 
of spring pigs, aiul the latest developments in the airplane, wliich 
has recently hcconu* an agricultural machine engaged in the war* 
fare against plant and animal |>ests and diseases. Vet where would 
the tractor, the railio, or the airplane be to-day Init for the mathe- 
mati(*al principles involved in their design, construction, and opera- 
ticin harMCssecl and put to w(n*k by the mind of man? 

Just $0 fur as the teacher mathematics looks for his prob- 
lem nuiterial to fields of lummn interest, especially those of 
particular interest to the youthful mind, is he likely to succeed in 
the task that lirs Ijcfore him to-day in fitting his science to the 
needs of all industries, including agriculture. 

A Few Well Chosen Problems Beat. One last thouglit and 
this ar^Mnu'iU is dosctl. In any topic in the field of mathenmties, 
H for problems, enrefully cliostMi idong the lines lierein intlieatecj 
and illustrating deliiute points at issue in a practical and interesting 
way, especially if tlie>e problems he fully analyzed and clarilied 
in tlie mind of the ^tudtMit, are far more likely to (ix his attention 
and stiuiulute liuu to nuistery of the principle.^ involved than ie- a 
gn>aL mass oi' prol)hMus less alive with Innuan int(>rest. Multiplicity 
of problems under any n«'W topic servi\< only to C(UiruM' the studtMit 
nund. nuieli thi'cU'etieul authority to the eontrary noiwilh^tandiuK. 
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MATHEMATICS IN PHARMACY AND IN 
ALLIED PROFESSIONS * 

Bv EDWAHl) Sl'EASK 
School of Pharmacy, Weatvm Jtenervc Vmiemly, 
Cleveland, Ohio 

Introduction. The Vcurbook is doubtless the proper i)lHee 
for a presentation of the usefulness of nmthematics in pharmury, 
medicine, dentistry, and nursing, inasmuch as it will be read by 
those most interested in the preparation of young men and women 
who are to enter these professions. 

This chapter will not deal with nuitlieinatics needed by the re- 
search worker in the professions mentioned, but will confine itself 
to the mathematics useful to the study and practices of the pro- 
fessions. 

The Mathematics Curriculum in the Professional Schools. 

It may be of interest in the beginning to state that little or no 
mathematics, as such, is taught to the medical student after he 
enters the medical college, for it is presumed that he is properly 
prepared to carry out all necessary calculations confronting him 
in his work. The dental student in some instances is taught some 
application of mathematics in his course in materia nicdica, The 
nursing student is taught some nmthematics in the course known 
us "Drugs and Solutions." Nearly every pharmacy .school to-day 
ofi'ers a course in pharmaceutical mathematics. The teaching of 
applied mathenmtics in these curricula which has come about 
during recent years is due, I believe, ratiier to the growing con- 
sciousness of the importance of the subject than j-jorcly to the 
unpreparedness of the entering students. 

It would be an easy matter to shift the rosponsihility for t!ic 
lack of knowledge of simple arithmetic and alg(>l)ra to the high 
school and grade school teachers; but is it not more rca.-'onahle to 
assume that the student entering a profession will probably be more 

• U<>«der8 who are Intercnted In nndiiiK fiirttipr iiroblpniH of tim kind linroln 
illM'iissHi Hliould conwilt Vharmiirrutlral M,itli,matlr» by tin- autlmr of fhin 
i»rtiil«' iirul publlHliPd hy Mi-UriiwlIiU,— Tub Mujtdr. 
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or lesi unikillod in the inathonmtic^ ui \m cluUlhood und it« np|ili- 
ration in the profcwionH? Should we not nithcr export him to 
he taught the application when he reaches the Mtudy of tlic pro* 
iVsj^ion, nnd to have not only ahility but aUo alertness enough to 
review what ho most needs? 

Nearly every student entering a medical vollene to-day will 
have had at least one year of college inathen)atics, and many of 
them will have had some calculus. This will he true also of the 
student of pharmacy before he has completeil lus rolli»j»e course, 
a?i most of the collej^es of pharnuicy give at least one year of 
mathenuUics in the four-year coui^c. This year will euihracv 
I'ollegu algebra, trigonometry, and analytical gconu^try. Some 
I'olleges restrict this year to the first two subjects mentioncci and 
stime to the last two. 

The four-year course will be the minimum one iw Ar^sociation 
S^'hools of Pharmacy after 1932. Surh mathenuitics, especially in 
university schools or where a connection with a eoll(»ge of liberal 
arts is |H)ssiblc, is taught by a teacher of nuithenuities or is given 
in the regularly prescribed courses with students of liberal arts, 
sciences, or engineering. 

In addition to the above mathematics, all students of ehemistry 
must Ivuow and use the applied mathematics of ehemistry. The 
luathenuitics of the frcsiiman year of chemistry is comparatively 
simple, but the student of the sophomore or junior year will take a 
course in chemical problems, either as a separate course or inter- 
woven into the course in quantitative chemistry. Most of the stu- 
dents of medicine and dentistry will have this worlc before entering 
upon purely professional studies, though quantitative chemistry is 
not in all instances required of them; and all students of pharmacy 
will have it early in tluur professional work. The diflicult features 
of such a course are seldom found in the pure mathematics, but 
more often in the application to the field of chemistry. 

It appears to-day that the weakness of the stuclcnts c(miing to 
u.- is in simple arithmetic and in very simple algebra, but it is also 
true that it is easier to teach the applied mathematics of ehemistry 
and pharmacy to stud'^nts to-ilay than it was fiftecui years ago. 
The reader liiay draw his own inferences. 

To summariz(^ what has gone before and up to this point one 
may say that the student of mc(licinc, dentistry, and pharmacy 
will have had the nuithematics of grade school and high .school and 
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at least oollem? algebra, trigonometry, and analytical geometry, 
and sunu? will have had both differential and integral calculus. 
The student of nursing entering upon the combined courses now 
olYered in some universities will in some instances take college algo- 
l)ra and trigonometry. 

Prerequisites in Mathematics. Class A medical schools re- 
(luire two years of liberal arts work for entrance, and although 
mathematics is not rccjuired in most schools, it is suggested as be- 
ing a useful background course, Some medical schools require three 
years of liberal arts work and others four. The four-year course 
in pharnmcy in nearly all instances enibraccs the study of at least 
(me year of college mathematics exclusive of the applied mathe- 
nuities of pharmacy and chemistry. 

Any student who is not properly prepared in mathematics 
will experience difficulty in any of these four professions. The 
best atlviee that a high school teacher can give to a boy or girl 
planning to enter any one of these professions is to take all the 
mathenuitics his high school offers. I do not say definitely that a 
sttident who has not had all the mathematics available in a high 
school will fail in one of these professions, I do say that I have 
never known one who has had such work to fail and I do know 
that the student who is good in mathematics and who has taken 
nmch of it finds his professional work far easier. 

Applied Mathematics of Pharmacy and the Allied Profes- 
sions. The applied mathematics of the four professions is very 
similar, though perhaps the pharniaeist finds a range greater than 
that of the others; so the subject from this point on will be dis- 
cussed from the basis of the elementary mathematics employed and 
its application. No attempt will be made to classify it for each or 
any one of these professions. The above statement is of course 
made without reference to the mathematics necessary for the re- 
search worker. 

First are taught tables of weight and measure in common use 
and how to change denominations from one table into like denomi- 
nations in another. A student of any of these professions or a 
student of chemistry who cannot understand and make these trans- 
positions easily and quickly is hanriica{){)ed. The metric system 
is now accented but the student mu.<t be familiar with the avoirdu- 
pois, troy, and apothecaries' weights as well. In pharmacy, labora- 
tory \vork accompanies or follows this study and practically ali 
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calculations found in the mathematics course are carried out in 
the laboratory. 

The writer has seen the following experiment made with students 
of medicine and of dentistry and the interest displayed by them 
was positively amazing, Weifih a grain of wheat, using apothe- 
carirs' weights, and t!icn weigh it upon a fine analytical balance, 
using metric weight;?. The fact thnt one grain is equivalent to 
nearly 65 miHigranus has? taught some concept both of t.he grain and 
it3 origin and of the sizo of the 'milligram. 1 shall leave it to the 
reader to decide where this in^jtruction belongs, whether in grade 
school or in college. I belie\'e I can argue upon either side of the 
question hut all will surely agree that the student of these profes- 
sions needs the knowledge. It may be an innocent sport, if one 
bo interested in this subject, to ask his physician, his dentist, his 
pharmacists or his nurse as he meets them, What is a grain? What 
i.«5 a milligram? The writer once had a class of fifty freshmen, 
twenty-two of whom had never seen a grain of wheat. 

In addition to an understanding of the tables of weights and 
measures and the tran^iposition referred to, it becomes necessary for 
the student to develop practical knowledge so that answers to given 
problems are weighable and measurable with the usual apparatus 
at hand. Thi:^ is a practice that niay well start in the early study 
of arithmetic. A result involving a weight, volume, or linear meas- 
ure should always be .^^tated in such terms or denominations that 
it is of practical usefulness. 

As an example of an improper answer for a problem I present 
one wliich I once received from a state department. I had asked 
for a definite location of a culvert on a canal. The map showed 
it to be a short distance from a bridge and also a short distance 
from a canal, called a "side (*ut." leaving the main body of water. 
The an.^wer given me was somewhat like this: "446,700 feet from 
the north corporation line of — — (a town several counties 
away). The point I vvis^hed to locate was just a trifle more than 
a mile from the "side cut.'' 

The review of ratio and proportion is always necessary, as it 
is a short cut to the solution of many everyday problems. The 
term "ratio" and the mathematical expression of it not only are 
found in our daily labora tv work but will be found in a vapt 
nunyber of tho texts and irticVs read by the four professions in 
everyday life. 



ERLC 



106 



THE SIXTH YEARBOOK 



I am not familiar witli the method employed in preparatory 
schools to tcju'h this subject, nnd I sympathize with the teacher 
who must teach it; for I find there are some students who can 
never reiilly grasp it. simple though it is. Students who come to 
us from city schools seem fairly familiar with the fractional method 
of expressing a ratio, but have not been taught the real meaning of 
u proportion or that it limy In- stated in whole nmnbers as well as 
in fractional form. Ratio and proportion arc ii.sod in both chemi- 
cal and pharinacouMcal culculntions and are well-nigh indis- 
pensable. 

The reading and writing of fractions and the transposition of 
the common fraction to the <locinial and vice versa are almost daily 
occurrences. 

To the student who cannot master relative sizes, volumes, 
weights, and other dimensions and who docs not have a mental pic- 
ture of fundamental units, such things as the capacity of bottles 
or laboratory glassware constitute a never-ending problem. 

An examination was given to a nmnber of recent high school 
graduates. It may be of interest to observe that they came from 
large city, small city, and small town high schools. They wer*? 
given a problem which is not an uncomuion one in everyday prr.c- 
tice— to calculate the volume in gallons of a drum (cylindc"*. 
The figure of 231 cubic inches in a gallon was furnished, but not 
the rule. They all knew the rule and how to apply it. The 
<iimcnsions of the drum were stated to be 36 inches in heigh'; and 
18 inches in diameter. One student's answer was "Four gallons." 
He had made a mistake in calculation but did not ob.scrve that 
almo.st anyone could hazard a guess or make an estimate that 
would be clo.'ser to the veal answer. 

Some practice, in addition to that of actually proving re- 
sults, should be given to the end that a student will not present a 
result that is ridiculous. It is needless to offer more than the 
above suggestion to an intelligent teacher as to the field open in 
the laboratory for the use of mathematics. 

The subject of percentage is very important and it likewise is 
a much ahu.'ied subject in these professions. We use not only true 
percentage but apju-nximate percentages and near percentages; 
and therefore, unless its real meaning be perfectly clear to the 
student, much confusion results. It is very doubtful if the .student 
exists who cannot calculate o',i or 6% of any given number of 
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dollars or any given number of pounda, but the converse of even 
such a simple problem always seems difficult. The application of 
percentage to business problems, to percentage strength of com- 
pounds and to the mixing of substances of different strengths, to 
the dilution of substances to a definite percentage strength, and to 
the fortification of others always socms to mean something dif- 
ferent from the old friend, percentage, of grade school days. There 
arc, of course, some things that interfere with the mixing of sub- 
stances of different percentage strengths that complicate what is 
otherwise a simple mathematics problem. For example, one hun- 
dred parts by volume of do^/c by volume alcohol mixed with 100 
parts by vohmie of water will only make about 190 parts by volume 
instead of 200 parts. Such procedures certainly should be taught 
in an applied course and not in a preliminary course confined vo 
pure mathematics. It would be helpful, however, if teachers could 
employ percentage in other ways than the relationship of it to 
financial considerations. Why not study ratio and proportion in 
mixtures such as concrete, one cement and three sand, or cement, 
sand, and crushed stone, and then express them in terms of per- 
centage? How about volatile matter and ash from coal? Such 
examplov^ would help us in percentage purity of chemicals, per- 
centage composition of compounds, and percentage strength of so- 
lutions. 

lender the heading of the calculation of dosage we make use of 
both conmion and decimal fractions and it is often necessary to 
add. suhtriict. multiply, and divide them. The average student 
has usually forgotten iiow. but it does not take long to bring back 
this knowledge, and my observation is that once back, it stays, 
because it is in daily use. 

A nurse might be confronted with the problem of giving a ^/lo 
grain dose of a substance and all that she has are tablets of the 
substance, each containing of a grain. Fractions first, of 
course, and then knowledge that a tablet cannot be divided with 
safety, that small amounts cannot he weighed accurately upon the 
apparatus at her disposal, and so on ad infinitum. 

I f time is not too short the student should be taught why 
H + !4 = '^/ti* and why the common denominator is used. I here 
mean to express that the student knows how to make such cal- 
culations if he has not forgotten mechanical instructions, but he 
does not seem able to see practical everyday problems and usage. 
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He views these calculations as school tasks of to-day and docs not 
see their relationship to life problems. 

When it comes to calculating specific gravities of solids and 
liquids, the laboratory helps the student's mathematics. The old- 
fashioned drill of giving two factors in a three-factor product to 
find ihe third often simplifies the entire teaehing of this subject. 
After the student learns what specific gravity is and begins to tise 
it, his mathematics becomes clear. This is a subject which he has 
usually had in high school physics or in grade school nuithomatics, 
and sometimes even in college physics, but its value has always 
been academic to him. 

Calculation of allowable nrrors in weighing and measuring is 
always more or less diflScult, This again may often be compli- 
cated by percentage. Suppose a student is told to prepare five gal- 
lons of a mixture so that one teaspoonful will contain V/r.n of a 
grain of strychnine sulphate. How accurate must be the balance 
upon which the strychnine is weighed, and what perc(»ntjige of 
error in either direction docs his good judgment tell him is allow- 
able? Here again is applied mathematics. Percentajze sohitions, 
solutions made on a ratio basis, and saturated solutions jil] involve 
something besides mathematics, but the simple mathematics must 
be known first. The difficulties usmxlly involved in teadiing con- 
version of temperaiure scale readings are obviated by teaching these 
readings as definite measurements of length. Interpolation in spe- 
cific gravity tables becomes easy to the student who has tisetl 
logarithms and this last subject is one that is needed by tlie sturlent 
of medicine and pharmacy very often indeed. Old-time alligation 
has to be taught pharmacy students because State B()ar<ls denianrl 
it. The writer, however, is not an advocate of its use. 

A student always needs to understand problems of interest, 
fliscount, profit and loss, and many other problems foinul in the 
average commercial arithmetic. 

The Preparation Students Should Have. The writer feels 
tliat he will not do justice to himself unles.^ in closinc: he <tates 
his own opinion upon the preparation of students in mathematics 
in orrler to make professional work easier. That opinion is that 
arithmetic should continue into the high schools, either in tlu^ f{)rm 
of tlie old-fashioned advanced arithmetic or in the form of review 
in tlie senior year. I make this statement knowing full well thr* 
objections I shotild hear if I happened to he a well-known teacher 
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of mathenmtics. I Imsten to add, however, that arithmetic should 
not replace the algebra, geometry, and in some instances higher 
uuithenmtics now taught; it should be taught in addition to them. 
A student expecting to study any one of the four professions which 
we have discussed, or one expecting to study chemistry or physics, 
needs mathoinatics every day. 

Much of tlie necessary arithmetic may be reviewed by the 
teacher of algebra, and may I add here that the teacher of algebra 
should endeavor at all times to show, where possible, that much 
of algebra is really a review of arithmetic and is after all an easier 
nu'thod for solving many simple problems. The simjile equation, 
to find the value of a\ still seems to be difficult for many students 
to solve. They still find it difficult to form a simple eciuation and 
.^olve it. anci for such students the use of the simultaneous equation 
i.s out of the question. 

In my own institution we were once confronted with the prob- 
lem that our reciuiretl course, embracing mathematics, was too se- 
vere; that st!ulents who did not wish to become scientists and real 
professional men should be permitted to take economics instead 
of mathematics and language. It was their desire to know merely 
enough of seience to be safe technicians, and otherwise they would 
have jniroly business interests. It soon developed that those who 
could not pass in mathematics felt they could join this second 
elass, and so our poor students went to the economies classes and 
(lid not endear us to the professor of economics. Before hmg we 
(U.?continued this practice, for we are of the opinion that business 
as well as science needs men of brains who have a working knowl- 
edge of mathematics. 

I must plead cuilty to belonging to that class of old-fashioned 
people who. if given the chance, would require for high school 
graduation arithmetic, algebra (three semesters), plane and solid ^ 
geometry, ainl as much more as eould be put into the course. Some 
of the writers upon mathematics have felt that a knowledge of 
mathematies and an ability to think do not necessarily go hand 
in hand and that, the first does not tend to develop the latter; but 
those of us at this end of the scale are usually fairly certain that 
when \\v get a student who is a goo(l student of mathematics and 
has been well grounded in the subject, most of our troubles fade 
into nothingness so far as he is concernerl. May I arid that I do not 
approve of applied subjects of any kind until after the fimda- 



ERIC 



110 THE SIXTH YEARBOOK 

mentals Imve been taught? There is always the danger of slighting 
the fundamental for the more interesting application 

wish the sj^ecialist, the real mathematics teacher, to give the 
t ie en us elementary training. I know the specialist will do this 
Zln ^ tin^ the means to teach the 
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I. Statistical Method in Present-Day Tiunkino 

Importance of Statistical Method. More and more the 
modern temper relies upon statistical method in its attempts to 
understand and to chart the workings of the world in which wc 
live. Particularly in those sciences which deal with human beings, 
whether in their l>hy8ical and biological aspects or in their social, 
economic, and psychological relations, the spirit of our time asks 
that its conclusions be based not so much upon the distinctive re- 
actions of one or two individuals as upon the observation of large 
numbers of individuals, the measurement of their common likenesses 
and the extent of their diversity. As the data thus gathered from 
mass phenomena become extensive, it becomes imperative to have 
methods of organization to bring the facts within the compass 
of our understanding, methods of analysis to make the essential 
relations appear out of the mass of detail in which they are hid- 
den, and methods of* classification and description to facilitate the 
presentation of the data for the study and consideration of other 
persons. Thus statistical method becomes a telescope through which 
we can study a larger terrain than would be accessible to our 
imaided vision. 

Use of Numerical Data. As the area of investigation is wid- 
ened to include larger masses of individuals and as the nature of 
the inquiry becomes more precise, it is inevitable that data and 
conclusions shall assume numerical form. To quote Sir Francis 
Galton: 

General impressions are never to be truflted. Unfoitunately when they 
are of long standing they become fixed niles of life, and a«ume a prescriptive 
riRht not to be questioned. Const^quently those who are not accustomed to 
original inquiry entertain a hatred and a horror of statistics. They cannot 
rndiire the idea of submitting their sacred impressions to cold-blooded veri- 
ficatitm. But it is the triumph of scientific men to rise superior to such 
superstitions, to devise tests by which the value of beliefs may be ascertained, 
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and Hi feel sufficiently maaten of themselves to discard contemptuously 
whatever may be found untrue. 

Sir Arthur Newsholme writes: 

As the scjpe of a science widens, it is generally found necessary sooner 
or later to adopt numerical standards of comparison. In medical science 
this IS foimd to be especially necessary, though perhaps in no other science 
18 the difficulty of exact numerical statement so great. The value of eipeH- 
^nce, founded on an accumulation of individual facts, varies greatly according 
to the character of the observer. As Dr. Guy has put it: "The sometimes of 
the cautious is the often of the sanguine, the always of the empiric, and the 
never of the sceptic; while the numbers 1, 10, 100, and 1.000 have the same 
meaning for all mankind." 

Adolphe Quetclct, the groat Belgiun aj^tronomer, mathemati- 
cian, anthropometrist, economi.st, and statistician, in the first lec- 
ture of a course on the history of science, said: 

The more advanced the sciences have become, the more they have tended 
to enter the domain of mathematics, which is a sort of center towards which 
they converge. We can judge of the perfection to which a science has come 
by the facility, more or less great, by which it can be approached by calcu- 
lanon. 

Relation of Statistical Method and Statistical Theory. 

Clearly, then, statistical method must be grounded in statistical 
theory, which is essentially a branch of mathematics. Indeed, sta- 
tistical theory has its roots in the mathematical theorv of prob- 
ability and the n-ork of the mathematical astronomers, notably 
Gauss and Laplace, who early in the nineteenth ccnturv built up 
a theorj- of errors of observation in the physical sciences. Statis- 
tical method IS completely dependent on statistical theory, yet the 
two have important differences in purpose, in procedure, in tech- 
nique and m the type of talent and preparation needed for suc- 
cessful prosecution. 

Statistical theory is developed for an ideal situation seldom 
completely realized in practice, ^statistical method almost alway«« 
involves a measure of compromise between the recalcitrant fact^ 
«-hich life presents for analysis and a mathematical theorv which 
postulates a particular form of distribution or other idearcircum- 
.«t:inees only approximated by the data. The dependable statisti- 
Clan recognizes that the a.s.sumptions implicit in his formulas are 
not completely fulfilled, but he .«rrs that to n^c these formula^ 
and continue the investigation will afford a far closer approach to 
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the truth he seeks than mere conjecture and intuition, which may 
be the only alternative. 

Difference Between Statistical Method and Mathematics. 

The nuin who develops u new piece of statistical theory works as 
u matlieniatician and faces only those obligations ordinarily incum- 
bent ui)on the mathematicinn. He must ctate his assumptions, he 
nmst avoid contradictory assumptions, lie must be careful that 
his conclusions follow loKically from his premises, Beyond that 
point, he is free to make whatever assmuptions are convenient 
for the simplification of his argument. The worker in statistical 
method who api)lies to the solution of some practical problem a 
formula thus developed by the nmthenuitician has an additional 
obligation. He must not only know the assumptions on which 
the formula rests, but he nuist also tnow the content of the field 
in which he is working well enough to determine whether these 
assumptions can be appropriately made in that particular situation. 
It is probably not essential that he be able to go through the steps 
of the derivation of each fornmla, but unless he knows what as- 
sumptions were made in that derivation and unless he ascertains 
that these assumptions can be reasonably made for his data, there 
is a possibility tlmt he amy come out with conclusions which are 
far from correct. Herein lies the weakness of many statistical 
investigations, either that the research worker does not know the 
mathenuitical theory well enough to recognize the assumptions 
upon which his procedure rests, or that he is not sufficiently at 
home in the field of research to pass upon the validity of those 
hypotheses. 

Knowledge of statistical theory is not enough for the man who 
would plan important statistical investigations. Neither the pure 
mathematician nor the man innocent of nuitheniatical training 
makes the bqst worker in practical statistics. Tlic expert in sta- 
tistical theory needs also a rich knowledge of the content of the 
field in which he would work. The genfU'al method of statistics 
is the same for all fiehls and the elementary training need not 
differ much whether a man is to work in biology or psychology, 
in economics or education. Therefore it is sometimes suggested that 
a consulting statistician trained primarily in i)ure mathetnatics and 
in statistical theory may act as consultant for a large number of 
important statistical studies in various fields, the data for which 
are collected by others and the results worked out by others. By 
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pioyitling expert advice on Ihc method of rcmurU, siirli a man 
miRht makft it possible for important HUuiin to ho vnnm\ out bv 
jucn interested in the content but iKiiorant of Ht^tistlnil lui'thod " 
This solutioii has serious druwb,i«>l<.<. Without a goncrni l<nowl. 
fdBe of the fiehi of study, it is diiruMilt to clioosc upproprinte statis- 
tical proceduro, Without a con«uniinK intorost in the outcome of 
tl.o paiticular study and nn intimotu l<n(.wle(lge of its dotails, fruit- 
lul lends do not arise, "hunches" arc iaclcing, and the most signifl- 
cai ' facta and relations may be overlooked. Recently a rcsenrcli 
worker in biology wrote to ask mo if he was justified in using a 
certain procedure. Not being a biologist I could offer no creative 
:;nRgestu)ns, and could only say, "The assumptions uii.lerlving the 
ormula you mention are thus and so. I should be auspicious of 
them, but a biologist will have to pas.s upon their applicability." 

On the other luind, the view is common that the nuithonmtician 
who develops a formula has welded a tool which tl.o nonmathe- 
matical psychologist or economist or educator can profitably use 
without knowledge of its derivation, and that the forinuhi.s printed 
m the textbooks constitute a doi>endable machine into which data 
may be fed and from which conclusions, even discoveries of vast 
moment for human welfare, will eventuate autoiuaticallv. Two 
boys on the top ,.f a Fifth Avenue bus arrested inv attention with 
a scrap of conv rsation. Said the first, "But I ,ion-t understand 
i wliereuijuij his companion replied, "Lmloi-i^tand it? Gosh 
I- an, why should you try to? Its a formula I" The world is Tuil 
i)t men who want to take formulas on faith, arguing that thov can 
utilize a icehnique who.se ba.sis they do not un.lerstand. exactlv 
as ih,y drive an automobile which they could not take to pieces 
and reconstruct. The analogy has something to rocominend it 
l.eriauily, most of the computation and labulation called for in a 
.>*tatl^t^cal study can be done by clerks wl o merelv follow direc- 
tions. >or the man who is directing rc..-,earch, however, the analogy 
tails. In driving a car we havo a perfect r.n-l obvious check upon 
the success with which gears and steering wheel are managed In 
clioosins a statistical procedure, no such obvious cheek is availal)le 
A formula is always bused upon a.<sun>ptJons made duriiiK the 
process of derivation and these as..umptions limit its application' 
The formula, printed in texts are often special cases of longer one. 
an.! deduced from them by the application of verv .^^peeial as- 
sumptions. The choice of a dififerent formula mav 'vitally affect 
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Ihu nature of umu'h renulUi but tliuie i& unuHtty iiotlunK the re- 
Hulta thciuselvcH to validate the uiotlmd by which they were 
reached. 

Tht Nature of Statiatictl Inference^ StutiHtioul reasoning 
(lifTcrt from nuitlicinutioal rca^oniiig in unotlier in)|K)rtunt way. 
For the nuitlicmuticmn, conclusions follow inexorably and in- 
evitably from premises i his rcaioning eventuates in a single im^ 
mutable law which is always invariably true when the oriKinal con- 
ditions prevail, The statistician derives no law whieh can apply 
invariably t-u all members of the iH)j)ulation whirh he studies; but 
lie deduces trends^ tendencies) which are true in the main for the 
groupi but which may not hold at all for a given individual, lie 
spealcs of the central tendency of the group anil of the tendency 
of the group to depart therefronii of the scattering or divergence 
of the group from that central tendency. The nu\thematician 
knowi^ all his ])remi!icsi the statistician can usually measure only 
part of the inlUieuees which play upon the subjects he is studying. 
The statistician is usually working in a field wher(« events are 
brought about by a highly complicated plexus of causes only part 
of which can be measured, and therefore ho speaks of probability 
rather than certainty. lie recognizes that when he is studying one 
hundred cases and is attempt hig to generalise for ten thousand 
oases the results which he obtained from the hundred, then every 
measure he has computed fur tlie hundred probably ditYers a little 
fiou) what he would find if he eoni])Uted the same mea.surc for 
the ten thousand. Such sampling errors cannot possibly be avouied 
and can be mitigateii only by the use of larger samph^s. When a 
matiiematieian speaks of an error, he means a mistake. When a 
statistician speaks of a sampling error, or when he computes a 
probable erri»r in the attempt to measure the sinnifieanee of his 
sampling error, he is not dealing with a mistake but with a fuiula- 
uiental characteristic of the nature of the universe whieh makes 
one .sauiple dilVer slightly from another. 

It is the very essence of statistical method that it describes the 
trends and the general characteristies of popuhitiuns, hut tliat these 
tendencies cannot he asserted as necessarily valid f(u* eiudi of the 
individuals whieh constitute the j;roup. To describe these tenden- 
cies and relations witii objectivity and precision, (luantitatix'c and 
numerical measures are naturally called for. If we say, **Most 
of the teachers in the country scliools of America receive very low 
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salftries/' "Girls Imvc a ki'ouor perooptkm of color than boys," 
".Stuttoriny litis a tendoiuy to l)o assoriatod with loft-lmuilcdnoVs," 
or "An iiuTHisins mnulH'r of iiulustrial conciTus rol'uso to hire ap- 
plicunt.s who are over forty years of age," wo are making stato- 
rucnts which, true or false, arc essentially stutistieal in nature bc- 
<'ause they are attenjpting to clesoribo general characteristics of 
populations- -but they are \'aguc, Numerical methods of deserii)- 
tion would ha\'e to he employeil before these statements could be 
rendered jnecise. and as soon as that is done we are beginning to 
use the statistical method, even if it is only in its most rudimentary 
stages. 

II. MATlIEM,\nc.\L TH.\lM.\(i Fl)H .-ilATlSTUAI. W'oHK 

A Dilemma. We have already seen th.-it statistical method is 
rapidly becoming the language in which nuich of the research in 
economics, business, pm-hclojiy. education, finance, life insurance, 
industry, anthropometry, biology, medicine, and government is be- 
ing cast. More and more an understanding of .<t.'itistical •■ ^-mi- 
nology heeomes necessary in order to read the technicaJ literature 
of research, and tlii.s is true oven of such subjects as religious edu- 
cation, vocational guidance, and child welfare. We have already 
seen that neither the man trained solely in mathematical theory 
nor the man ignorant of nmtlicmatics does the best work in organ- 
izing statistical inciuirics. This recent and rapidly dcveloi)ing gen- 
eral interest in stati.stical studies has created a dUenmia for whic'' 
there is no easy .solution. In .<ome fields, such as cducaticm and 
p.«ychology, it often seems that an understanding of statistical 
methods is almost a rociuisite for successful research; yot many 
of the keenest mimls in thc-^e fields do not have the mathematical 
preparation which makes any thorough study of statistics feasible. 
Men who have a high degree of scholarship in then- own field arc 
finding themselves hami)ered in undertaking some piece of research 
because it dcnninds staristical treatment: other men find an in- 
erea.sing i)roportion of the literature of their field unintelligible be- 
cause it is phra.sed in an unfamiliar statistical langu;igc; still 
others, deciding to study .statistical method, discover that they havo 
tmf()rtunatel\ forgotten the algebra and the arithmetic which tliey 
had supposed they would never need again. The average nmn— a 
phrase which is itself a statistical abstraction rather than a de- 
scription of a real person— finds that to a certain degree he nuij^t 
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think fttatiniticnlly in order to read his newspaper and the current 
magazines. 

Suppose, for example, that a nutrition expert interested in the 
feedinfj of small cliiUh'en wants to find out whetlicr two-ycar-ohls 
have their appetites stimulated by the color of the food wljich is 
offered them, and plans to nndve daily observations of fifty nursery 
school children. Kis training is in child psychologj' and food 
chemistry, but as the investigation progresses he finds himself 
involved in a statistical study of some complexity. Or again, a 
teacher of physical educaticm wants to arrive at an index of 
physical capacity which will allow him to estimate in advance 
the ease with which a given high school student can master a 
particular sport, say swimming. His interests are in anatomy and 
physical training, while this problem is largely one of applied 
mathenuitios. 

Ill his iiitroihu'tion to Wood's Measxircmcnt in Higher Kduva- 
lion (1923). Professor Louis Terman says: 

I'Vorn hiunuajio nf statistics thoro is no cscapo if wo wish to go beyond 
tho limits uf pi'mnial opinion anil in«liviilu:il bias. Worthwhilo evaluations 
in lii^rluT fth.ratiun will continue to bn as nirr as thoy now unhappily are 
until tla* rank ami lih) of collcp? ami university toai'hiM\s boconio ablo to 
think in nii>ri» i»xuri quuntitativo tonus than thoy arc yvA accustomed to. 

Muvv t|j:;n :i (luartcr of a ct iitury ago li. (J. Wvlls saiil: 

Till' lu vr niatlu»niatius is a suri of supplement to lanj:u'i|:e, alToidiuK a 
int'un.s oi iln)Mj:ht about form ami ipnmlity and a means of expression more 
exact, compart, and ready than ordinary language. The j?rcal body of 
physical rjciencc, a gn?at doal i»f tla) essential facts of linancial science, and 
i'ndK->s Micial and political prul)h»nis are only acci.'S.^iblo and only thinkable 
tij thu>i» who Irive had a .sound training in mathematical analysis, and the 
timi' m:iy nut far remote when it will be miderstood that for complete 
mitiati' n a> an cnicient citiz(^n of one of the jin-at new comi>li\x world-wide 
'-faU's iliat arc now ih'Velopinj: it is as nrci'ssary to be able to compute, to 
tinnk in avrrani s and maxima and minima as it is now to l>e able to road 
and in write. {Matikiud in the Makiity, lUW, pp. Un-l<J2.) 

The time of wlneli \Vells then f^i)oke is now iunniiient. 

Mathem-^tical Preparation. How niiicli mathematics should 
one know before undertaking the study of statistics? Ko au- 
tlioritative answer can be given to this que.^tion, for no one. so 
far as the writer knows, has made a careful, unprejudiced analy- 
sis to see what niathcnmtieal knowledge i.s needed for variou^^ 
statistical undertakings. If a canvass of expert opinions were 
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made, they would undoubtedly range uU the wiiy from that of 
the mathematieian who would insist upon a doctorate in pure 
mathematics to that of the man who once told the writer that he 
considered much study of niatheniatics an actual detriment, be- 
cause he thought a statistician was freer and more original if he 
did not know too much about mathematics. It is obvious that 
there are many levels at which statistical work is carried on, and 
it would be valuable to have a thorough study made of the op- 
timum mathematical preparation for each level. The suggestions 
which follow nmst be interpreted as based solely on the personal 
opinion of the writer, which in turn is derived from the observa- 
tion of students and from the results of a statistical study of the 
preparation and accomplishment of over four hundred students of 
elementary statistical method. 

The clerical worker who merely tabulates and copies raw data 
probably performs no mathematical function at all. The computer 
who works under the close supervisicjn of someone else needs to 
have a flair for figures, skill on computing machines, a high sense 
of accuracy and reliability, and enough knowledge of arithmetic 
and algebra to enable him to see short outs in arithmetic opera- 
tions, but he can be a competent worker on this level with relatively 
little theoretical training. He can make extensive computations 
under direction without much understanding of the import of his 
work. 

The student who hopes to do anything at all with the theory 
of statistics should have, as minhnum preparation, dilYerential cal- 
culus. While it is true that Yule wrote his Introduction to the 
Theory of Statistics without any of the notation of the calculus, 
nevertheless he could not avoid its general method, and most of 
his readers will agree that he did not succeed in simjilifying his 
material by this expedient. The student who goes beyond the first 
stages in his study of statistical theory and who attempts to read 
the original memoirs in which important derivations are set forth, 
will fmd that he needs to know integral calculus, differential equa- 
ti(ms, theory of probability, a great deal about the convergence of 
series, function theory— in fact, almost any form of mathematical 
analysis which he has studied will be of ultimate use. The geome- 
tries are in general less pertinent, although there are one or two 
important papers which have utilized genmctric concepts. The 
man who is to do original rc^^carch in stati.-5tical theory will be 
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thankful for ull the mathematical analysis he has studied, and will 
be excei)tional it' he does not feel the urgent need of niore training 
than ho has had in mathematics. 

Between these extremes, the clerical worker and the student of 
theoretical statistics, there is a large and rapidly growing group 
whose needs are mure difficult to define and to meet. These are 
the men with primary interest in other fields who need some knowl- 
edge of statistical method in order to read the technical literature 
of their field, tu interpret and .evaluate the research of their fel- 
lows, and to organize data derived from studies of their own. They 
are often impatient with any 'ittempt to teach them statistical 
theory, and they say tliey are interested "only'' in practical in- 
terpretation anil critical evaluation, failing to imdcrstand that 
critical evaluation and wise interpretation often call for a fine com- 
bination of acrmen, wide knowledge of the field of study, and some 
knowledge of statistical theory. The man who is reduced to ciuo- 
tation of what other peoi>le have said or written about a formula, 
having no first-liand knowledge of its bases, may also be limited to 
imitation and quotation when he attenii>ts to interpret its practi- 
cal meaning in a concrete case. 

However, let us suppose that we are attempting to teach as 
mueh of statistical method as can be compassed without the deriva- 
tion of formulas, teaching only statistical computation and as 
mueh critical intcri)ri]tation as is intellectually feasible to students 
who nmke no nuithenmtical derivations. What nuithenu^tics is 
essential to such a program? If we postulate a course in statistics 
stripped to a minimum of mathematical content and designed to be 
of the utmost practical help to tlie person who has studied no 
matlicmatics beyond the high school, what to])ics in secondary 
school mathematics will be most needed? Here again it is neces- 
sary to make a declainier and to admit that there is no authority 
lor an answer save personal oi)inion ba^cd on a study of the needs 
and difiiculties of a good numy nuiturc students sufTering from 
mathematical anemia. 

The ([ucstion falls into two parts: Which of the topics now 
commonly taught in the secondary schools flo students of elemen- 
tary statistics use most? What topics not commonly taught in 
secondary srhuol nuithematics wrjuld be useful to the prospective 
student of statistics, snoi)le enough to be grasi)ed by liigh school 
pupils, and of sutlicient utility lor tlie social sciences to merit 
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consideration as possible additions to an already crowded cur- 
riculum? 

HI. Topics in Arithmetic and Algebra Most Needed koh 
Beginning Statistics 

Attitudes and Habits. For success in the general processes of 
elementary statistical method, it appears that mathematical in- 
formation and specific skills are less important than certain atti- 
tudes of mind which are sometimes regarded as by-products. That 
elusive thing wliicli we call mathematical ability seems to be more 
essential than mathematical training unices the training produces 
these habits of mind. If a student has forgotten how to handle 
radicals and logarithms he can relearn these techniques easily. 
If he has never rightly understood t!ie import of a formula, if he 
never knew what the solution of equations or the reduction of 
fractions were about but merely acquired skill in performing cer- 
tain tricks which produced an answer, if he thinks variable and 
unknown to be synonymous termSj if he has never seen arithmetic 
generalized into algebra, these are mutters much more serious 
than a total lapse of uiemory. Worst of all, if he is unable to 
think in tenns of symbolism, is frightened by algebraic formulas, 
panic-stricken when obliged to compute, and without conscience in 
the matter of accuracy, he has a heavy load of old habits to dis- 
card before he can hope for any progress in statistical studies. 
Fortunately, the ways of tliinking which the statistician would 
urge the mathematics teacher to inculcate and develop are ways 
of thinking which nmthomaticians also value highly. The fol- 
lowing are of central importance: 

1. Ability to Think in Terms of iiymbolit:m. The language of 
statistical theory and nu'thod is highly symbolic, and no other 
single ability i^oenis so closely related to success in this field as 
the ability to read meaning directly from symlnjlism. In a group 
of prognositic tests whicli we have been giving to students of ele- 
mentary statistics at the beginning of the fir.-^t term's work, a slu.rt 
symboli.sni test including only eleven items sliows a correlation of 
.55 with marks at the end of the first term. For so short a te.<t 
this is remarkable. When the symh(jli.<m test is made longer, 
the correlation will undoubtedly be still higher. Of all the other 
prognostic tests with which we have been experimenting, none, not 
even a .^andardizcd test of general intelligence, shows so close a re- 
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lationship to the term's marks. Even for the pupil who will never 
study statistics, this ability to use symbolism as a language in 
which to express his ideas is one of the most readily defensible 
aims for the teaching of algebra, though not one of the most easily 
realized. Teachers of high school mathematics can scarcely put 
too much emphasis upon translation from symbols to words and 
from words to symbols. In addition to practice in these two forms 
of translation there should be practice in expressing in symbolic 
form the pupiKs own ideas about quantitative matters, a sort of 
free symbolic composition. Ninth grade pupils enjoy this when 
the ability has bcoti developed by carefully graded exercises. It 
would be of inestimable value to those who will some day study 
statistical method. 

2. Conect Thinking About Variables, Hazy thinking which 
permits a i)upil to confuse variables with unknowns because both 
are often represented by the letters x and y may not be inconsistent 
with high marks in a high school algebra course, where it is often 
possible to achieve correct answers blindly by merely following 
the rules of the game; hut such confusion is a very serious handi- 
cap when algebra is to be applied to statistical method. For ex- 
ample, suppose we let r, represent the height in inches of one boy, 
0*2 the height of a second, and so on, Xn being the height of the nth 
hoy. Then the sum of all the heights divided by the number of 

boys will be the mean for average) height, or Mjj^—'-y-* Now 

clearly x is not an unknown here, for we are not trying to find the 
value of some missing ntnnber, but it is a variable representing a 
class of numbers to all members of which the formula refers. 

In arithmetic a symbol is always associated with the same 
number, 4 having always the same meaning no matter where it 
occurs. In algebra the pupil early discovers that x or n (or any 
other letter) may have one value in one problem and another value 
in another problem; but j^o long as he is solving such an equation 
£^j5 -|- 2 = 20. x has only one value for that equation. He sees 
readily enough that x may mean 6 in this equation while in an- 
other it may mean 4 or 7 or something else, but he is still essentially 
on the arithmetic level because during the discussion one symbol 
stands for one number, that number being temporarily unknown. 
To give the pupil a concept of variables is psychologically more 
difficult as well as more stimulating and ultimately more impor- 
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tant. This is one of the most valuable contributions algebra makes 
to human thinking and ought to be approacheil with care and 
thoroughnes#5. The enormous power of algebra is largely inherent 
in the fact that a single symbol can be used to represent every 
one of a chifts of numbers. Almost any bright pupil can learn to 
manipulate formulas nicrlmnioally, to evaluate the formula by sub- 
stituting given values of the variables, and to change the subject 
of the formula; but unless he has grasped the meaning of a vari- 
able he cannot think properly about fonnulas, cannot compose for- 
mulas to express relations, cannot have any idea of functionality. 
Unfortunately, many pupils can write glibly 13« -{- 7n = 20n with- 
out realizing that this means, "If seven times any number is added 
to thirteen times that same number, the result will always be 
twenty times the original number." If anyone doubts this state- 
ment it is only necessary to a?k a class to find the value of 
13.x 43 + 7 X 43. and to hand in all their scratch work, and then 
to note how few think of multiplying 43 X 20 and how many make 
the two separate nndtiplications and add the results. 

In statistics we deal eon.^tantly with variables, while only 
seldom do we solve cfpiations to discover the value of unknowns, 
and the student who has learned to think of x as .standing always 
for a single missing number has a mental handicap to overcome. 

3. Freedom from Fear. Among mature, educated men and 
women, graduate students with intelligence well above average, 
there exists a surprising amount of fear of anything .-savoring of 
arithmetic or algebra, old inhibitiims which arc rooted in arith- 
metic failu. and worries in the early grades, old strain.-? and 
anxieties which can often be traced back to a teacher who was 
scornful when an.«5wcrs did not come out right, or who tried to 
hurry children beyond their capabilities. It is u.^^ually a revela- 
tion to the student to discover that a considerable part' of the fear 
and worry which he hiid been attributing to the (liHiculties of sta- 
tistics actually hud their origin in early misadventures with arith- 
metic or al'tebra, iind when to tiiis discovery ho adds the di.scovcry 
that a little well-directed practice will ri\l him of his .sense of 
mathematical inferiority, he achieves a joyous freedom. But ought 
any subject to have such serious emotional connotations among 
men and women who are otherwise sensible and intelligent? Will 
the boys and girls who are being tauuht arithmetic, algebra, and 
geometry to-day have to carry a tiimilar load of emotional condi- 
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tioning toward mathematics? Have we even yet learned to adapt 
our teaching to the pupil so that he may work up to his individual 
capacity without being constantly humiliated and scarred by fail- 
ure to do successfully work which is beyond his capacity? Can we 
learn to teach so that boys and girls may have the triumph of 
becoming mathematical adventurers and discoverers and so se- 
cure a self-confidence which will be a positive force in building 
their personalities? 

4. Right Attitudes Toward the Outcome of Computation. The 
secondary school pupil usually considers his computations, his 
algebraic manipulation, his geometric reasoning, and his trigo- 
nometric analysis vindicated by the approval of a teacher or by 
agreement with published answers. Methods of cheeking do not 
interest him much; they seem like an unnecessary labor imposed 
by an exacting taskmaster when comparison with an answer known 
to be right offers a niore direct proof of his work. In statistical 
investigations there is no such authority against which one may 
measm-e his work, and methods of checking become of paramount 
importance. The habit oj- checking each step of a computation 
or of finding' two independent ways to reach the same result must 
be develoj>ed in any one who hopes to do valuable statistical 
work. 

The habit of ci^timating in advance of computation what is a 
probable value for its^ outcome and of checking each computed 
value by common sensie to see if it is reasonable will save the 
statistician much grief. Also, the general value of these habits 
makes them worth considerable . attention from the teacher of 
mathematics. 

A con^^cicnre about accuracy is necessary to the gnod statisti- 
cian. The correctness of his work is ordinarily taken for granted 
by his reader?, and only rarely does one man recompute the meas- 
m-es i>ul)lish(Hl by another. TTis work must stand by itself and he 
must h(» able to voucli for its correctness. He should be sensitive 
about the accuracy of his computations, of his tabulations, of the 
measurements from which his data were derived. Tie should rec- 
ngnixe that the nmnber of decimal places which he carries in his 
final results is a tacit pledge of the degree of accuracy of his origi- 
nal measurements, and that he should carry these results only so 
far as is appropriate to the precision of the original measurements. 
He must always realize that unless his problem is a trivial one, 
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the outcome of his computations may provide information on 
wliich will be based decisions of hnportance for human welfare, 
and that therefore he has no right to offer any but trustworthy 
work. 

What training can we give a high school student to develop in 
him this souse of responsibility? Answers are available for check- 
ing; why bother about excessive accuracy? No social conse- 
(luoncos wait upon the outcome of the usual algebra problem; a 
slip in the progress of a geometric proof can bring disaster to nu 
one unless it be to the perpetrator of the slip. Certainly a desire 
for accuracy docs not arrive as the result of verbal argument on 
the part of the teacher. 

Probably the best expedient is to make one pupil or a small 
iiniup of pupils responsible for securing data and computing the 
ifsults m some matter about which the class wishes to have in- 
liirmation. This may approximate the situation of the statistician, 
whose work has important social consequences and who is stimu- 
ated by the thought that the outcome may remain unknown unless 
he finds it. 

Information and Skills. For a course of the type we are now 
pnstulatmg the neccssarj- mathematical techniques are very sim- 
ple-skill and a degree of rapidity in computation, knowledge 
of arithmetic short cuts, ability to place a decimal point, to take 
square root, to road a mathematical table, to change the subject of 
a formula, to evaluate a formula, to transform fractions, to op- 
orate with complex fractions, to plot points on coordinate axes, to 
make statistical graphs and to interpret them, to draw the graph of 
a Imear equation and to know the import of the slope of a lino 
and to handle radicals. Tlie use of a .«lide rule, of computing ma- 
rhinos and of logarithms is highly desirable, as is also the ability 
to interpolate. 

The formula given below indicates the complexity of structure 
to ho oncountored in computing a coefficient of correlation; 

_a be 
X .V- • 



One should ho alile to change the form of this fraction as con- 
vonicnt and to know enough about radicals to deal with the de- 
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nominator. Again, it is necessary to evaluate expressions of the 
forms 

b\/T^^ VI - . a — be 

a — , and — , — - » 

^^Vl - f VI - 0' VI - b' VI - c' 

These suggest about the hmit of algebraic difficulty likely to be 
encountered in a first-year course in which formulas are not 
derived. 

IV- Statistical Method fok High School Students 

A Challenge to Teachers. Any one vitally concerned with 
the teaching of high school pupils and observant of the rapidly 
growing public need for some knowledge of quantitative method in 
social problems must be asking what portions of statistical method 
can be brought within the comprehension of high school boys and 
girls, and in what way the.sc can best be presented to them. If 
some aspects of statistical method are to be taught in high school, 
shall this be done by the mathematics teachers or by the social 
science teacliers? Shall a new course be created, shall a new unit 
bo afhied to the social science work, or a new unit be added to the 
work in mathematics? Shall it be required or elective, for seniors 
or underclassmen? 

These questions call for much study and creative teaching on 
the part of high school teachers with pioneering sjiirit, and there 
seems every renson to expect that the next decade may produce 
siccnificaiit changes in the program of both high schools and col- 
leges. The situation is full of challenge for those teachers of high 
school mathematics who like to leave the beaten path and adven- 
ture a hit, who are not afraid of the hard stu<ly necessary to 
prepare themselves for tenching in a new field, and who have a 
genuine interest in that type of social problem which can be ap- 
I>roachefl by a rjuantitative study of ma^fs phenomena. Sucli 
teachers will need first to make themselves thoroughly at home 
in statistical method, not merely with its elementary phases but 
with its spirit and some of its theory. It will be most unfortunate 
if teachers who have had only a six- weeks* summer course in statis- 
tical method are the ones who undertake this pioneering::. l)ccause 
the selection of material for a simple course is not in itself a simple 
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task, and cannot be well done by the person whose knowledge is 
elementary. 

Suggested Materials. As a starting point for creative and 
experimental work in organizing units in statistics to be added to 
high school mnthematics courses, the writer suggests a number of 
topics which she has taught to ninth grade pupils of average ability 
who found the material interesting, stimulating, and no more diffi- 
cult than the rest of their ninth grade mathematics. 

1. Graphs. Almost any good junior high school text now con- 
tains valuable material on the statistical as well as the mathemati- 
cal graph. Special emphasis should be placed on the criticism of 
published graphs, the analysis of their strong and weak points, and 
suggestions of alternate ways in which the same material might 
be presented, with the advantages and disa(Jvantages of each form. 
Most of the modern junior high school texts now include a treat- 
ment of the histogram and frequency curve. From tliese, the 
ciimulatwe frcqicency curve follows easily. If the raw frequencies 
are turned into per cents and two or more distributions are plotted 
on the same axes, the resulting diagram provides a way of com- 
paring two groups which reveals at once many things not dis- 
cermble from the original distributions. Such diagrams may be 
used to compare the work of two sections of a class on the same 
test, to compare the work of a class with published norms for a 
standardized test, to compare scores made by boys with those 
made by girls, or to compare the test scores made 'by a class at 
the beginning of a term with the scores of the same class on the 
same test at a later date. All of these comparisons are matters 
of genuine interest to the class. 

For later statistical work, it is valuable to know how to find 
the equation for a given line and this is not necessarily a task so 
difficult that it must be reserved for college courses in analytic 
geometry. Incidentally, this problem has as much intrinsic mathe- 
matical interest as its converse which is commonly taught, and it 
can be treated in a manner simple enough for ninth grade pupils. 
The pupils may be given a practical problem in measuring any 
two variables that have a linear relationship and plotting the re- 
sulting pairs of measures on coordinate axes. Because of slight 
errors of mcnsuremcnt--unavoidable inaccuracies which are due 
to the fallibility of human eyes and hands and measuring instru- 
ments—the resulting pairs of measures will cluster about a straight 
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line without actually falling upon it. After the data have been 
plotted, the pupil should draw the straight line which he thinks 
is the hest fit for this swarm of points. Then he should find the 
equation for this line of best fit. Such u problem may be used to 
open up a f^eneral method of deriving laws which express ten- 
deneies of physical or social data, to supplest the general method 
of curve fitting as employed in the various sciences, to extend and 
enrich the pupiVs underjitanding of graphs, and to introduce the 
idea of errors of observation, a concept pregnant with intellectual 
challenge if treated by a teacher who has grasped its philosophical 
import, 

2. The Percentile 5//n/c//l The simplicity of the percentile 
scheme (including median, deciles, quartiles, quartile deviation), 
its frequent use to define the standing of high school or college 
students on standardized tests, its wide usefulness for describing 
the performance of an individual in terms of his position within a 
group, the ease with which real problems within the comprehension 
of adolescents may be assend)lcd, and the fact that the process of 
computing a percentile ofTcrs an attractive application of per- 
centajre, an introduction to the i<lea of interpolation and a simple 
problem in intuitive geometry, all make the percentile system 
admirably adapted to the end of the junior high school mathematics 
cour.'^e. Most of the topics studied in a course in statistical method 
are so interwoven that no one of thcni can be truly understood 
without knowledge of many others. Because of this interdepend- 
ence of subject matter tliere seems to be a fairly circumscribed 
choice (if topics suitable for the secondary school. The percentile 
svFtem is one of the few topirs which can be studied satisfactorily 
without the vexation of continually needing an understanding of 
advancccl work to clarify its moaning. This is. moreover, a field 
in whirh fhildron can be eneourajied to i)roduce their own prob- 
lems, to make measurements and to use the percentile systeu) for 
reporting results to the class. This furnishes an opportunity for 
the pupil t() ir(»t a VHk taste of the thrill of original research and 
gives him a simple himruage in which to report the results of his 
own imlependent labors. This is less difTicult for the adolescent 
to understand than some of the problems in financial mathematics 
which the junior high school pupil is mastering, and its social uses 
are no les< real. 

3. Arcraij(\<. The concept of central tendency, or average, is 
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fundnmentnl to the way tlie modern man thinks about his world 
talk of the average length of life for various occupations, aver- 
age mileage we get per gallon of gasoline, average site of classes, 
average cost of commodities, average age of men and women at 
marriage, average salary of high school teachers, average age of 
children entering high school. It is well for i>eople to know that 
there is more tlmn one method for determining central tendency 
more than one kind of average, and that in some situations where 
the arithmetic mean is misleading one of the others may give a 
truer picture of the group. 

The arithmetic mean is easily mastered, likewise the mode. If 
percentiles have already been studied, the pupils know the median 
and are ready now to consider the advantages and disadvantages 
of each of these three averages and to discuss which is the be«t 
to use m a given concrete situation. While the harmonic and 
geometric means are used somewhat less frequently in practice 
they afford attractive ilhistrations of mathematical principles and" 
provide excellent applications for work in fractions and in log- 
arithms, and are probably not too difficult for high school work 
(Because 1 have not tried to teach the harmonic and geometric 
means to high school pupils, I hesitate to make a definite recom- 
mendation.) 

The discussion of averages provides an opportunitv to elarifv 
for the pupil the essential nature of statistical inquiry, to show 
Inm both the importance and the limitations of drawing informa- 
tion from individual cases, and also the necessity of broadeninc 
the scope of a study to take in larpe groups of cases in order to 
pcneralizc results of observation. For the sake of a satisfactorv 
Ufe among his fellows he needs to see that an average is but a 
partial description of a group, so that he mav not fall into the 
error of scorning individuals who deviate from" that average He 
can be shown the need for a measure of the variabilitv of a group 
as well as a niea.«iiro of its cenlral ten.iency. In the percentile 
jstem he has already scon such a measure, and he may be told that 
there is a measure of variability which poos with the arithmetic 
mean just as the quartile deviation goes with the median, but that 
It IS a little more diHieult to understand and that he will have to 
wait for further work in statistical method to find it. 

4. Relatiomhip. The tendency of two traits to be as.«ociated 
so that vK- . of them is large the other is likelv to be large 
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nli«o, or when one i« ftbsoi\t the othor is \\kv\y to he nhf^ent, \$ eon- 
btuntly untler dimisr^itm. Are the swiftest eoinputers the most 
ftceuvute? Does eilueatum iinin'ove moral character and hu'rea>e 
posvew of leadership? Arc the more intelligent people stronser or 
weaker physically than the Icjis intellinent? Does the study of 
Latin iujprove the clarity and beauty of style in Knglish eoni|)()- 
sition? What qualities are ussochUed with success in eollene? 
(.Questions which, like tliese, depend for an answer upon a measure 
of the interrelationship of two traits are innumerable. 

The computation of any ])recise measure of correlation soenis 
to the writer entirely out of the question for high school pupils, 
hut there arc throe graphic methods of presenting data of this sort 
which are useful, whidi give a roufih gra|)hic picture of the extent 
of relationship, and which seem within the abilities of hi^h sohool 
pupils, The writer Ims proved the second one successful with ninth 
jrrade chihlren of avmige intelligence. She has made no expiM'i- 
ments with the other two foi high leliool cliildren, but for older 
students they seeui at least as simple as the scatter diagram. 

Space should not he taken here to describe in dc^tail these 
methods of picturing relationship, and therefore tlie following brief 
paragraphs may not be clear to persons wlio are hearing of them 
for the first thue. The intention is merely to suggest to those who 
nave studied statistical method material which is suitable for high 
school use. Vsed by a teacher who understands the material thor- 
iiughly and who has a somewhat philosoohical view of tlie prob- 
lems of the relationshi|) of two variate , the material suggest (^d 
heiuw may open up a lu'w world to the sanlents. 

a) Diagram to Show liiinh Correlation. Supposfc t!mt ten 
eiglith grade pupils ha 'e taken a test in speed of computation, and 
their names have been set down in the rank order of their per- 
fDrmanee, Mary having made the best score, John the second, Diek 
the ihinl. and so on. Suppose also that \-'io same ten pupils have 
taken ti test in problem solving, and that the ovdcr of their scores 
here is somewhat different. John nov havnig first rank, Diek 
second, Hertha third, and so oik The record for the ten children 
is shown in the tahnhition on page 130. 

If tliere were perfect positive eorrelalion between speed of eoin- 
putatiiin and problem solving, one diild would have first rank in 
l)c)th lists, another would h.ave second rank in both lists, aiu^ so 
on. any chihl undcing the siune rank in both. If there were perfect 
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negative correlation between the two abilities, the child who stood 
first in one would be hij^t in the other, and the order of excellence 
would be exactly reversed for the two li,<ts. Evidently this situa- 
tion shows neither perfect positive nor perfect negative relation- 
ship, but there is a general tendency for the people who are high 
in one trait to be high in the other, and for people who are low in 
one to be low in the other also. Therefore we say that the relation- 
ship is positive, though not perfect. 

We will now draw two parallel line.s and will lay off on each 
ten points equally spaced, as in the diagram on page 131. Be- 
cause Mary has first rank in computation and fourth rank in 
problem solving, we will draw a Hp connecting the point 1 on 
the computation scale with the point 4 on the problem solving 
scale. Because John has seconrl rank in computation and first rank 
in problem solving, we will draw a line connecting the point 2 on 
the computation scale with the point 1 on the problem solving scale. 
In a similar way lines are drawn to represent the record of each 
of the other pupils, one cro?fs line representing the pair of scores 
for one pui>il. Whvn correlation is perfect and positive all the 
cross lines are parallel. The more crisscrossing there is, the 
lower is the correlation, and the loss relationship is there between 
the two traits. 

This form of diagram can be used to greatest advantage with 
a small number of cases, say less than twenty-five. The scatter 
diagram des(»ril)e(l latcM* can be usoti for very large gr(nii)s, 

A class nmy be divided into snuill connnittees, each committee 
being res])onsible for a report on the relationship between one pair 
of traits, so that when the charts from all the connnittees are 
assembled they will illustrate a number of different problems, 
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showing varying degrees of relationship, some high and some low. 
Tnlt^ss t!io pupil sees a variety of such diaRrams he is likely to 
attaeh too nmoh inii)ortanee to the particuhir shape of the one he 
has drawn. 

Psychologically, this use of a graph to portray a statistical re- 
lationship is widely dilTerent from the graph of a mathematical 
function and should be attempteil only by a toucher who has insight 
into the nature of statistical inference and who can bridge the 




rather dillicult ^iip between a nuitlieuiutical function where there 
is a perfect cr)rr(^?^p()ndonee betwecui two variables and a statistical 
situation where the (le{)eii(leiice is only partiuK Parenthetically it 
may be said that the writer is convinced that it is iwycbologically 
easier for children to learn the luatheuiatical graph first and the 
statistical grai>h later as an aj^plicatioii of the niathcmatioal graph, 
than to use the statistical graph to pave the way for the mathe- 
matical graph, as is comnumly do!ie in junior high school texts. 

b) i<cattcr Diayram, Material of inimediatc interest to the 
clas:) can be readily found for a pr(d)lem in plotting a reatter '!la- 
gram. This is an easy extension of the work in plottinf; points on 
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coordinate axes and of the use of a step interval as studied in the 
drawing of histogranjs and frequency curves. It results in a swarm 
of points as did the experiment described in the discussion of find- 
ing the equation for a line. When the scatter diagi-ani has been 
set up (see any elementary text in statistical nu'tliod for the 
procedure), marginal frequencies should be found ami the mean 
or average for each of the two traits should be computed. The 
value of each mean should then be indicated (m the scale of the 
appropriate trait, and a line drawn across the diagram at that 
point. The lines of the two means then divide the area of the 
scatter diagram into four quadrants. The class may be asked to 
note the number of cases which are above the mean "in both traits, 
below in both, or above in one and below in the other, and they 
may be told that when most of the cases are either above the nieaii 
for both traits or below for both, the two traits are said to show 
positive correlation; when most of the cases are above the mean 
for one trait and below it for the other, the correlation is said to 
be negative. This is of course a very rough statement, but ninth 
grade pupils understand it. They can also understand the general 
import of the appearance o. the scattei diagram. When the corre- 
lation is high, the dots tend to cluster closely along a line; when 
it is low, they tend to scatter indiscriminately over the diagram. 

An exceptionally mature class can go further. They ean com- 
pute the mean for each vertical column in the table, marking its 
position by a small red dot, and then can draw the line of best 
fit for these red dots. In the same way they can find the mean of 
each horizontal row, marking its position with a small blue dot, 
and can draw the line of best fit for the blue dots. These two 
lines are called regression lines, and they should intersect each 
other at the intersection of the means of the two traits mentioned 
in the preceding paragraph. If we find the slope of the fir.«t lino 
to the horizontal axis and the slope of the secoml line to the vertiral 
axis, and if we multiply these two slopes together and take the 
square root of their product, that square root is the coefficient of 
correlation. Thu work would seem to be appropriate only for 
advancetl pupils in an elective course. 

c) Histograms Shoiving Relationship. The use of hi.stograms 
to show the interrelationship of two vui-iates may bo illustrated 
by data gathered in our elementary statistics rhisscs at Teachers 
College. At the first meeting of the rlass in tlie fall a battery of 
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prognostic tests was given, the results from which were compared 
four months later with the record which the same students made 
in the first semester's work. Among these tests was one composed 
of thirty statements purporting to be algebraic identities, and tlie 
students were told to indicate which of these were true and which 
false. 




Of ^ 3 ^ 5 <b 7 a 9 /O // /J M /*> /7 /4 JO 2/ Z4 /5^ft ^7 ^^ 29 JO 



Kiia'HK 1. SniHKs OF 151 Sti'dknts in a TRni-KAi.sE Test of Algebraic Rela- 
tionships, Tn\cHwis College, Seitemh^^r, 192S 

Black portion rcprf-.<cnis thirty- two stiulonts scorinj? 27 or more. Cross- 
liatfheci portion roiu*(»<f»nts forty st u(l(»nts scoring 18 or loss 

Figure 1 is an ordinary histogram showing the dii?tribution of 
scores on this true-falsc» test, the area which reprosonts students 
with scores of 27 or more being l)hick, the area which represents 
students with scores of 18 or loss Ijoing shaded by erosshatrliing. 
rii{»re are 32 cases in the bhick area, 40 in the urea sluulcd Ijy 
crosshatchinf!;, and 79 in the niiddle area, which is shaded by wide 
iliagoiial lines. 

Fi.u:ure 2 is also a histogram showing the distribution of semester 
gra<l('S inaile by these same students in the eoursc in statistics. 
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Those grades are stated in nwh a way that the average grade is 
approximat^^ly 50, From the original data sheet, not reproduced 
here, the squares on this second Idstograin are shaded to correspond 
to Figure 1. If a student liad an algehra score of 27 or more, the 
area allotted to him in this new histogram is hhu-k. If he had a 
seore of 18 or less, the area allotted to him ij=i indicated by cross- 
hatching, 

A very clo.se relationshij) between semester grades and algebra 
scores would show the black squares all at the upper end of Figure 
2 and the crosshatched squares all at the lower end. A complete 
lack of relationship would show hluck. crosshatched, and wide 
diagonal lined squares scatteretl at random over the area of t' j 
polygon. Colored crayons may be used to advantage, If a more 
careful study is desired, the students might be numbered in the 




FiorRE 2. Skmkstkk Gkadkm ok lol iSTTDKNTs f)F Kt.kmknt.\|{Y Statistical 
Mkthod, Tkacukks ('(h.i.wik. Janimuv. IW,) 

lUuck ])ortinn r-t rosonts tliirty-tvvc siiulfiif.'< ,<connir 27 or more in the 
ulRobra tost. Crossh ^chcd soction "opn*M*nis forty sti:rli*nfs .^corin^ 18 or loss 
in iho alKobra test 



order of their scores on the algebra test, and these numbers written 
into the squares on both cHagrums. Then it wouhl he possible to 
make a case study of the student who Uiul a hijrh algebra score 
but made only 36 in semester grade and of the student with a low 
algebra score who came uj) to 58 in soncster record. 

Statements of the following tyiK* can he derived from this 
graph: Of the 22 students with lowest semester grades, only one 
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had a high svoyh on the algebra test. Of the 27 students with 
highest seniostcr grades, only one had a very low algebra score. 
Of the 58 studcnls witli ^icMnestor }?rades above 52 (more than the 
upper third), only four i.ad a very low ulgebra score. Apparently 
knowledge of algebra is not a suflicient condition for high semester 
standing, but it seems to be almost a necessary one. 

The Outlook for Instruction in Statistics. At present our 
graduate schools contain hundreds of students of statistics who 
have an inade([Uate background of mathematics. They struggle 
agaiufft unnect\'<:<ary oddn^ because in tlieir high school and early 
college days no one revealcil to tlicm the vital contributions which 
mal hematics may make to the solution of hunuxn problems. If 
they had seen then that *^tlie c^ocial sciences, mathematically de- 
veloped, are to be the controlhng factors in civilization," as W. F. 
White has phrast^d it, they might have elected more mathematics 
or they might have approached the mathematics which they took 
with a mind-set which would make it function better when needed. 
If they had begun the study of statistics earlier in their educational 
career, there would still be time to acquire the mathematics which 
they need, but making the acquaintance of statistical method only 
after their graduate work in some other field is well advanced, they 
find themselves in a very difficult position. 

Colkge courses in statistical nicthod are multiplying with great 
r:i{)idity, and the number of students enrolled is multiplying still 
more rapidly. In all probability it will before long become cus- 
tomary to rccjuin; an elementary course in statistical method for 
undergraduates who major in the social sciences — inchiding psy- 
chology, education, and biology — just as laboratory work is now 
re(iuired of those who major in the physical sciences; and then it 
will probably become customary for a course in the mafhcmatical 
theory of statistics to be considered an essential part of the work 
of a college department of mathematics. When these requirements 
are made, certain topics are almost certain to sift down into the 
work of the high school. 

Do the teachers of high school mathematics wish to leave to 
the social scienee teachers the responsibility for instruction in quan- 
titative methods of studying nuxss phenomena? 
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By II. EMMETT BROWN 
Lincoln Sc'iool. Teachers College, Columbia Univemty, 
New York City 

Natural Philosophy. Modern high school physics takes its 
origin from certain courses called natural philosophy which, at 
least as early as 1729, begun to appear in the academies of Eng- 
land. By the middle of the eighteenth century, they were so 
well established that several texts had appeared. 

Natural philosophy was one of the subjects studied in the 
academies in this country from the first. In 1754 we find one 
Reverend William Smith teaching "natu-al and moral philosophy" 
at the "Publick Academy in the City of Philadelphia." ' It was a 
part of the curricula of the English High in Boston (founded 1821) 
and of the first public high schools in New York (1825). 

These courses in natural philosophy were decidedly different in 
character from the college physics of that time and from present- 
day high school courses. They were descriptive and nonmathc- 
matical even where the need for mathematical discussion was ap- 
parently clearly indicated. Largely because of this lack of quan- 
titative treatment, the texts somewhat resembled those that might 
be used in some of to-day's courses in "Applied Physics." One 
te.\t, Ferguson's, which enjoyed considerable popularity from about 
1750 to 1825, devoted sixty-two pages to machines and forty to 
pumps. As Mann * indicates, these texts wore attempting to meet 
the demand for secular information whid. the cla.ssics were tmable 
to supply. In many instances, the authors were men whose major 

• Tills chapter will deal with high wliool i.h,vsl,.« only. Ina.Miin.-Ii ax ii sliiillnr 
treutiiii-iit for collpge physios hns nlrcmly uppnired. (Si-m ronu'cicm. a. K.. Trutnlng 
in High Srhool Sfatheinatirs J-JKHtntiul for Hufcr^x m Crrtinn Coltruv .suhjeam 
Contributions to KUucatlon. No. 4ii:{, Humiu of I'libHcatlon.-;. 'IVn.-hcrs ColleBe 
Columhln T'uh-crslty, 1930.) In tUlfi dlwiisslon. hmvi.vi.r, not only Uii; m.ithi.miitlcs 
that Is np<M.ss.iry for hu.ti..<s In IiIkU m-hool physl.s will 1,.' illsrussfil. but also the 
K<«ui'riil func-tlon of ni'itlu'niiitic-s will be t'mpluislz-l, 

' lirowM. H. H.. Thv Makiny of Our ilidiile itchuoln. I.onKiuttiis, Orpcn gt Co 
I!)oa. 

» Mann, C. K., The Teaching oj I'hynU:*, p. Thu MacmlllttD Co., 1912. 
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interest lay in other directions. Very frequently they were clergy- 
men. Their purpose was "to bring the rapidly increasing scien- 
tific knowledge of the times home to young people, without try- 
ing t(^ force upon them that study of mathematical forms and 
their interrelations which was characteristic of the university 
physics/' « The character of these tcxt.s and their nonmathemati- 
ca! nature can best be illustrated by the following quotation from 
the 1846 edition of The System of Nafnral Philosophy, by J. L. 
Conistock, a physician. (The numbers refer to sections of the 
original.) 

80. If a rock is rollfd froiu a strop mountain, its motion is at first filow 
and pontlo, but as it procoods dowmvards it movos with perpetually increased 
velocity, sceminp to fiitthor fro.<h c^pooii every motnent, tmtil its force is euch 
that ovoiy obstaclo. is ovrrconie; troo5 and rocks are beat from its path, 
anil its mi ' *n does not coase until it has rolled to a great distance on the 
plain. 

It 18 found by oxporiuicnt that the motion of a falling body is increased, 
or accelerated, in rejiular mjithematical proportions. ... It has been ascer- 
tained by experiment, tl a body, freely falling, and without resistance, 
passes throupli a distance oi sixteen feet and one inch during the first second 
of time. Leaving out the inch, which is not necessary for our present purpo.se, 
the ratio j)f descent is as follows. , . , 

90, If the heiuht through which the boily falls in one second be known, 
the heidit throu.uh which it falls in any projnwd time may bo computed! 
For since the height is proportional to the square of the time, the height 
through which it will fall in two seconds will bo jour times that which it 
falls through in one seeond. In three seconds it will fall through nmc times 
that space; in four seconds nixtrcn Huwh that of the first second; in five 
seconds, lirmty-jire times, and >o on, in this proportion. 

Just how far modern [)hysies has departed from tlio spirit of 
suHi writing may ho disclosed by a glarco at the portion of any 
present-day text (lealii:pr witli this same topic. The factors chiefly 
responsible for the character of books? such as Comstock*$ were at. 
lea.^t three in number: 

L The increasingly rapid introchictiori of machines ihto all 
brunchcf? of industry with the accompanying demand for more 
information about these devices. 

2. The refusal by tlu^ eolIe.f?es to accept natural philosophy .^s a 
fit subject for college entrance requirements. 

3, The belated survival of tlie naive, philosophic, nonexperi- 
mental point of view of mediaeval science. 

*.MHnn. C, H.. op. oils 



ERIC 



138 



THE SIXTH YEARBOOK 



The Quantitative Nature of Mod irn High School Physics. 

It is beyond the scope of tliis ehapter to discuss in detail all the 
influences that have detennined the character of pro^^ent-day hijrh 
school physic? . However, any attempt to get a perspective of the 
subject which failed to take into account the influence of the col- 
leges would, indeed, be incomplete. This influence was felt in many 
directions, and is concoalcil in many factors which, apparently in- 
dependent of the university influence, exercised their effect upon 
the developing subject of sccordary school physics. In 1872, by 
recognizinj: physics as a subject suitable for college entrance credit, 
the colleges hastened the disappearance of natural philosophy from 
secondary school curricula. Thrre followed a period in which the 
dominance of the higher in.^titutions of learning was undisputed. 
They had set the sta'np of their approval upon the new subject and 
insured its vigorous growth. What was more natural than for the 
subject of physics to acknowledge its fealty and to plan its courses 
to be as much like those of its sponsor as possible? Since the 
model was the college physics course, a very great emphasis was 
placed upon thr standardization of subject matter to this pattern, 
to the mathenmtiual side of the work, and to a general utilization 
of physics for its disciplinary values. The inevitable followed. 
Enrollment in physics dropped from about 23 per cent of all high 
school pup:^'=5 in 1895, to U per cent in 1915. and to 9 per cent 
in 1922. Some of this drop must be discounted as due to the re- 
moval of the subject from required lists and to the increased 
diversification of the high school ofTcring. However, making all 
po.ssible allowance for such factors, it is quite evidc^nt that there 
has been a real falling ofT in enrollment in the .subje^'t, in .spite of a 
strong reorganization movement, which began about 1905, and was 
featured by the report of the science conunittec appointed by the 
National Education Association. 

The Movement Against Mathematics. One of the features 
of this reorganization has been the assault upon the mathemati- 
cal portions of the suhject. There has unquestionably been too 
great an emi)hasis upon this feature r^f the work. So long as the 
disciplinary theory n{ ethicMtion held, the place of mathematics 
was clearly indicatcfl. The more dilficult and rigorous the coiu'se, 
the greater the disciplinary value gained by struggling through it. 
Then'fore erlucr.tors made the subject more stringent by insert imr 
great numbers of niathematical problems. Tradition was with 
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them; their iiiodel, college physics, had been featured by rigorous 
inathoniatiral discipline for a Umg time; problems requiring mathe- 
matical fiolutioiis are the easiest to devise and correct; to require 
a (dass to solve several hiimlred problems was an assignment that 
was clear-cut and definite, and what is more, was easy to check for 
complete^ pcrfornianco. Physics too frequently degenerated into a 
meaniiitrless jug^linfr of alj;ebraic formulas, devoid of significance 
for (nMier physics or mathematics, A law woidd be studied and 
then '*pi'^'v^'<l*' — though it coidd be — by m(\ans of a few read- 
iiigs taken in the laboratory (very likely judiciously manipulated 
by the budtling scientist in an attempt to make the "proofs more 
satisfactory!.* Then woidd come the deluge — the solution of large 
nmnh(Ts of problems based on the law and using the particular 
formula, which in so.ne mysterious fashion was a shorthand expres- 
sion for the 

A reaction was inevitable and, as often happens with such phe- 
nomena, it went too far. It was advocated that physics should be 
stripped of its mathematics and made into a subject almost en- 
tirely de«cri[>tivc. Thus Micheison, one of America's foremost 
physicists, proposes ''for discussion the feasibility of a plan for 
the teaching of physics whifh avoids as far as possible the use of 
mathematics of even the most elementary kind, and which gives 
to till science of measurement only a secondary importance,'' 
Adams* sugrrests, '^Mathematics should be used verj^ little in the 
class in physics except for the solution of problems which are in- 
troduced in connection with the laboratory work to generalize and 
establish laws from given data." 

Opinions such as these were widely circulated in the profes- 
sional literature of a few years ago. It seemed necessary that 
every high school jihysics teacher take a stand either for or against 
the dematliematization of his subject. If it had not beCxi for the 
influence of the colleges, it is possible that a form of physics simi- 
lar to the old nattu'al philosophy might have gained a foothold. 
As it is, the force of the movement is manifest in the perpetuation 
from year to year of various hybrid com*ses in Household Physics, 
Applied Pliy.^ics, Physics for Non-College Students, and the like, 
Mor'' recently came a swing in the other direction. The cry went 

* i:in.^totn W n p<irtpd to hav» salfl. "No nmount of pxpprlmentntlon can cv^r 
pmv»» inn r!;;ht- A sin;;lp rxp^^r'nu'nt may nt any time prove me wronj?,'* 

< .\il}ini^. ,T, W.. Cnrrrfatinn iirtwrrti }fnthrmnt{r9 and Phynicn in American Jfiffh 
SrhoolJi, Manter's thesis. Teachers Con*'ffe, Columbia University* 1002* 
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up that the basic outline for the physics course should be the same 
for all. moflifieations in specific content being made to fit the 
needs of individual classes. Above all, "demathematization must 
stop." • 

As we look back over the contested issues from our vantage 
point in the year 1930, we realize that much of the time and energv 
devoted to the discussion of this problem has been wasted. Once 
again we have been the victims of our educational myopia which 
renders us unable "to see the forest for the trees." It is as though 
a convention of carpenters should become engaged in a heated 
controversy over the advisability of di.sparding the hammer in 
future building construction, when no superior sub.stitute is in 
pjght. The question is not whether they should, or should not, 
employ the hammer, but rather, how means can be devised to 
instruct members in the more efficient use of all the tools of their 
trade. 

So it is in physics. There is no question of whether we shall 
curtail the use of mathematics as much as possible or expand its 
use in all directions. To debate the question is to distort and alter 
the whole prohlcm. Rucli discussion predicates a phvsics course, 
a main objcrtive for which is: To show how the science of physics 
may be used to illustrate mathematical processes. Our problem is 
to devipe means to employ more effectively this tool of the scien- 
tist's trade. 

The Role of Mathematics in High School Physics. Rusk • 
.says in this connection: 

Tliopp who are crying for .wondary sohool pliysics to throw off fhn burdon 
of tn.'ithpmatirs and bpcotno dcscriptivo. shoiilfl carofullv rnconsidor thnir 
position and what thoy moan by doscriptive. Mafhomatics should rortainly 
not bp loadod on tho hich .«chool physics pupils a.'^ a biirdon, but withou't 
tho adequate i.sp of mathomatiral form.s neither methods nor appreciation 
of precise thinkini: about physical phenomena can be develope.l. What Is 
neoded to-day is not an attempt to develop embryo mathematical phvsieists 
but a more frequent use of simple mathe-natieal forms by nil Even in 
elemental- physics the pupil should be Ird to look upon the mathematics 
he uses as either simplifying the .subject and makinR it more intelligible 
or as maktnit it directly applicable and useful. More mathematics than the 
pupil can thus consciously awimilate is useless and confusinj?. 

Rusk is hero suggesting certain specific aspects of the funda- 

^.'honl I'h.vsl-s.- f!fl,onl Rrvlrw, Vol. 2H : .S!)-4;{, ims. 

'Kiisk. RocPrs I... Kmt- to Trarh Phmiro. p'.^f .i. n. Mpplnrott Co., 1!)2.1. 
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mental concept of mathematics as a tool To these we can add 
certain of our own, so that the list now stands as follows: 

Mathoinaties can be used in connection with high echool physics: 

1. To simplify the subject and make it more intelligible. 

2. To make it directly applicable and useful, 
3* To enrich the concepts of ph^'sics. 

4. To .<how the interrelations of the various divisions of the subject matter, 
(The vfU'ious items in the preceding list are not mutually exclusive. A 

single nuitheniatical operation may be user! in more than one of the above 

connoctions.) 

Illustrations of these uses will l)e brou.ulit out in a later section 
of this chapter. 

But is tliis a conception of the role of mathematics in physics 
that is at all new? We have already seen how it was of use when 
pITysics was taugl t for its disciplinary values. Let us look at 
mathematics used in a different fashion by the mathematical re- 
search physicists b( fore we decide. 

Many years ago, Nichols and Franklin in a preface to a text 
in physios said: ^'Calculus is the natural language of physics/' 
Others have expanded the statement to include all mathematics, 

A slightly different point of view is shown by the statement of 
another author, when he says, "The finished form of all science is 
mathematics." 

Witl^ the recent discoveries in physics, the relationships between 
the frontier physics and its language, mathematics, have subtly 
altered. Matlierratics is often no longer the language — it is the 
speaker itself. The scientific phenomena which mathen atics has 
interpreted have been replaced by mathematical formulas which 
lire probably not capable of being translated into any sort of 
nicohanioal modr^l. Indeed, wo aro warned against making the 
iittompt. 

This now variety of spacp. Kinstein m:ikes no attempt to visualize. Its 
dffinitinn is strictly and severely mathematical. ... In snch a space Einstein 
has found it ]u)-sihle by meanj^ of thr calculus of tensors to build up a srlf- 
cnnsistpnt ppomctry: and in terms of such a space he has formulated a 
jronoral mathf^matiml thoory which as one special casn reduces to MaxwolPs 
equations, and as unother to the equations of Einstein's gravitational theory.^ 

I do not maintain that this substitution of mathematical for- 
mulas for what w(^ have boon pleaserl to call physical reality is 

▼Ilpyl, r. R., Xnv ymntirr.^ of Phynics, p. 1^5. D Appleton & Co.. lO.HO. 



ERIC 



142 



THE SIXTH \'EARBOOK 



universal in modpin physics. I do maintain that it indicates a 
changed relationship. 

The rolo of niatheiiiatios in sccdndary school physics, at the 
present time, i.-^ probably midway between the two positions; the 
jne which it occupied in early high school phy.vics in which il was 
used as a ta.ekmaster to make the subject diflicult, worthy of in- 
clusion on lists of .subjects suitable for college entrance, and hence 
of great disciplinary value; th(; other which it occupies to-day in 
research physics. To our question, "Is this a new conception of 
the role of ma'' tics in physics?" we are forced to give a quali- 
fied ncgati\'e. The role of tnnthcnuitics as interpreter and siniplifier 
is not new. It has simply taken on a greatly increased signifi- 
cance in high school physics of to-day. 

An Integrated Physics Course. Before specifically illustrat- 
ing ways in which mathematics enriches high school physics, it 
will be necessary to develop briefly the point of view of the latter 
subject. 

It has been e\'ident for some time that one of the obstacles 
standing in the way of more satisfactory student accomplishment 
in high school physics was the manner in which the work was 
segregated into five water-tight compartments— Mechanics, Heat, 
Sound, Light, and Klcctricity. Such a procedure made it difficult 
for the student to gra.sp the underlying unity of the subject and 
hence to tie in each day's work with the course as a whole. Dis- 
satisfaction resulted, and poor learning was the usual outcome. It 
fCLMus necessary, then, to present the various divisions of physics, 
or any science, as part of a larger whole, or to state it difTeronH,,, 
to develop the entire course around some large, unifying concc>pt. 
This is not a new idea, nor is the concept difficult to obtain. Space 
permitting, it would he rather easy to show that the "Knergy Con- 
cept" is the one best suited for such a development. Mann," as 
far back as 1912. indicated how it might be used. Numerous 
writers of science works intendod for popular consumption have 
testified to it., importatu'c dleyl. Bridgman, Luckiesh, Jeans). 
In spite of this fact, textbook writers have lagged in producing 
texts developed around the (>nergy concept. A possible statemenl 
of the concojit for the physics course might be. "Physics is the 
study of energy and energy transformations which are basic to the 
continued existence of all life and to the universe it.self." 

•Mann. C. R., op. cit. 
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The Sim is pourinir out its oiuM'iiv uf :in oiioniMUis rato, millions 
of tons (if its sulisfanc(^ brins anniliilatcMl (not hurnod) each soc^ 
ond. Tliis (Mu*rjj,y travels out in all directions into sparo. Thv 
earth intenvpts iww two-hilliontli of it. Si)nH» of thifs enorjry is 
radiant licat whirli the earth ahsnrhs and transfornts. As a re- 
sult (d' its alN(iri)ti<jn, the euiMiry of tlu^ nmU'eules of the absorb- 
iuK boily i> iiMTra^^cd and varimis clTfels U'mperature c^hansxe, ox- 
patisioii. ehanue ni* statr nsiiK. Or by devious steps it uuiy bo 
sfdretl as jMitcnlial eiici vA* in eonl or in oioindain hd<es. 

Sdine of the sun's cmrLiy is visihh^ liiiht. which man controls, 
rediriM-ts. arid analyzes, that lu* may nvilize his universe, or ren- 
der his surmundinirs aesthetieally more satisfai*tory, 

of the iMimnuMiest funns is nieebauii^al rner^jv into wliieli 
bnth heat and li.iiht energy are frociuently converted. Hero wo 
study niacldnrs. the devices uiost conunoidy (Muph)yed l)y man in 
elTectin^ cn^r^y transfurmai inns. Sound is a form of energy trans- 
nutted by particles vibratin.u in a certain rcjiular fashion. 

KIcetricity. f if the nmst cunvenient forms of enerjry, is one 
into Nviiich all t..i others may be coavertoib Static electric plie- 
nomeiui ari^ due to the potential enerji:' of electrons; current 
phennmena. to the kinetic eneriiv of moving electrons (or possi- 
bly nuclei, or protons). Tlu^ operation of tlu* simple cell and stor- 
aue batt(MMcs. induced current^, radio, and nmnerous other effects 
are explained in terms of these moving electrons. 

This. then, is the thread which tics toRotluT the various parts 
of phy.sics. 

Ilmstkations ok TiiK TsK OK Mathkm.uio.s in Physics 
As has been inclicah^:!, there shcnild be no (piestion of wlu^ther 
or not Nve shall demntlnMnutize hiirh srhool physics, hot simply one 
of deteruduiiijii* lunv much mathematics is needed to accomplish 
any one of the four functioas of nKitheui;iti(^s {soe pa^e 141). an<l 
wbat are the bc^st methods for securing results. 

Examples of tlu* use of mat hematic^ iov this purpo>e follow: 
1, Energy Changes. A student will get cert.ain values from a 
mere discussion of the possibility of ch:injio from one energy form 
to another. lie will almnst cert.ainly p-t a great deal more if, at the 
appropriate time in the cours(\ mailieniatical developments fiueh as 
the following arc employed: 

<;) ( hiDiijinq had energy to yncchanicnl cncrgi/. 



144 THE SIXTH YEARBOOK 

Example. How much work can a steam engine, which is 8% 
effictent, perform for every pound of coal consumed? 

The question obviously involves the relationship between heat 
ami work. Is it a fixed one? The early work of Huniford and 
Joule, in particular, gives v.s the answer. Whenever a fixed amount 
oi work IS used up in producing boat, the quantitv of heat energy 
produced is always the same. The converse is equally true The 
relationship is that 1 B.T.U.* = 778 foot pounds. Each pound of 
coal when burned produces about 14,000 B.T.U. of which only 
89c, or about 1,120 B.TU., is utilized. Thus the engine tan do 
1.120 X .78 or 871,300 foot pounds of work. For each pound 
of coal, a 1,000 pound weight could be raised about 900 feet! 

b) Changing one form of mechanical energy into another form 
of wprhamcal energy. 

Example. An automobile, xveighing 3,200 lbs., is travelling at 
the rate of SO miles per hour. What is its kinetic energy? 

The problem in this form illustrates admirably what I mean 
when I say that it is nut a question of whether we shall or shall 
not diminish the amount of mathematics to be used in high school 
physics, but rather of the way in which we shall use it. At thi.s 
point the student will have had the definition of energy as "ability 
to do work" and of kinetic energy as "energy due to motion." 
And yet almost all texts are content to give problems which merely 
require the student to work out values for kinetic energy, a pro- 
cedure which is almost .sure to be meaningless for him It is re- 
motely possible that by requiring the .student to label his answer 
with the proper unit-foot pounds-the unit of work, he ^^m obtain 
ti fleeting impression that this kinetic energy may, in some man- 
lier. l,c con^•ertcd into work. Let u.s m.ike sure that ho realizes 
that this transformation <h.e.s take place by adding the following 
problem: 

The automobile hits a ..tone irall and /.s brouqht to a .-^top 
How great u the shock jrhich the bumper receives, if it bends 6"? 

Using our ordinary formula. K.E. = I^, we learn that the 
car has a kinetic energy of 96.800 ft. lbs. 'This amount of work 
must be absorbed in bringing the car to a halt. Now work is ob- 

'Thr. B.T.f. British Tl..T„ml 1-nit) tlir. anmnnt of l,r.,u rouniml to rfllx. 
the tpnipfrniiiip of i ib. of wai-]- I (lr.grr.e K. roMnirr..) to raU* 
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tained by the formula \Vz=zfXSf where s is distance, and F 
force. Hence if we set the 96,800 equal to the expression on the 
right where s is foot (6"J, we learn that the bumper receives a 
shock of 193,600 lbs. Is it any wonder that under these condi- 
tions the car would probably be wrecked? 

Or let us change tlie problem to read: What is the braking 
force, if the car is brought to rest in 100 ft, by a uniform applica-- 
tion of the brakes! Setting our (luautity of energy equal to 
F X again, using cs* =: 100 ft., we lourn that the braking force is 
968 lbs. This inoludrs, of course, the friction of the moving parts 
anil of the tires on the road, the elYcct of ciijiinc* coniprcssioiu as 
well as the actual force of the brakes. 

Hy setting up a problem involving tlio kinetic cikm'^v of a 
(IcsciMiding hannner, we can see why we .so easily lose our thuuib 
nails when we clumsily place them on the hoard in the path of the 
descending hamnu?r head, even though nothing disastrous haj)- 
pens when our hand is in the open where the distance over which 
the energy ran be absorbed is large, and ii(*nce the force is small. 
A similar problem will help us to utiderstand why exjierience has 
taught us to let our hands ''give'* with the ball, when catching a 
baseball bnrehanded. 

Certainly the stuihMt will be abk* to see that here is energy 
whicli can, indet'il ftntst, hv. absorbed in st»nie fashion. Better by 
far t(j leave cnit any mathematicnl consideration of kinetic encM'gy. 
in other words to demath(Muatize, than not to niatheniatixe suiU- 
cicnily to bring out all that is possible from the subject. 

r) Chafiging mcchauical energy into electrical energy. 

In heat engines the basic* energy change is from the heat energy 
of the coal or gasoline to mcchnnical energy and then to electrical 
energy. However, engines are rated at the maximum horse* i)ower 
which they can continuously deliver. IIene(» the following prol>- 
lem will help to make clear tl.e encruy change involved in this 
principle. 

I'!x.\MPi.E. ]Vhat is the n.axinittm dcctru'al power irate of i>ro- 
dueing energy) irliich a generatoi irhirh it< SiV/c efficient can de- 
rc/o/i }rh(.n driven by a J^O II J\ engine! 

The factor involved is the relationship between the electric unit 
of power, the iratt, aiul the nieehanical unit, the horse power 
(H.P.). We are tohl that 1 H.P. ^ 746 watts. Thus our 40 H. P. 
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engine could cause the generator to develop 40 X 746 X 80% or 
about 24,000 watts. 

We may carry tlu< (luestion further if we desire by asking, 
"How many 40 ivatf b'ljhts could snrh a plant optratv/" The an- 
swer is obtained, of course, by simply dividing the 24,000 by 40, 
which gives 600. 

d) Changing electrical energy info heat energy. 

Example. IIoic long would it take to heat a liter (about one 
quart) of icater from room temperature, 20°C., to the boiling point 
in an electric percolator which luscs ooO ivatts and ichich is 60%\ 
cjjiricnt? 

The (luantities involved are the unit of electrical energy, the 
watt aecond or joule, and the unit of heat, the calorie, which are 
related by the expression. 1 joule = 0.24 caloric. A calorie is the 
heat required to raise the temperature of 1 gm. of water I'C. 

The energy input into the percolator is in the form of watt 
seconds of which only 607o are available, due to unavoidable in- 
efficiencies of oi)eration. The number of seconds is unknown. Let 
this be represented by t. Then the number of watt seconds avail- 
able for transformation into heat energy is 60% of 550i or 330i 
watt seconds. 

Now each watt second equals 0.24 caloric, so our 330^ watt sec- 
onds is equivalent to about 79t ealorit'.-\ Putting it somewhat 
differently: in one scecmd the pereohitor will i)r()duee 79 calories. 

Let us turn our utteniion to the wator. There arc 1,OUO grams 
(.1 liter of water weighs LOOO grams; which are heated from room 
temperature, 20°C., to the boiling point, lOO^C, a rise of 80 de- 
grees. Hence 1,000 X 80, or 80,000 calories, must be supplied by 
the percolator. Thus it will take 80,000/79 or about 1,013 sec- 
onds, which is about 17 minutes, to produce the desired re.-»ult. 

We could, of course, give other examples of mathematical illus- 
trations of energv' changes, the conversion of light and other radiant 
forms of energy being the only ones beyond the scope of the high 
school course. 

A final energy change, most basic of all, is that by which the 
sun and other stars j)roduce their energy. Jean.s and "others have 
advanced as the nios'o tenable hypothesis tliat this energy is pro- 
duced by the direct change, or conversion, of matter into energy, 
mainly light and radiant heat. As a result of thi.; theory, we have 
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been deluged with sucli statoruotits as? these: There is enough 
energy in a piooe of coal smaller than a pea *'to take the Maure- 
tania across the Atlantic and bark"; or, In a single pound of coal 
(or for that nuitter a pound of any i«ub.<tanoe) there is sulHcient 
energy to keep **tho whole British nation going for a fortnight, do- 
mestic fires, factories, trains, power stations, ships and all,"^ 

But is there a fixetl relationship here, as with other energy 
transformations? Yes. for wc arc told that for every gram of mat- 
ter completely destroyed 9 X 10-" ergs of energy are produced. Or 
if we change that to more familiar units, for every pcmnd so de- 
stroyed about 3 X 10^" foot ])Ounds of cnerg>' result, Darrow 
reports that the earth receives (50 tt)ns of energy in the form of sun- 
light every year, or about of ^ pound a minute. That means 
that we are receiving in the form of light, radiant heat, and other 
forms of energy X3 XIO'*' foot pounds of energy each min- 
ute. That is about 7.5 X 10^^' foot pounds per minute, which is 
equivalent to about 2.3 X 10' ' horse power (230,000,000,000 H,P.). 

All of these energy changes are nuide more real and vivid by 
the realization that a certain quantity of one kind of energy may 
be converted into anotlior form and, by the proper mathematical 
equation, the resultant quantity of new energy computed, 

2, Definitions and Units. I have taken up the use of mathe- 
matics to illustrate energy chang(»s first, simply because these 
transformations arc basic to all of high si'liool physies. There 
are. however, other uses for niatlieniatit's than these. One of the 
most important is in clarifying and simi)lifying the defiiMtions and 
units of the scienoe. 

a) Work is a unit often used. We define work as that which 
is accomplished when a force acts through a distance, or, as it is 
sometimes defined, ''the ovorcoming of resistanee/' Son:etimes 
the proviso is athled that tin* forces nuist be measured in the direc- 
tion in which the motion takes place. Not a very clear-cut defi- 
nition, possibly. But how simple it becomes when we put it in vhe 
form of a fornuila. ir 1:= X i^, Juul illustrate it by such a prob- 
lem as this: much irork do you do when you walk to the 
top of a stairway 10 ft, high/ Assuming your w(Mght as 150 lbs., 
the answer l.oOO ft, lbs, is ohfaincul immediately, 

■ Jvans. Sir .lami's. Thr I'nirtrHv Aroumi Z"^. p. IM, Thi' .Miicminati Ccjinpuny. 

wUurrtiW, K. L.. Thr ,Vr<r \Vorld 0/ Vhi/sical OiMVoviry, p. Hiii), liubbn Merrin, 
1930. 
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We may use a sort of reductio ad absurdum method to further 
chirify the meaning by assigning and diseussing sucii a problem as, 
"You are pushing a lawn mower which weighs 40 lbs. How much 
work do you do in pushing it 10 ft.? Many will at first multiply the 
weiglit, 40 lbs., by the distance 10 ft., getting 400 ft. lbs. for an 
answer. But going back to our fundamental definition of work 
as force times distance, we realize that the force required to push 
the mower is not given when we know the weight alone. Con- 
sequently the problem as stated cannot be worked. Let us carry 
our problem further. Suppose friction is ncf^ligibly small. Then 
the work done, the product of this negligioiy small force and the 
ten feet, i.s itself negligibly small. In the theoretical ca.^^e when 
there wns no friction at all. no work would be done. .Suppose, 
though, v c wore to carry the nunvcr to the top of a flight of stairs 
ten feet high, could we then get an answer? Our formula n-cpiircs 
us to u.':e a force. Do we know it? Ves, it is 40 lbs., because at the 
earth s surface it requires a 40 lb. force to lift a ma.-ss of 10 lbs. 
magnitude. Our work is now 40 X 10 or 400 ft. lbs, 

By focusing our attention on the fact that we mmt use a force, 
the fornmhi has helped to eliminate the confu.><ion resulting from' 
two situations in one of which we can use the weight of the ob- 
ject and in the other of which we cannot. 

h) Another unit, the meaning of which i.v; clarilicd by a inatlie- 
muticul treatment, is the watt mrontl, or the more convenient, 
hirgcr. kiluiratt hour. It i.>* ea.>*y tu c.>*tablish the fact that the watt' 
i^ a unit of power. Now. power is define.i nuithcmatleally as 
work/time or W/t. A watt second then is a unit of power, II"//, 
multiplied by a unit of time, t. Dividing out tho t's we got simply 
W. In other words, the watt second is a unit of work, or electrical 
energy. Similarly the more practical kilowatt hour, which is merely 
a larger measure, is also a unit of electrical energy. 

Other instances might be given but these are probably suffi- 
cient to illustrate this important function of mathematics in high 
school physics. 

3. Laws and Principles. One illustration will he .sufhcient, 
I believe, to show how mathematics helps to clarify and enrich 
some of the laws of physics. 

One of the most important laws in physics is the .so-called 
"Inverse-Square Law" which states that the intensity of the illumi- 
nation from a given source varies directly with the strength of the 
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source and inversely with the square of the distance frona it. 
Stated algebraically: 

Illumination (foot candles) = ^Dittance^^^^ ' 
Let us compute the illumination at distances of 1, 2, and 3 ft. 
from a 36 candle power light. We get 36, 9, and 4 foot cancllos, 
respectively, numbers which bear the relationship of 9 to 4 to 1 to 
each other or 3- to 2- to 1'-. The original distances were 1, 2, and 
3 feet. The illuminations are in the inverse order and squared* 
Certainly this more vividly illustrates the real significance of the 
law than a nonmathematical discussion could possibly do. 

4. Structure of Matter. Without being inclined to demon- 
strate mathematically that it is all quite possible, populrr writers 
iu this held have usually been content to astound with statements 
such as the following, the two parts of which are apparently con- 
tradictory. 

If aU the molecules in a cubic centimeter (Ho ot a cubic inch) of hydrogen 
gas at ordinary temperature ami prw.^ure, were placed end to end in a single 
line this ''string of molecular beads'' would extend several million miles or 
manj' times the distance between the earth and the moon. In a cubic 
centimeter of hydrogen at atmospheric pressure and at the temperature of 
melting ice there are 2.7 X 10^ molecules, each having a diameter of 2.17 X 
10"* cm. 

(And then follows the part apparently irreconcilable with the for- 
mer statement about the '^molecular beads.'*) 

Less than a millionth of the total space [italics mine] is occupied by the 
hydrogen molecules under these conditions." 

We may very well ask how it is possible that these molecules 
should reach so far when placed end to end, and yet that less than 
a millionth of the space should be occupied by them? Small won- 
der that high school physics pupils reading such a statement put 
it down as another one of those things beyond their comprehen- 
sion. 

But let us see what mathematics shows. The distance the 
molecules will reach when placed in a line is the sum of their 
diameters. If we nmltiply the number of molecules, 2.7 X 10^', 
by the diameter of each, 2.17 X 10"^ we get about 6 X 10^^ cm. 
This is 6 X 10*' kilometers or about 3.6 X lO** miles, that is 3,600,000 

" Luoklorth. Matthew, Foundationa oj the Universe, p. 34. D. Van Nostrand 
i^ompany, lac, 1925. 
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luilos. Since the distance from the earth to the moon is only 
240,000 miles, we see that actuuily tiie niolecules would reach 15 
times as far as the moon. 

To check the statement about the space, we need to know the 
space occupied by one molecule, that is, its volume. We will need 
to assume that the molecule is spherical in shape, which is prob- 
ably not quite true. The volume of a sphere is given by the formula 
^o■^(i^ or % X 3.14 X (2.17 X 10 n\ or about 5.1 X 10"=" eubi.- 
centimeters. If we nmltiply this by the total number of molecules 
m one cubic centimeter, 2.7 X 10'". we --et approximately 14 X lO-'- 
or about 1/7,000 of a cubic centimeter. This does not agree with 
Luckiesh's statement. It may bo he is in error. Or perhaps our 
lundamental assumption that the molecule is spherical is wrong. 
If it were in the shape of a flat, elongated ellipsoid, the volume 
of each molecule would be greatly reduced without anVctiiicr the 
length (,f the "molecular beads." Or we may attemi,t rccoiuMliation 
by saying that tirs ugure. 1/7,000. rcprfsents the portion of the 
space that would he occuiiied by solid splunes of the same diameter 
as the molecule, while it is known tluit the molecule is far from 
solid. 

In any event, ti>e fundamental picture of a volume of gas in 
which the molecules when placed end to end will reach vast dis- 
tances, and yet in which the molecules are separated bv di.stances 
which are large in oompnnson with the size of individual molecules, 
is rendered quite consistent. 

One further illu.stration of the use of mathematics in the field 
<^f the structure of matter is afTor.led by the kinetic-molccuhir 
theory of gases. You will recall that this theorv in.licates that 
t!:-. molecules of gases are moving in a haphazard fashion in all 
directions and that when two gases are at the same tcmp(>rature, the 
niean kinetic energy of the molecules of one gas ecjuals the mean 
kinetic energy of the molecules of the second gas. 

At some time during the work on heat, the fact is brought out 
that the molecules of the gases are moviug at dinerent speeds and 
that those of the lighter gases arc the most rapid. Usually an 
experiment such as that illustrated is used to show this fact ex- 
perimentally. \\h,:n illuminating -ias is introduced under tlie 
bell jar. its molecules being .^mailer ;.nd of hi-l.er speeds dimise 
tl.-rnugh tl;(< i.orous cup faster than the u-olecules of air inside es- 
cape to the outsi.le. This produces an increased prcs.sure inside the 
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cup which pushes the indicating column down. On removing the 
jar» the reverse proooss takes phioe, a partial vacuum is produced 
inside the cup, and the indicating column rises to a point higher 
than that at which it stood originally. 

Now the explanation of this result, 
i.e., that the molecules of illuminating 
gas { largely methane CH4, carbon mon- 
oxide CO, and hydrogen H) are all 
lighter than air and hence move at a 
l.igher rate of speed, follows directly 
from the theory which asserts that the 
average kinetic energy of the molecules 
is the same. The mathematical state- 
ment is 



2g 



2g 




where xvi and Vt stand for the averaor^^ 
weight and average velocity cf tlie mole- 
cules of various substances in illuminating gas and u\i and v., similar 
(juantities for air molecules. Multiplying through by 2{j we get 

Now the average value for uu, the weight of the gas molecules, is 
less than for u^a^ Hence in order that the equation may be pre- 
served we realize that the molecules of illuminating gas nuist have 
u haphazard motion decidedly faster than that of the air mole- 
cules. 

If we desire to make the illustration more specific, let us take 
the case of oxygen and hydrogen. Again we have 

Now i: is known that the oxygen molecule is 16 times as heavy as 
that 01 hydrogen; in other words, that n'o=Uvru, Substituting 
tliis value for iv^ in the prec^^ding equation, we get 



or l(Sv,^=i\\ 



Taking the square root of both sides 

In other words, the average velocity of the hydrogen molooulos is 
lour times that of the oxygon molecules. 
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This is the hist of four types of illustration, chosen to bring 
out the various uses to which the tool, mathematics, can be put 
in high school physics. There are, of course, other illustrations 
that might have been used with equal validity. Let us reiterate 
our fundamental belief that no one is able to hand down ex- 
cnthedra opinions on the quantity of mathematics to be used in 
physics. We can only decide upon the quantity and nature of the 
mathematics we will employ, in assisting in the development of 
a certain specific unit, to perform those tasks of which mathe- 
matics is admittedly capable. 

Mathematical Abilities Needed in High School Physics 
Kilzer" has shown that, next to an interest in the subject, the 
outstanding factor contributing to success in physics is ability to 
handle the simple mathematics involved. This is merely a recent 
verification of something that many physics teachers have long 
believed. Most vigorous in their advocacy of this theory have 
been those teachers whom it helped to free from the responsibility 
for largo numbers of stutlcnt failure!^. When 25 per cent of the 
physics cla.s8 failed (and this was not at all uncommon), the 
teachers could wash their hands clean of the whole affair by ex- 
claiming, "What can you expect with the poor mathematical prepa- 
ration our .stutlents get in this school?" Such an attitude is in- 
fectious and many very excellent physics teachers, at some time 
or other in their careers, have rallied around the banner whose 
slogan is, "Blame it all on the mathematics teacher." 

As long us the doctrine of the transfer of training held sway, 
this attitude was bouiul to be widely accepted. To-day we realize 
that, whatever may be the responsibility of the mathematics de- 
partment, the blame for the large number of failures that have 
been c(.mnu)n in high school phy.sirs nmst be placed squarelv upon 
the !?lioul(Icr.s of one indivichial, the jihy-sics teacher. With this 
realization the saner point of view, exprcs.^ed in the following 
(lUotation, has gainetl recognition. 

The apparent lack of tmn:=f(.r of tminiiiK is liup to both the failure to 
rc-t:.ui whut wu., Ic^•,rnrM^ nnd thr failure. t„ sr. tmy common connectinK 
elcinonfs b..-twpon the Cwhl of niMt}K.nuitic.s un.l m.-ithnuatics in physics Poor 
work in the niathcnmf ios involv,.,! in physi,... is not ontirdy duo to the 

"Kllz..r r, K.. -n,.. Ar:ith..i„«tl..s .\ 1„ iii„h S.-l,nol I.1,vsI<.-h." ftrhool 

t'T'J"'^ J/aJ/„.mo/M..., Vol. ; ;{.iu.;i.ili. lie-!., (An ahstr«.-t of th^ author-B 
Ml. I). (HMwrtatloo ou tUlw KuhJiTt.) auuior 8 
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mathematics it^lf. . . . Thus mathematics and the understanding of the 
subject arc dependent on ability to read and understand material connected 
with physics; to understand what is said by tlie teacher and others in the 
class." 

Before attempting to solve the problem of what to do about the 
acknowledged inability of students to solve numerical problems in 
physios, tA*o questions need to be answered: 

1. What mathematics is actually needed for the working out 
of the problems in physics? 

2. How well can the average student handle this mathe- 
matics? 

Reagan solved the 241 problems found in one edition of Milli- 
kan and Gale's text, and analyzed each for the skills needed. He 
found that arithmetical processes were the most commonly used; 
addition being used 47 times; subtraction 37 times; multiplication 
422 times; division 2G6 times; common fractions (including all 
processes — reduction, addition, etc..) 97 times; as well as miscellane- 
ous skills with smaller frequencies. 

Algebra was used less df^en, the skills with their frequencies 



being: 

1. Tran^'lation of laws of jihyriii's into m:ithfmatical formula 9 

2. Derivation of form\ila from given mathematical relationship,. 6 

3. Selection of formula r)6 

4. Solution of equation with one unknown 11 

5. Solution of quadratic equation I 

(Not solvable by factoring.) 

6. Squaring a binomial 1 

7. Operations with sijinrd numbers 13 



Ctcometry was utilized with still less frequency. Only 16 
theorems, of which the most important were those dealing with the 
similarity of trian<rles. ])ropoitir)nalitic.s between lines, and the re- 
lation between the sides of a right triangle, were found. 

The use of triiionometry, solid geoiiietry, and the like, was not 
clearly indicated as necessary. 

As a result of this study, Keagan concludes that the demands 
on mathematical ability are not unduly heavy; that the knowl- 
edge of arithmetic is satisfactory if the student can multiply and 

^^(toss. AfildrtMl J,. <*tiuHrH of Failure in I/iph Svhffol Ph\fHirH» Contrlbutlonfl to 
K'lJi'-ntitin. Vm|. II. Wi)rlil litmk (.Nmuiany. Uj2x. 

"UraKun. <\. W.. "Tlic >r!ithpmatic8 IhvoIvcmI In SolvJnj? High St'hool Phytjlcfl 
ProblomH." HikntA .Vra/icr and MathimntiDi, Vol. 2**5 : 2y2«290» 1925. 
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divide integers up to 12 places and if he can app the laws of 
mensuration; that the ordinary geometry course is reasonably 
sure to be adequate preparation; but that algebra is the most 
likely to he deficient wliere work with formulas, ratios, and pro- 
portions IS involved, 

Lohr'» prepared a 28-problem test which he administered to 
classes in both secondary and junior college plivsics. He found 
a rather Inrso list of specific inathonintic^il abilities, such as the 
ability to determine the volume of a sphere given the radius, to 
nmke a luic graph of the relation i\= (F._32) and the like, 
ulueh could bo solved correctly by less than 75 per cent of the 
tneinber.s of both -roups; and a somewhat smaller list, .such as the 
sufitraction of decimals, and reducing inches to centimeters, the 
reduction factor beins given. tJiat could be handled correctly bv 
more than 75 per cent of the college group. The .secondary group 
was not significantly different. 

He concludes timt, on the whole, "pupils come to phvsics with 
i" nuu-ked ability to handle mathenmtics of phvsics"'; that the 
nmbihties can be determined; and that it is the duty of the pby^ic< 
teacher to identify tJie mathematics difBculties. to reteach" the 
mathematics needed, and to teach the physics of the problem situa- 
tion. ^ote the temperateness of this last conclu.^ion. There is no 
tendency to lay the blame on the mathematics teacher. Thvsic^ 
teachers have como to realize tliat be a student as well trained as 
.von plea.^e m mathematic.-*, unless the physics in the problem situa- 
tion IS well tauglit fliero will h, an unsatisfactory accomplishment, 
llie difficulties inherent in tlie situati(m. even when all these con- 
ditions have been met. is well brought out by Xyberg's '« criticism 
ol r.ohrs work. The writer points out ih.at .^ome of the inabilities 
revealed miirht he due to small difVerences between the wordiu- 
enmnionly employed in phy.<ics texts and that u.<ed in algebras 
IlK'se small dinVrenccs arc V(>ry likely twt to be explained awav in 
|f aching tliC phy.<ies of the problem. For example, one of the skilN 
in which large numbers of the students were deficient was the 
ability to fletcM-mine the per cent of error between the true and the 
measured score.-*. Nyberp pf)ints out that a st ident might fail to 

"■■ r.nlir. V.-Dfil <\. - x Sfii.l.v of tli- .Math.-imUlcal AhlllfiHs. Pnwors .•ui.i Hkn\H 
"s Shown l,.v tvrt.,l„ CImsm-s 1„ rhysl-al S.-l.-noo.- M,uol .V,..V«,-r ifa hl. 

I.hv'Ii^-"'"!: "'^ "•^'•"^^i'>" "f .SrflW.. on .Muth.-m.-ui.-al .\bilitl...s .-.n,! 

I iijshs, ,\rlm„l si irnir utiil MiiihrmtitUx. Vol. :!<) : a.!."), liiuil. 
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attempt the problem through not knowing \Yhether to compute the 
per cent error on the true or the measured score, even although, 
when the scores are reasonably dose, results are virtually the same 
whichever is employed. Algebra texts commonly indicate which to 
use as a base. 

Similarly, graphing the relationship C.= (F.— 32) % might 
have seemed more difficult than it is intrinsically, because the units 
for graphing wcro not stipulated. In other problems, Nyberg 
seemed to find violations of graphing rules, hazy instructions, and 
unfamiliar terminology creating artificial difficulties. 

All this serves to illustrate the complexity of the whole iirol)- 
lom. Bcsid(^ tcacdnng the i>liy/u'S of the problem situation, the 
teacher, in order to .secure reur?ona))ly satisfactory performance in 
problem ^-olvhig. will probably need to retcach the mathematics 
involved, identifying identical elements, and should also make sure 
that unfamiliar phraseology or deviation from niathematical prac- 
tice do not needlessly complicate matters. It is quite probable that 
Kilzer s suggestion that a i)rctc t of niathenuxtical ability be given 
early in the course is a good one. 

Wh.vt Physics Asks of M.vthem.\tics 
All of the .suggesticm.s of the preceding paragraph wore liasrd 
upon tlie assumption that the mathematical training of entering 
students is satisfactory. Let us: consider what steps may be {ixkvu 
to make this preparati^in of greater value in plij'^ics. takina* 
Ueagan s analy.^is a.^ a starting point for our progra jf niuthc- 
uiatical training* 

1. Algebra. Arithmetic is not conunoidy taught in high srliool. 
Sf) first wc will consider certain specific suggestions with r(*spcct in 
ulgo])ra. 

a J Fornndmi, An examination of recent textlmoks in algebra 
will reveal that a great deal more work with the formula is indi- 
cated than was common in earlier bonks. It is very pro])able that 
the tyi)C of wo*k Ijcing done in this line in the Ijcst of mod(M*n 
schools is amply t'(lc{|Uate for the needs of high school physics. 

More si)ecifically, a physics teacher might suggest that ample 

K 

l>ractice be given in solving a formula such as I^-^-iuv both K 
and R anrl, in general, that drill be given in .«!olvimr each of the 
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I.i:Xi:tu iH" 
t'xiKi'KM WlUK 

25 cm. 
50 cm. 
75 cm. 
100 cm. 



%'nl.TACiE 
l)Hin» 

1.5 volts 
3.1 volts 
4.5 volts 
5.9 volts 



fornuilas commonly encountered in physics for letters of the right- 
hand nicinhcr. In addition, considcral)lc practice should be given 
in obtaining the vahie of one symbol when actuul values for the 
others are givrn. 

Hoinetiiiics phy.sics students arc asked to examine data obtained 
in the laboratory or elsewhere, in an attempt to discern the rcla- 

tioiLsliip connecting two of the quantities 
involved. Sonietinics the data are exceed- 
i!:;,dy simple and the relationship quite 
exact . as in the table at the left: 

I'hysics teachers will recognize these as 
^ 'I'lta from the experiment showing the re- 
lationship between resistance of various 
portions of a circuit and the volia.ue drop around that portion An 
alizehra student will easily discorn that there is a direct reIation.«hip 
between the two quantities. True, it is not quite exact, but in view 
ot the fact that the.«e are experimental figures anrl lience .subject 
to the usual errors of experiment, a consistent mathematical rela- 
tionship is definitely suggestctl. 

Data do not always come out so nicolv; as. for example, in the 
table at the right which gives mi-.n>urcd values for the .listance 
covered by a •■frictionless" car, moving 
down a taut wire, in various time intervals. 

Here the relationship is at once less 
olivious. aiul les.-^ exact. If th'- ^tudent is 
to notice at all the tendency lor a direct 
proportionality to exi.st between the (ii.>5- 
tance and the Kqunrc of the time, he needs 
considerable exin-rience with a similar type of work. 

It is quite common in some high school algebra classes to a.-'k 
students to write a formula that will express the relationship be- 
tween the fpiantitics in a table. Th.c work of the two tables above 
suggests the desirability of including a certain number of problems 
in winch. ;is the data arc supposed to be the residt of actual meas- 
urement (and hence subject to error) the simple mathematical 
relationship betweeu the quantities may be sli-rhtly in error for 
some, or possibly all. of the pairs of measurements. 

b) Praportioji and Variation. Phvsies texts abound in such 
expressions as. -The density of air. or any -as, vm-ics directly as 
the pressure at constant temperature." And then as a mathemati- 
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cal equivalent of this law some such cxprmion as ~ = is given. 

The first time this situation arises (and it arises often), the begin- 
ning student is phuiKod into dilRculty. In n>any instances he has 
had no experience in dealing with ([U'-ntities that vary directly 
one with the other (although he may I ,ve handled an equivalent 
problem disguised under a different terndnology), or if he has, a 
method not employing a proportion may have been used. The 
nuithematies toaeher will be of very real assistanee here if the \isc of 
the subscript is taught to bring out the disliuetion between different 
quantities of the same kind. (Thus Dx. i^j. or JD^, D^, may 
indicate ditlercnt numerical values of density.) In addition, the 

D P 

use of expressions such as -rr- = ™ to show a direct variation be- 

P W 

twcen two quantities, and = to indicate an inverse variation, 
slumhl be thoroughly taught and utilized in a number of situations. 
The fact that ~ =. -.^ = -r,- —nr^ ^^^^^ ^'^^ '^^^> ^^^'^ 

equally valid as expressions of the same direct relationship, as well 
as the corresponding equivalents of the inverse variation, such as 
that given above, should also be brought out and tiioroughly fixed 
by drill. 

The method for solving proportions should also be taught. In 
addition to the u.-ual cross-product (i>ro(luct of the means equals 
product of the extremesj method, the various ways for first simpli- 
fying a proportion should be made functional. The following 
propcu'tions will nuiko this point clear. In each case before cross- 
multiplying the indicated simplification should be performed, 

36 ^ 9 
4* "9 J^iniphfy t^i^* nitio t(i p 

25 10 5 2 

. := .-P iJiviilu both muunnitor.^ bv 5. clum- iij? tu the form — ^ • 
J? 7 X ( 

Divide bc^th ch'Uomiuiitors by 4 (otiuivulcul to multiplying 

45 X both ^iilfs of the equation by 4), I'hiiugiug to the form 

8 12 45 ^ X 

T 3 • 

c) Other Opcraiiom, The other algebraic skills tipecifically 
indicated by the studies of Keagim and others arc likely to be 
thoroughly mastered in the usual algebra courM*, since wiule they 
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occur with a enmll frequency in physics problems they oceui)v a 
much more prominent place in the mathematics course. For'in- 
stance, Reagan found that in the 241 problems in the Millikan an.l 
Cale text only 1 solution of a quadratic equation and only 13 
operations with signed numbers were spocificallv required. 

While not funiiiuucntal to the solution of physics problems there 
are several toj^ics, not commonly included in an algebra course, 
which bear on the ability to handle the mathematics of physics 
1 aught in the algebra fla.ss, they would at once lighten the phvsics 
teachers burden and add topics which would be of interest in 
algebra. 

d) Metric System, Kven though many algebra students mav 
not go on to take a physics course, yet the increasing use of the 
metric system in everyday life amply justifies its inclusion in the 
mathematics course. The increasing tendency for authors of 
algebra texts to include a short section on the metric system hears 
testimony to the value of such a unit and to its fitness in a modern 
laboratory-type course. An opportunity is here afforded for cor- 
relation betNNecn the m.-Miematics and the physics department*. 
Metric rules, gram weights and balances, graduated cylinders and 
liter measures, all can be borrowed. Where possible, the meeting 
p.are of the aln:el)ra ela.^s may be changed to the physics laboratory 
lor the duration of this unit. The first strip-film roll from the set 
on Mechanics (sold by the fencer Lens Co..), uhich deals with 
t .e metrir system, may be shown with advantage. Not onlv is 
such cor-elntrd work helpful foi the physics teacher in rendering 
unr..-es.sar>- any detailed .«(u(ly for the metric system, Init it is an 
mtereshng variation from the usual routine of the algebra clas.s. 

e) The Slific Rule, If we accept the theory of the role of 
mathematics put forth earlier in thi.< article, we are forced to the 
conclusion that any device which .<imi)lifies the mere mechanics of 
multiplying, dividing, and the like, is worth while. The .slide rule 
IS such a (ieviee. We may summarize its advantages as follows: 

1. By reducing the amount of attention that needs to be devoted 
to the arithmetical i>roeesses by which the answer is obtained, 
It allows the focusing of a more undivided attention upon the 
phy.-ical jirinciplc involved. 

2. When i(s use is thoroughly mastered, a great deal of time 
paved. A greater mimhcr of problems may Ije worked, .a- 
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the time spent on the mathematical development of a given 
topic reduced. 

3. Its use prevents obtaining results with an entirei;> ^ctitiouj^ 
accuracy. If the measurement of the diameter of a eirr*!' 
sives 2,46 cm., the final answer cannot be accurate u 
greater number of places. We are all too familiar witli 
iinswors such as 4.75292664, which is obtained with the u?ual 
area formula, multiplied out 'Uonghand'' using ;i = 3.1416. 
in this answer, the latter tlecimals are of no significance what- 
soever as they were all obtained by a nmltiplication involving 
the doubtful measured figure 6 of the original measurement. 
The greatest number of places to which we are justified in 
(•arrying the answer is three, giving 4.75 sq. cm. for tlie area. 
The slide rule more or less automatically takes care of such 
situations. 

Xot (Mily is the slide rule of advantage in physics but the mas- 
tery of its operation is quite within the grasp of a ninth grade 
algebra student. In fact tlie manner in which multiplication and 
division are i>orformed can he taught in a very few minutes. 

The scales of a slide rule are logarithmic. Because of the de- 
creasing space between sucM'c^sive luunbcrs of the same order, the 
f^pacing in different parts of the rule is not the same. Between 1 
and 2, each of the smallest divisions indicates a value of ,01 of tlio 
whole space; between 2 and 3. and 3 and 4, .02; and from 4 to 10, 
the end of the rule, .Oo of a \vlif)Ic space. This inrlicates the folly 
of stopping with a nierr donionstration of the principle of the rule. 
We uuist insure nu abdity to interpret the scales Cjuickly and 
accurately— c'Ui ability which can be acquired only alter consider- 
able drill. The algebra student who, by himsch', will acfpiire any 
real ability to use the rule following a short dcnuuisf ration is an 
c.xcecMlin^ly rar(? indivirlual. 

The KfMifTel and Msser Company, 27 Fuit(Ui Street, \ow \'ork 
City, who lia\'e rnlcs that retail for as litilo as 7o crnts or one 
dollar (subject to a school discount), also manufacture a large 8' 
denu>nstration rule, an<l furnish helpful sugp^stinns on methods for 
teaclung the use of the rul(». In my own W(.rk. I have found 
minieofrmphed work sli(H'ts h(^I{)ful in this connection. On one such 
sheet, three flrawin^s of the 10'' scale, full sizi\ were shown. One 
showed only the major divisions, the second both m^jor and su*- 



160 



THE SIXTH YEARBOOK 



ondary, and the third drawing some of tlie smallest divisions. 
Questions were asked about the size of the different divisions and 
students were required to indicate the value of certain points indi- 
cated by arrows on the drawings. On a second sheet, magnifica- 
tions of portions of each of the three size divisions wore drawn. 
Arrows were directed to various points on the drawings. By esti- 
rnating the reading of each arrow, practice in using the scales, when 
the indicator does not coincide exactly with one of the markings, 
was aftordcd the student. Other work sheets give instructions for 
performing the various operations—multiplying, divitl-ng, squaring, 
and extracting square root, together with u selection of problems 
and answers. 

To do a thorough job of teaching the slide rule is not the easiest 
of tasks, but it gives the student a tool which is useful in many 
future activities. Furthermore, students like the work. In the first 
flush of their enthusiasm they will not multiply 2 X 3 except on 
the slide rule. It is the ta.sk of the algebra teacher to utilize this 
early enthusiasm to secure for the student.* a degree of confidence in 
the accuracy of their result? which will in.sure their turning to the 
rule as a convenient tool, and not as a novelty or toy. 

Since the slide rule is based upon logarithms,^nany teachers 
may feel that a knowledge of these is necessarv for mastery of the 
instrument. This rlocs not follow. In industry many persons use 
the rule who have only the vaguest of notions of the i)rinciples 
involved. That these persons are any the less accurate or rapid in 
their u.se of the rule hn.' yet to be shown. 

Criticisms of the slide rule sometimes advanced are that it is 
inaccurate and that it encourages rarele?? work. The slide rule 
has its limitation.^, of eourne. but it is amply accurate for most 
computations which high school student.'* are called upon to per- 
form, particularly where measured cjuantitics are involved, as in 
phy.*ics. By bringing out the jirinciple that an an.<wcr obtained 
by using measured (luaiititie.^ cannot be more aecnrate. except in 
the ca.e of an average, than the le;i.-t accurate (luantitv emplovcd 
m the computation, the value of the slide riili; in au'toin.atic.-illy 
••rounding-ofY" an.<wiM> will be indicated and lictitiouslv accurate 
answers will be eliminate.i. A discii.-iun „f significant figures can 
be appropriately t;iken up in thi.< connection. To the charge tb.at 
it encouratres rim-\vr^< work, I nee<l .-imply respond that one of the 
most imp(.rtant uses to which the slide rule is put, is that of check- 
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ing results of ordinary computation. In the long run, the use of 
the slide rule, by facilitating the checking of results, will probably 
increase accuracy. Any individual cases in which carelessness has 
followed its use are likely to bo the result of failure to impress the 
limitations of the instrument upon its user. 

/) Exponents. Any reader of popular science articles cannot 
help but be impressed by the number of numerical quantities such 
as 27 X 10^^ or 2.17 X 10 wliicli occur. This would suggest the 
desirability of adding to the usual work on exponents a more de- 
taileci consideration than is commonly accorded this portion of the 
subject. This work should include raising to a power; extract- 
ing a root; multiplying; dividing; changing a decimal to this form; 
changing from this form to a decimal. If, in addition, a real feeling 
for the bigness of such a number as 2J X 10^^ and for the minute- 
ness of such a quantity as 2,17 X 10 ** is developed, a valuable 
service will have been rendered the student, 

2. Other High School Mathematics. The investigations of 
Reagan and others have re\'t*aled tliat the snmll amount of geom- 
etry (16 propositions) recpiired in high school physics is almost 
certain to be sufficiently functional after the usual "exposure*' to 
the subject. 

Since physics is taught so;newhat more commonly in the 
eleventh school year, algebra and geometry constitute the usual 
preparation of tlie pupils in mathematirs. This being the case, a 
knowledge of trigonometry cannot be ' Xpcctcd. Knowledge of the 
simple functions, sine, cosine, and tangent, and also an ability to 
use a table of their natural values are helpful, but not necessary. 
This small amount of trigonometry is often h^arned in ninth year 
algehni courses. 

Some advanced schools are otToriiig courses in the elementary 
calculus in the senior year. With a physics group composed of 
seniors taking both .subjects, there i.s an opjiortniiity for correlating 
the Work of the two subjects in a few instances, notably in acceler- 
ated motion. Thus, taking the derivative of the ecjuation for the 
distance covered by a freely falling body in a given tune, S= MiQt'^i 
wo get dS/<lt = gt. But (l:</(lt is simjily a defuiition of velocity, 
so we have v — gt, Similarly, ta' ng the dcrivati\'e of this e(iua- 
tion, we get dv/dt = g, Agahi, rh^/dt is a definition for accelera- 
tion. These proces.ses will give a better insight into the meaning 
of the terms **acceleration'* and ''velocity,'' 



Ifi2 THE SIXTH YEARBOOK 

Tyler puts it (ispeaking of u college group), "I like to tell my 
stmlonts that the court will not accept v~s/t as a defense in 'a 
caso of over-speeding; that the automobile trap for obvious reasons 

uses—; and that our definition of derivative as speed merely com- 
pletes the transition to the limit.'' 

Of course, there are no problems in the ordinary phvsics text 
that require a knowledge of calculus for tlieir solution. 

Correlated MATiiEMATics and Phvsics 
There have been widely varying opinions expressed as to the 
amount of physics that sliould be introduced into a niatliematics 
course. Young says tliat pliysics "should be tauglit sinuUtaneously 
with mathematics tlirougliout the four years of the course, bringing 
the mathenuxtical theory and tlie physical application into close 
juxtaposition."* In England there is custonmrilv a j:reat deal of 
correlation between the courses. Xunn, an English writer, however, 
atlirms tliat problems involving science principles to he used in tlie 
mathematics cour.«e. "nuist be limited to those wliosc .solution is 
simply tlie question of the straightforward mathematics." I 
have, I hope, made my own position clear with regard to that which 
I consider to be the role of mathcnuitics in physics. As to the 
role of science in the mathematics class, that is beyond the scope 
of this article. Sufiice it to say that I am pcrfectlv willing for the 
mathematics courses to "help themselves" to as much .science as 
they see lit in order to enrich the content of their .subjects. 

And yet, in that which I am about to say, I may seem to be 
inconsistent. There have been at various times enthusiasts who 
have insisted that a combined physics and mathematics course 
nught be worth while. In at least one case, tliis «)„k the form of 
coi.il)ining three subjects— a year of plane geometry, the mathc- 
ni.-itics of the eleventh school year, and a year of plivsics into a 
snigle course to run for two years. The total number of recitations 
m the two years were etjual to those of two "majors." It would 
be most unscientific for me to attempt, to decide finally upon the 

21 /iiSS;. ili^V ■• 'he MathcmnlU-x T,„r,,rr, Vm. 

pnn.r.n.'l/r ■'■ '••"•m.uis. ur....„ an.i (-...u- 

1919.' I-""-'""'"^. 'ir.".-n .-.n,! f..mi.an.v, 
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mmt.s or dciiuM its ot* such a plan. It can unquestionably be carried 
out with a irnoi] ^nuip of studeMit?? who will remain through the 
two years; and time will be saved. In the same way, I am sure 
that a group ni rciual ability could ho prepared to take the College 
Kntrance Kxamination in physici? in one-half to two-thirds the 
usual time. Unquestionably it would be a course in which many 
of the larger generalizations and princii)Ies of physics would be 
sHghted, in the hurry to obtain the necessary information and 
abilities (largely mathenmtical) necessary to make this scholastic 
hurdle. In the same way, I fed that many of the larger principles 
of physics would be lost in some of the forced correlations of this 
combined mathenuuics and physics course. Instead of / ny real 
appreciation of the energy conrei)t and what it means to man and 
his universe, the student would probably gain a very real under- 
standing of the fact that science makes excellent illustrative 
material for the stutly of mathematics. 

Summary 

III this chapter. 1 have attemjited to trace briefly the develop- 
ment of to-day's high school physics, to show how it changed from 
a highly deseriptive. nonnuithematieal subject to one \^hich, under 
the domination of the colleges, and in virtue of the doctrine of 
diseipline, became a highly mathematized subject, and how finally, 
during the last decade, the penduhnu has swung back, going per- 
haps too far in its swing. 

Whatever may he the final solution to this problem, it can he 
demonstrated. I heHt^ve. that the role of nuithematics in high school 
l)hysics is somewhat <lifierent from that wliich it assumes in the 
eollegcs. and i.- tlecidedly dilYerent from its dominant position on 
the frontiers of physics research. By illustration, the attempt was 
made to bring out the natur(» of this role, i.e., that mathonuitics is 
;in invaluable tool for simplifying, clarifying, and enriching various 
lispeets of the subject. 

A consideration of the anu)unt of mathematies training needed 
for this function followed, antl the conclusion was reached that 
while the average student in i)hysics has been '*cxi)osecr' to enough 
mathematics, for various reasons, he is unable to work many 
({Uite simple problems. The fault cannot he laid at the door of 
any one department of the school, being inextricably tied up with 
the newness of the subject for the stuflent, and with the smallness 
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of transfer. With the. idea of improving, if possible, the mathe- 
matical preparation, sugst\stion?i {ov slight changes from and addi- 
tions to tlie usual algebra course were given. 

If, as the result of thh chapter, any clearer understanding of 
the character and scope of the problem and of the relationship 
between mathematics and physics is attained, the purpose with 
which its writing was undertaken will have been realized. 
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Harvard Vuivv.mtyy Cambridge, MQan, 

The empirical aestlietic formula ^ 

M ~ 0/C 

where 0 i.< the ^'order" attributed to certain aesthetic factors (such 
as v^ynuuctry. etc.) witli proper weiglits attached, wliere C is the 
**eoniplexity/' and M is the **aesthetie measure'' itself, finds its 
simplest possil)U> application in the interesting, if elementary, 
aesthetic question of polygonal form. Our aim in tliis chapter is to 
deal witli this cast*, and exhibit the result of the rigid application of 
tlie formula to ninety typical polygonal forms, ordered according 
to (h'creasing values of M (pp. 190-195). If the reader finds a 
gradual diminution in attractiveness in passing from tlie first 
polygon (No. 1) to the lust (No. 90), the formula may be regarded 
us substantiated. 

The judgment of students in two graduate courses, held at 
Columbia University (summer 1929) and Harvard (summer 1930), 
seems to indicate the validity of tlie formula. I wish to express 
liere appreciation of the cordial cooperation which I received from 
the studeiUs in these classes. In one instance, that of tlie right tri- 
angle resting on a side (No. 70), the rating was felt to he too 
low. Ii, however, the context supposed in this connection, namely, 
that a tiinuk polygon is used as a file in vertical position, is kept 
in mind, it will be de; r that while the right triargle is valued 
highly as an element in coniposiTion, it is scarcely ever used in 
this particular way, i.e.. in isolation. 

In judging the validity of the formula it is necessary of course 
to eHminaie all accidental connotations, such tlie religiou* one 
of the crosses in the list, that of a rectangular box suggested by 

» /V'lriw f/j/jvv /// thr htti t'imt ,>,i}iil Mttthruint it nl .vx, IU>Ii>j;tjii. 192S. For 

a ^n<cn-.>icin 1.1* fill- )•>*.. rln.liiuii-.'il l>;i»^is i»t' ilu* forniulu. ?<♦•»• an Jirtirli» "A Miitho- 
matical Appnun-h lu Ai-nI hi't it-s." shortly ti> appi-iir in St*irntin, I rxiu't»t to 
publish \ari«»ws {ipplii-ntiDn*' m Imr'k I'onn as mum as pi>ssihi*». • - Ai*i imu. 
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No. 37, and the like. Furthermore, the first effect of novelty must 
be discounted. 

1. Preliminary Requirements. If the problem of classification 
of polygonal forms is to have reasonably precise meaning, some 
particular reprc!*entation must be chosen. We shall accordingly 
imagine that we have before us a collection of blue porcelain tiles, 
of uniform material and size. It is easy to consider these solely in 
their aspect of pure form. 

A further requirement must be imposed in order to fix the psy- 
chological state of the "normal observer." Such a polygonal tile 
produces a somewhat different impression when it is seen upon a 
table than when it is .seen against u vertical wall. In fact, .such a 
tile lying upon the table would be viewed from v:aious angles, 
while on the vertical wall it would have a single favorable orienta- 
tion. Therefore it is desirable to think of the polygonal tiles as 
situated in vertical position against a wall. In general, the selected 
orientation will of course be the moi^t favorable, aitliougli it need 
not be so, as for instance in No. 85 o:" the list. 

Perhaps the actual use of the ;)olygon for diTorativo purposes 
which most nearly conforms to tliose conditions is that in which 
some selected porcelain tile is set ut regular intervals along a 
stuccoed wall. 

Just as in all other uu.<thetic fields, a certain degree of Ian iliar- 
ity with the various types of objects involverl is re(iwirod before 
tlie aesthetic judgment becomes consistent and certain. Tlie ninety 
poK^gons listed in order of decrea.-'ing aesthetic measure will furnish 
a fair idea of the extent and variety of i)ol\gonal forms. 

It is clear that when these requirements ;ire satisfied the prob- 
lem of polygonal form becomes a legitimate one. 

2. Triangular Form. With these preliminaries (li.-jpo.sed of, 
let us turn to a determination of the princijjal types of aesthetic 
factors affecting our (.'njoynient of polygonal forin. Once .such a 
determination hai* been made, we will bo prejjared to n.-'sess the 
relative importance of these factors, ami to formulate an appro- 
priate aesthetic measure such as \\v are seeking. We will begin 
with the simplest cla.<s of polygons, namely the triangles. 

Now triangles are usually classilieil as being either iscwccles and 
so having at least two sides e(iual. or .<ealene. Clearly the isosceles 
triangles are more interesting from the point of view of aesthetic 
form. The proper orientation of an i.^o.-^coles triangle is naturally 
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one in which two equal sides are inclined at the same angle 
to the vertical. This is the case for each of the triangles (a), (6), 
(c) of the adjoining figure. In all of these, the triangle "rests'^ 




(«) (ft) (f) id) (c) 

FlOURB 1 



Upon a horizontal side. However, if these triangles are inverted, 
the equal sides will again be inclined at the same angle to the 
vertical. It is readily verified that this second reversed orienta- 
tion is also satisfactory, and that these two are superior to all 
others, \Vith these orientations only do we obtain "symmetry 
about a vertical axis.'' This is clearly a desideratum of first im- 
portance. 

Obviously if a synnnetrical figure be rotated about the axis / 
tif synunetry through 180"^, it returns to its initial position. 

Judgments of symmetry about a vertical axis are constantly 
being made in our everyday experience. Let us recall, for example, 
how quickly we become aware of any slight asynnnctry in the 
human face. Tims the association "symmetrj* about a vertical 
axi.'i" is intuitive, and is pleasing to a notable degree in almost 
every instance. 

If the isosceles triangle (b) be made to rest uj^on one of the 
two equal sides, there still remains the feeling that the triangle is 
in ecjuilibrium, although the symmetry about the vertical axis is 
thereby destroyed. It will be observed, furthermore, that the sym- 
metry about the inclined axis is si-arcely noted by tlie eye and is 
not felt favorably. Thus the trian.i^U* in its new orientation makes 
nuich the same impression as any scalene triangle which rests upon 
a horizontal side (compare witli (r) |. The indilTcrence of the eye 
to such an incline(l axis of synunetry is also evidenced by the 
isosceles right triangle ((/) with one of its equal siclcs horizontal. 

On the other hand, if the isosedes triangle (b) be given any 
orientation whatsoever other than the two with vertical symmetry 
and the third just considered, there is dissatisfaction because of 
the lack of equilibrium. 



ERIC 



168 THE SIXTH YEARBOOK 

For tlie isoscflcs triangle (r). liowt-vor, tliorc are only two 
orientations in which it soonis to be in eqiiilibriinn. nanielv, the 
two with vertical syniinotry. In fact, if the triangle (c) be" made 
to resit upon one of its two cciiial sides, the center of nrea falls 
too far to left or right as the case may be, and this fact gives rise 
to an unpleasant lack of eciuilibriuni. 

The a.<sociation "eciuilibriuni" is also one constantly made in 
everyday experience, and is felt pleasantly. 

Among the various shapes of isosceles triangles, the cciuilateral 
triangle (a) with all sides ecjual stands out as one po.<sessing 
peculiar interest. If .<ueh an equilateral triangle be set in a position 
which is not symmetrical about a vertical axis, all the pleasure 
m-its execpLi')nal symmetrical (luality disappears. However, once 
the favoi'able oiicntation is taken, this quality is fully cnjoved. In 
the first place the three axes of symmetry are noted. Hut "it is the 
"rotntional symmetry" which is especially elTective. 

In the cuse of the ecpiilateral triangle the center C of rotation 
is the point of inter.<ection of the three axes of symmetry, and the 
angle of rotation a is evidently 120^ or one-third of a" complete 
revolution. 

The rather occult association "rotaticjiial symmetry" is often 
made visually in everyday experience. The appreciation of the 
form of the circle may perhaps be regarded as fundameiitallv bused 
upon this association. 

Among the isosceles triangles which are not cciuilateral, there 
seems to be little to choose in respect to aesthetic merit. It does 
not ai)pear to be a matter of importance whctlier the angle between 
the two etpial sides is acute as in l/x, obtuse us in ic), or a right 
angle. 

Tiie scalene triangles are readily disposed of. The best position 
i.- one in which the triangle rests upon a horizontal side long enough 
for the triangle to be in eciuililirium. The riglit triangle with 
vertical and horizontal side is obN'iously the best among the scalene 
triangles | not(> the triangle (^/)|. From one point of view this is 
because an unfavorable factor enters into the general i^calene tri- 
angle of type (f ) due to tlie presence of three unrelateil directions. 
The treatment of this iicg;itive factor of -tliversity of direetiinis" is 
rather technical since it involves the noticui of the "group" of a 
jjolygon (Sections 14. 10). 

Thus tlie various types of triangles in a vertical plane can bo 
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grouped in the following five given classes in descending order of 
aesthetic vnluc: (1) an equilateral triangle with vertical axis of 
symmetry; (2) an ist)scclcs triangle with vertical axis of symmetry; 
(3) a right triangle with vertical and horizontal side; (4) a tri- 
angle which is without vertical axis of synmietrj- and' rests upon 
n sufficiently long horizontal side to insure tiie iVeling of eciuiHh- 
rium; (5) any triangle which lacks eciuilihriuni. The triantrlcs 
of the first three classes arc definitely pleasing; those of the fourth 
class are perhaps to he considered indifferent in qualitv; and those 
of the fifth class arc definitely displeasing. Since it^is a natural 
requirement that the hcst orientation of anv triangle he selected 
the fourth class will contain all tl... scalene triangles without a 
right angle, and the fifth class will not enter into ccmsidcrution. 

It has hecn tacitly assumed in the ahovo analvsis of triangular 
form that no side of the triangle is extremely small in conip-.:-„n 
to the two other sides, and that no angle is very small or very near 
to m\ These are ohvious prereciuisitcs if the triangle is' to he 
characteristic. If they arc not met. the triangle approximates in 
form to a straight line and the efTcct is dcfmitclv disagreeable 
because of ambiguity. 

We .are now in a position to list the aesthetic factors that have 
been thus far encountered: vertical synimctrv ( + ), inclined «vm- 
nietry (0), equilibrium ( + ), rotational svmmetrv (+) perpen- 
dicular sides (0). flivcrsity of directions (-), small sides (-) 
small angles or angles nearly 180M-). " ' 

Here and later we use "the symbol f-fj to indicate that the 
corrcspontling as.^ociation or element of order operate.^; to increase 
aesthetic value, the synd)ol lOi to intlicatc that it is without '^uh- 
stantial eficct. ami the symbol (-i to imUcate that it diminishes 
aesthetic value. Such a.<>^()ciati(.ns or elements of avdov will accord- 
ingly have a positive intlex in 0 if the .^^ymhol is (-f ). und a nc'^a- 
tivc index if the symbol is ( — ). 

3 Plato's Favorite Triangle. It cannot be emphasized too 
much that the cla.<sificatiun of the varicms forms of trianrrlc given 
above takes_ into account only the simplest and most" natural 
aesthetic factors. How coniplefcly such .'i scheme of elu«ifi,..,f 
can be upset by the introduction of factors basc.l upon fortuitous 
associutnuis, is ea.^ily illu-^^tratcd. 

Plato in the Tamicus says: "Xow. the one which we maintain 
to he the most beautiful of all the many triangles ^and we need 
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not speak of others) is tlmt of which the double forms a third tri- 
angle which is equilateral." The context makes perfectly clear in 
what sense this statement is to be interpreted.' If one judges the 
boauty of a triangle by its power to furnish other interesting 
geometrical figures by combination, there is no other triangle com- 
parable with this favorite triangle of Plato. For out of it can be 
l)iiilt (Figure 2) the equilateral triangle, the rectangle, the paral- 
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lelograin. the diamond, and the reguhir hexapon among polypon^a. 

well a? ^^*vro of the five regular solids. This power in eonibiiia- 
tion was peniliarly significant to Plato, who vahierl it for purpo^^rs 
of eosmological spceulation. It was on sueh a mystical view tliat 
ho based his aesthetic preference. 

Yet it may well be doubted whether persons not having \]\< 
particular philosophic outlook would agree with Plato. In fart, 
it appears that this scalene right triangle is not superior to the 
general right triangle for the aesthetic problem under consicU 
eration. 

4. The Scalene Triangle in Japanese Art. It is well known 
that the Japanese prefer to use asymmetric form rather than tlie 
too purely synuiietric. In<leed. in all art, whether lOast-crn or 
Western, t^hvious symmetry tenrls to become tire^snme. 

In particular it has been said that all Japanese eonipositioii is 
hased up(Ui tlie scalene triangle. Is this fact in agreement witli the 
classification efleeted above which concedes aesthotir* superiority fo 
the isosceles and in particular to the equilateral triangle? Tlu» 
answer seems to be plain: When used as an element of c()mpositi(ui 
in paintiivT tlm isr^sceles triangle may introdu(*e an arlventitious 
element ul symnu^try which is disturbing to the geiieral wotif. But. 
in -he nnich more elementary question of triangular form per .s-f, 
tlir general npinion. at h^ast in the West, is in favor of the equi- 
lateral and isosc(»les triangle rath(»r than the scalene triangle. 

Recently while in Japan I w.'us fortmiate encMigh to be able to 
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question one of the yreutest Japanese painters, Takcnouclii Seiho, in 
th\6 matter, and I unika>tood from h\m that the same opinion would 
(liaihtlesK be held in Japan. 

S. The Form, of Quadrilaterals. Let us turn next to the 
consideralioM nf the form of (pnuh-ilaterals, and lot us examine 
lirst thoso types in which there is synnuetry about a vertical axis. 
There are two eases. In the lirst ease at least one side of the 
(luadrihiteral intersects the axis of symmetry. Kvidently such u 
side must h(^ perpeniheular to tiie axis of symmetry. I'lirthcrmnre, 
there must tlicn he a second opposite side which is also pcrpen- 
(Hcidar to the axis. Thus tiie general possibility is that of a sym- 
metric trapezoid n'wvn by in of Figure This trapexoiil may. 



m 

(a) (h) (V) 
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however, take the form of a rectanuli* or scpiaro illustrated by 
(h) and {a\ rcspc^ctively. It is to hv ohserviMl that the reetan^le 
[xjsscsses a further horizontal axis of symnu^try, while the square 
possesM^s not only a horizontal and \'(M*tical axis of synuuetry hut 
also two a\«*s inclined at 45 to the horizontal dire<'ti<Mi. Likewise, 
both reetanuu^ and stinare have mtational syuiuictry. the angles of 
rotation beiim LSO' and 90"^ respectively, .fuiluing by the extent 
of synuuetry in\'olvcd. we sIkjuM expect to find tin* xpiiire to be 
the best in rnrni. the n*ctan;ih' c\c(^llcnt. and both supcM^ior in 
aesthetic (pialitx* to the synnnei ric:d trapezoid. Siu-h a n^h'itive 
rating eoincid(^s with niy own aiv-thetie judmiuuit and that of many 
others. 

Both th(^ rectangle and the sipiarc haN'e central synuuetry. Any 
tigun^ with rotational synuuetry wliost^ h*:ist angU^ of rotation is 
contained an eV(Mi number of tirni-s in 3(10' will possess central 
symmetry; (*asi's in point are tlu) rectangle ajid the s(piare, since 
180^ and !K)- ar(^ containtMl rc^pecti\* -ly 4 and 2 times in 3t)0^. 
On the other hand, any figmr with rotational symmetry whos^-^ 
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^"Sle of ictiition is co-it;.incHl au cuM nuniluT of times in 
3b0 will not i.(.s.os.s contra! syuniietiy; for oxaniplo, the cciui- 
atoiai tnanpic is a case in point, with a least angle of rotation 
UO wlneh is eontaiiUHl 3 times in 300''. 

It has been elainie.l that the rectangle is a form superior to 
the sf.uare and even that certain rectansles such as the '•Oohlcn 

I ectangle excel all others. 1 shall indicate later in what sense. 

II any, ^fuch statements can he valid (Section 6). 

In the second ease of synunetry al.out the vertical axis the 
quadrilateral has two of its vertices on the axis of svnunetrv" hut 
|'<nu.> nl the .Ides intersects the axis. Ihvc the .ircneral i.ossibilitv 
IS md.cated by (r) and (rh of the lij:ure lu-l.jw in which ciua.lri- 







lateral in is cnrvcx .-uul is rcC-ntrant. The fir.-t of these may 
however, re.lnce m t'le eciuilateral (inadrilateral or diamond as 
in (/;), or even to the sciuarc (a) with sides inclined ai 4;)= to the 
horizontal directio.i. 

Of the two fieneval reiMv.<<-nted hv the (luadrilatcrals in 

and \'h m Ii-urc4, .har that (he .■onvex tvpi. (,•) i.s definitely 
snpenort.) 'he altci n.. : -vr-ntrant t/Dc of (inadrilateral {>!). This 
nrntrant character evidently operati-s .s„ that the (inadrilateral 
suu-csts a triaii-lc from which a tri.m.uuiar "niche" has Ix^n re- 
mov.d. In siencral each poly-on lyu)-^ i..-t\v,rn a -iv.-n reentrant 
polyL'nii and tjc miniimmi convex nuly-.m which cnchws it is 
termed a ••nich. - ,.f the rci'-iitraiif pnlyanii. A nil.h.T hand .-^trctchcd 
around th,> jrivrn polygon will take tin. form of the minimum en- 
(do.^^im: convex i -olyjion. 

It is m.t the mer- fact that the (piailrilaf (>ral is rciaitrant which 
IS decisively unfavorable. Consider, f..r (>xample. the hexa<'i. n 
or >ix-i)ointed stur !.«^ee No. (i, p.age IDO). Thi.. star is cvid-ntlv 
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liijrhly pleasing in form and vol it is ri'i'iitrant. It will l)o noted, 
however, that every side of the star although of "rei'ntraut" 
type is *'supj)nrtecr' hy another side which lies in the same 
straight line, while this is not true of the reentrant sides of the 
(luadrih^teraL 

In the coniparison of (|iiaih*ilaterals of types [a) to id) on patre 
172 \Ve find, as we should expeet. that the stfuare (a) anti the dia- 
nH)nd ih) in the orientations indicated are markedly superior to 
the (pladrilaterals (o and ((/) alreacly d' cussed. 

However, it smnns to me to he diflicult to say whether or not 
the square so situaterl is better in form than the diamond, despite 
the fact that cm the score of symmetry ahuie the scpiare IkhiIs 
hiirher rank. .\s far as I can analyze my own impressions. I am 
led to the followinii; explanatitm of this unceitainty in aestlietie 
judgment: For me ami many others the orientation of thc^ s([uare 
with sides vertical and lun-izontal is suju'rior to the orientation 
hi which its sifh*s are inclinetl at an an<i:Ie of 45"^ to the liorizmital 
direction; indeed, this superiority will appear in consecpience of 
the detinition of aesthetic measure adopted later.- Hence a certain 
feelini: of displeasure is expcriencetl in the oontemplaticui of the 
square in the orietitation (ai alnive. just because it is foum^ in an 
inferior orii*ntation ami l)ecause it would he so ca.s// to altei i( ior 
the better. If one could abstract one's feelinu; completel\* {imu 
this association, which is really irrelevant, I l)elieve the scjuare in) 
wt)uhl actually inqiress one as l)ein.u; superior in aesthetic <piality 
to the diamond ih). 

There "euuiiu for discussiuu thi^se (juadrilaterals which have no 
vertical axis of synmu-try. IIen\ as in the case of the scalene tri- 
an.iile. atti-miou ran br liniitcfl to cases in which the ciuaih'ilatcral 
rots on a sullicicntly lonir ln)rizi)ntal sitle so that it a]ipi*ars to lie 
in >{ahle equilihriuni. for otherwise the (piadrihiterals are definitely 
ilisplcasini:. 

It is ri'adily fouml that the (»uly (piadrilaterals of this sort 
which p!;-scs< nUati(Uial synnnetry are the paralh^hiixrams, which 
are illustraltMl by u/ ) in Figure 5. Mx'idently the characteristic 
aniile of rutaiiJiu for a iKarallelo'^ram is ISO*. The parallelogram is 
the .-imph-st tyju' of polyunn po>-.essini): rotational symmetry l)ut 
not symmetry about any ;i\is. aufi it eviih-utly stands tirst ainony; 
the types id) to iJi. Next to t lu' parallelouram in ae.-Jietic (piality 

• S»i* pjiUi'S 1 1 sT. 
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follow.^ tho trnpezoiti, with two mks pumllel as in (b) ; evidently 
the association "parallel" is one made constantly and intuitively in 
everyday experience. Then follow the general convex quadri- 
lateral hke [c), and finally the reentrant case illustrated by (d). 
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It will he ohsorved that the pre-cnco of an isolated right angle 
or of two ecpial sides, as in in. is without special influence. 

We have now examined the various types of quadrilaterals and 
arranged those of each type in order of preference. It remains to 
compare hrietiy those of difVercnt types. On the husis of my own 
aesthetic j-idgment I am led to arrange them in the following order 
ot dnuuu.-;hing aesthetic value: the square; the rectamilc; the dia- 
mon.i; the convex quadrilateral symmetric ahout an axi.l thnni-^h 
two opposite vertices, the ««ynnnetric trai)ezoid and the parallelo- 
gram; the re("ntraut quadrilateral symmetric about an axis; the 
'•onvex (luadrilateral without .symmetry; the reentrant (piadrilat- 
eral without .symmetry. Of these, the hist two types are deliiiitely 
un.^atisfactnry. Here I assume that the (luadrilaterals are place".! 
m the most f.-ivorahle position, of edur.se. This ivi-tive arrange- 
ment i.s tli:it assimied by the ac.<tlH'tic formula. 

We shrill not attempt at this ..tage to compare triangles and 
qua.h'ilatcrals with one another. 

There .nre two new types n\ eleim-nt.s „f order hromzht to light 
by om ex.-iminati.m of .[U.-idrih-tcrals. The fir.-^t is of negative type 
I ' and nim-nu'< when the (lu.-i.h'ilateral is rei^ntrant. Further 
m.<ight into the miture of this clement will he ohtained in a follow- 
inu: .section. The .second is connerted with the parallelism' of side* 
MiKl IS of positive type ( -i ). It is more cmvement. however, to 
rrizard this second element on its negative side, when it is aptlv 
(diaracterized as •■iiversity of directions of sides" ( i.' Kvidentlv 
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other thiuiis being (?qiml the more j)arallelisms of sides there are, 
the less will be the diversity M direction of the sides. 

It has lurtherinore appeared that the mere e(iuality of 5?i(lej* is 
an indifferent faetor ;0i for the qiiadrihiterals and also for polygons 
having more than four sides. This stands in apparently sharp 
distinetion from the ease of the frianple. The reason for the differ- 
ence is to be found in the fact that only for the triangle does 
ecjuality of two sides insure syuunetry, 

6. The Golden Rectangle* It will perhaps have been noted 
that thus far in our analysis the precise dimensions of polygons 
have scarcely been considered. The cpiestion whether or not tlieso 
dimensions have aesthetic significance has frecpicntly been asked, 
particularly in reference to the rectangle. 

The (iernuin psychologist Fechner conducted elaborate experi- 
ments to ascertain if possible the most satisfactory rectangular 
siiape. inclusive of the square. His results may be briefly sum- 
marized a^ it)llows: The scpiare ami more especially a rectangle 
of dimensions having the ratio uf longer to shorter side of about 
8 to o were generally adjuilsed to be the best among the various 
re<'tangular shapes. 

Xow the sii-ealled ( loldeii Rectangle is characterized by the 
ratio I.OIS . . . which is nearly 8 to 5. Is it not perhaps true 
that there resides in it some special oc'cult beauty which makes it 
riuperior to all others? 

The interesting geouietrieal property that if a square on the 
shorter side be taken away, another (tolden Rectangle remains 
I sei* l-'iirure ()• has seeuuMl to snint* pi^rsons to justify the con- 
t'!usi«Mi that it is the most beautiful rectaush-. Tiiis view seems 
ti) mc withnui adequate basis. 

In tuder tt> understand thr UKcttrr. it is well to keep in mind 
\\.v (ithrr >p«'ei;il rectauiile favored by Plato, made of the two halves 
ui' :in equilatiM'al triangle. Kor it. the rutin is 1.7.*}2 .... It is also 
wrll tn kri'p in uiiucl the rectamile with ratio 1.414 .... wirudu 
if divuied in two equal reetanules hv a Hue parallel \o the two 
shorter ^^iiles uive> two rrct.oigles of the sanu* sliape a< tlu- orii::- 
inal HM-taiv^le. Here the ratio is nearly 7 to T). Kurtheruiorc. the 
reetam:lr made up t»f two .^iiiuare.H. with tin- i.itio 2 to 1. is also to be 
UtJled. 

Thus we lind live rertaimlen I we int^hn'e the* scpiare) with 
simple u^onietrie properties. Tlie>e are represiMUe«i in Figure 6. in 



176 



Till': SIXTH YEARBOOK 



which the ratio of the longer side to the s^horter is indicated in 
fuch case. 

It can perhaps ho justly said that a shape not sugs^csting a 
simple niinierioal ratio like 1 to 1 or 2 to 1 i.s dcsirahle in many 
ronni'c-tions where the reotangle is used as an element in comiH)- 
sition. In that event the !«quare and the double of a square are 
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excluded. Morvuvw, pcrhajis the rectangle approved hy I'hito 
might not serve since it dot-s not diflVr sullicicntly from the douhlo 
of a square. Hut this still leaves a wiik- range of "choice, embracing 
the cases r - 1.414 and also r - 1.018. for instance. Of these two 
I slightly prefer the rectangle with ratio 1.414 to the (loldeu Kect- 
anglo with ratio 1.618. 

Now it may he that certain persons, through their acquaintance 
with and liking for (Ircck art. have come to individua.ize and 
identity with fair approximation the particular shape emhotlied 
in the (ioldcii Kectauylc. For such persons an intuitive associatimi 
of purely accidental character would he estahlisliod in favor of the 
(lohlen Uectangle. Only hy assununir that a numher of his ex- 
lu'rinieiual subjects were of this type can I understand the experi- 
nu.ital results ai Feehncr in favor uf-a particular ratio of nearly 
8 to 0. 

In cniparini: tlie .^tiuare and the rectangle, it should not he 
forgotten that the rectaimles contain an infinitutle of shapes, de- 
pendent on the ratio ai the siaes, where.as the s(iuare prescnt.s hut 
a single shape. Hence the rectandes provide a much more llexihle 
in.<trunK'm in ihsimi than tlie stju.are docs. It is. for example, 
obvious that when a rect.an.L'uIar franu' is used for a portrait the 
s(iuare sh.aiie is in .u;eneral less Miit.ahle tli.an tliat of a rectangle 
with tlie hei-iht greater than the brc.-olth. However. I believe th;it 
the s(|uare is naieh more often used th.an any other sindc rcc- 
tangidar form. .Mich the ( hdden Heciaimlc. 

These rcm.-irks do not (pntc do ftdl justice to the special forms 
of the reetan-Ies when fh.-.<e are not u.<c.l .<im:Iy l,ut in combination 
with other polygon.al foriu.<. l\n- instance, the arrangement of two 
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adjoining rootanjrular windows with r ~ L414 so a?* to form a single 
such window witli r 1.414 niiirlit be dcridodly plcMsing in certain 
arrhitoctural cnVcts. bcciiuse the same shapes is discovered in new 
aspect. Similarly, three ad» *ning win(h)ws. the central one being 
square :in<l the outer oni'S cipial (iohlen Hcctansk's with short sides 
liori/ontal. niiglit pro\*e very ])i.'asing tor i\ like reason. 

7. The Form of Five- and Six-'^dded Polygons. Our survey 
of triangles and ipiadvilaterals has brought to light a number of 
the i'ssetitial aesthetic factors which o])crati' in the <'asc of more 
eomplicatotl pt)lygons. So far. these ha\*c all been in the nature of 
asscndatioi^s or ehuncnts of order. It would be tedious to (anitinue 
with our arialysis. ste]> by stc]). If wc did st . ihi' facts for fi\*e- and 
six-sided juilygons wouhl be fount! to be mi the whole similar to 
those already luUecl. We shall l)e ct)nt('nt. therefore, to nnd^ those 
features which are not ilhistratcMl by the siui])ler l)olygiuis of three 
or four sides, and then to consider the other features which are 
illustrated only by still more <tinij)licated polygons. 

To beu'in witlu h't us recall (un* previous c(mclusimi th.at sym- 
nictry :ibout an incliiuMl axis has little or no siunilicancc in itscdf. 
It is trui' that when there is >yninu'try about the vertii'al aXiS also, 
the luatter is not so ch-ir: but in that event, there will also be 
rotational symmetry, so that such synunetry about an in(dined 
axis can be considered always as arisimi* out of a cond)ination of 
r^yuuiietry abmit the \*crtij'al and rotational syiumctry. in case it 
ojieratcs eiVcct i\*ely. 

Tiius the (lUcstimi ari-i s innnediatcly as lo the siirnilicanco of 
syiiouctry alwait a hm'izont.al axis wla*n tluM*e is no vertical sym- 



OM'try. 'i'his case is illu>traied uio-t -imply b.y thi^ pentagiuml 
pol>*ii:(>n uH in Kiirure 7. In the lirsl plai'c. it \< rlviw that the syni- 
niclr>* about the horiztaital axis is nmch nion ea-^ily a])praised by 
the eve than the synuuetrv about an axis in auv oilivv ilirection 
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cxcfpt the vertical. Notwith^staiuling this fact, tlu- svnnnetry 
al)out the horizontal axis is regarded indiffcrentlv or witli aii- 
tipathy. because ii is felt that the polygon is not pVc.perly placed 
Hence we arc led. as l)efore, to rate syinmetry about- a horizontal 
axis as* m ite?elf an aesthetic factor of inditYerent tvpe (0). 

A .se'-.nd factor alre:idy hrielly alluded to ' is etVeetivc-lv isolated 
by a conipun.s..n of the two reentrant hexagonal ix)lvgons (b) and 
<cj. These are both of the same general type, but oiUv in the first 
case (b) do two of the four rei'ntrant sides lie in a straight line 
and so supi)ort one another. It is obvious that ^b> is notablv 
superior to (r) ju.<t on this account. 

Iti general, then, we may expect rei-ntrant sides which are not 
supported by other sides in the same straight line (Section o) to 
<.pcrate unfavorably and so to correspond to a factor of negative 
type I — ). " 

The psychological explanation of this >ituation appears to he 
evident. In general the as.<ociation ••re."-ntrant" is not a pleas'int 
-ne. But if, when the eye follows a reentrant .<ide. another side i< 
discovered in the same .straight line, there is a coinpensatin-r feel- 
ing 01 satistactu.n. Tiais only the unsupported reC-ntrant" -ide^ 
mvd to be consi.lered as producing a delinitdv negative tone of 
leeling. 

The third factor is illustrated by of the same ligure. which 
i> es.^entially made up of two triangles onlv overlapping sli-htly 
near a vertex of each. In con.seciiience. the six-.^hU-d polvgon i. 
not characteristic and this fact is felt unfavoval,lv. It 'will be 
tu.ted that the two vertices are then verv near to one another 
and al..o to near-by ,ides. H.-nce there is a factor dependent on 
too great nearness of vertices to other vertices or sides, uhieh i. of 
negative type (.--). We have already observed the spcrial instance 
when one of the si.lcs of a triangle is excessively short. 

8. More Complicated Forms. The ninetv polygons lifted in 
dc.M'cnding order of aesthetic measure according to the empirical 
rules later adopted, present graphicallv the principal tvpes of 
pn.ygons. and may be regarded as reasonablv eoinplcte for polvgoiw 
not more than nine sides. The survey of these polvgons hrin- 
to light a few iurther aMhetic factors of importance. 

One of the new items is th(> obviously increasing complexitv 
Itself, winch, beyond a certain point, is fcmnd to be burdenxm.e. 

' See i)a>f«; 17 J, 
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In this connection we may note tlie fact that the convex polygon 
of many sitles is more Hkcly to be pleasing; than the ref'Utrant one, 
particularly if the latter contains a (diversity of niche??, 

A second very important new factor makes its appearance when 
the polygon ij> lUrectly related to ^onie uniform network of horizontal 
ami vertical lines, as in the ca^^e of the Greek cro:^s [?iee (a), 
Figure 8J. or else is closely rehitoci to a uniform diamond network 



(a) (b) 
Figure 8 

|stv \ with its sides eciually inclined to the vt-rtic'al. this dia- 
nitiml network in turn su:iiiestinij: a uniform horizontal-vertienl 
network, 

EvideiUly the aesthetic factor v\ eltise relation>hip to a unifiirui 
horizontaUvt'rtifal or tliamond network plays a fundamental part 
and enhanees the ai-sthetic value of many i)olyjT:on?; listeul, e.u;., the 
s(iuare iXo. 1). tlu^ rectaniite iXo. 2i. the tliauumd iXn. 4). the 
hexagram iNo. Oi, the (ireek cross iNo. 9). the swa>tika emblem 
(No. 41 )» ete. In the ease of the stpiare. reetan'^h\ and dianumtl. 
xb^ validity of this assiuMation is perhaps dehatab!(\ Hut. so fre- 
(liiently do wr sre these polyirons usimI in eonjunction with a net- 
work that it seems prt^per to regard tl:em as smriristin.i: rel:itionship 
to a unifnrm liorizontal-x'ertical or diamond ui'twork. (^n the 
other hand, it is e\*identl\ not leuitiui.-ite to reii.ard the assotuatiiui 
witli a uniforui diamond network :i> posse>sin.ir interest eciuul to 
that t)f assoidatitui with a hori/tintal-vt»rtieal network. It is with 
these la<*ls in mind that the I'mpirieal rule dealinir witli the aesilietie 
faetor ni relat ioiishij) to such a network wiU he i(M*mulated. The 
assoeiational basis of this f.aetor in e\*erytlay experienee is obvious. 
Systems o\ lini's placed in tlie regular array of a network are eiui- 
•^tantly met with. an<l their relaii^ui^^hip to c^ne another is intui- 
tively appreciated. 

In till* iisiderati<ni n{ <nch more eomidieated pc^Iygtms it 
appears a., .hat some kind of symmetry is always re<iuired if the 
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polyjr^Hial form ii^ to bo at all attractive. Whon this rocnuromont is 
not mot. no doKroo of rolationship to a horizontal-vcrticul network, 
for in.-tiinco, can cntiroly olYsct the ileficiency. Thus, if symmetry 
is hickinir, the fact api)eari? aj^ a definite? ne:j;uti\'o aesthetic factor 
which must be taken account of. 

Kvidently a further actual aesthetic factor in many eases is 
snnio accidental assoeiatii)n, sueh as is jiresent, for example, in 
the case of the cross and the swastika. The mathematical theory 
takes no accomit of such completely inilefinablo "elements of order," 
althouivh they have a definite aostlu'tic I'ffoct. 

9. On the Structure of the Aesthetic Formula* According 
to the iioneral theory pn)p()sed in the i:r.<t chapter, we seek an 
aesthetic fi)nMuhi oi the typo M () r whore M is the aesthetic 
measure. 0 is the uwlvw and (* is the complexity. In the ease of 
polyn-nnal form hefor^^ us. () will he si-paratcd into five clenionts, 

The aesthetic factors onci)Uiitorod ahovo aro correlated in the 
folluwiuir way with (' and tlu-se live elements: 

C: f.>iiii'li*\ity. 

V: vt-riiial syimiitUiy ( + J. 

K: Mjuilihriiiui C + 

R: riit:iriiui:d .Nyitiiut'try (*f-). 
I!V: n hitiun to a lioriiciiiii.il-vcrt ii*:il iH'twork k 4-). 

F: nu^:i\i<i:iv\nvy tiinii iijvnlviiii: .Minii- dI' thr lollowini: faiMdrs: too 
ih-iMiu'f-s fn nil vrrui*t> to \ ,Tt:r.-! nr suW^i ( — ), or uimh-;; 
ti)o uiMi- t)' or iM) . or any nrh.-r runbimiay of nn-m; ilivrrsity 
n\ inrhos (' »: niu^fii pnrt.-.l n.*iin\int >t.l.-s v i; (liviM>iiy of 
iiins!iniis ( hu'k of .<vnitiifrry ( 

It will 1)0 ohstMTed that tin* term F involving the general 
attributes o{ unsatisfactory t'nriu is .an "luunium gathorunr' for all 
the negative aosthotic factors which \uiVv tu'cn m.ted. 

The various imlitTori'iit lartnrs of lyp^ a)] play no {>art -f 
courso. Some of thrst* an* tHjuality oi si.U's. pcrpendicuhirity of 
sides, and incliiu-d or hori/oiital .<ynimi'try i without vortical axis 
of synimotry ) . 

In the courst* of thr tci-inucal i-valuatioii of ( \ \\ h\ A\ // 
and so of .U. to which we now pnuuvil. a simple mathematii'al 
coni'rpt. n.-uiii-ly. that of the trrouj) of motions of tho giv(Mi polygtm. 
will ho intmducrd. 'i*hi- coiin-pt nmiis a basic matluanatical 
adjunct, necessary fiir tho coniprohcn>ion of the pri)l)lcni before us. 
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The aesthetic measure M defined by the formu'a will turn out 
to depend upon the orientation of the polygon. In case an axis 
of symmetry exists, the highest aesthetic measure of a particular 
polygon will invariably be found when such an axis is taken in the 
vertical direction. But the same measure will be obtained if this 
orientation is reversed. This seems to be in accordance with the 
facts which are observed. An apparent exception is furnished by the 
Roman cross (No. 49) and certain other polygons, when an inversion 
ajij^ears to diniinij?h notably the aesthetic value. But this will be 
found to be due to the fact that an important connotative element 
of order is thereby removed; for instance, in the case of the eross 
it is the reli<!:ious assmnation. Our conclusion, therefore, is that 
these exceptions are apparent rather than real. 

10. The Complexity C. The eonii)lexity C of a polygon will 
be defined as the least number of indeiinitely extended straight 
lines which cmitain all the sides of the polygmi. Thus (or any 
(luadrilateral the complexity is evidently 4; for the dreek cross 
i.No. 9) the complexity is 8, although the number of sides in the 
ordinary sense is 12; for the i)inwheel-shaped figure (No. 53), the 
complexity is e\ idently 10; and so on. 

The psyeholni];ical reasonableness of this emi>irioal ruie is evi- 
dent. h'oY vnnvcx polygons, and also for polygons which are not 
convex but which do not ptissess any two sitles that are situated in 
the same straight line, the comj)lexity C is merely the number of 
sides. As the eye follows the contour of the polygon in looking 
at the various sides in suecessicm, the efTcnt invoh'ed would appear 
to he jn-oportional to the number of sides. On the other hand, if 
there are two or more sides on (Uie and the same straight line, 
the eye folhnvs these in onv moticn^. For example, in the case of 
the (Jreek or Roman cross, the eye might regard it as made up of 
two rectangles. These considerations suggest that the definition 
chosen for the ctunidexity (' is appropriate. 

11. The Element V of Vertical Symmetry. The organiza- 
tii^n of the entire pt^lygon which results from vertical synnnetry is 
obvious U) the eye. Hy long practice we have heecMue accustomed 
to apj>reciating symmetry of this sort immediately. On this ac- 
count the elonumt V is partleularly significant. 

We sh.all \x\\v to V \'alue 1 if the polygon ju^-sesses sym- 
metry :ibnut the vertical axis, and the value 0 in the ecnitrary case. 
In other worils, the element V will be a unit (element of order, and, 
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since there exist various polygons of pleasing quality, such as the 
swastika, which do not have vertical symmetry, we shall assign 
the value 0 rather than some negative value to V wlien there is no 
such symmetry. 

A large propurtion of the polygons listed jiossess suoh vertical 
symmetry, and it can ho vcriliud that the presence of such sym- 
metry is immediately and favorably recognized. 

12. The Element E of 1 quilibrium. W'c consider next the 
second elemi-nt H of ordiT concernod with equilihrium. It has been 
previously t)bscrvrd that when the polygon has vertical svmmetry 
or when it rosts uiion a sulliciently extended horizontal base, it is 
felt to be in equilibrium. 

In order to !*peoiiy completely the requirements for c(iuinl)rium, 
we note ih>t that it is optical equilibrium which is referred to, 
rather than ordinary mechanical equilibrium. For example the 
pinwheel polyg.ni No. 53 w.)u!d actually be in umstable) mechanical 
equdd)runn if turned through an angle of 45°, iIu^smuch as the 
center of mvn would lie directly above the lowest point. Xover- 
thcless. it does not give the optical impression of equilibrium, since 
the eye is not accustomed to estimating accurately the balance of 
figures a<'ted upon by gravity. 

What is really ncedetl in order that the feeling of complete 
equilibrium be intliiocd. is either that there be symmetry about the 
vertical, or that the extreme points of support at the bottom of the 
polygon are .<ulliciently far removed from one another, with the 
center of hvva lying well between the vertical lines through these 
two extreme points. 

In order to st.-ite sufiicii-nt rc(iuirements for this, we shall agree 
that eompk-te optical cciuilihrium will be imluced if the center of 
area lies not uidy bdwecn these two lines, but at a distance from 
either of then,, at least one-sixth that of the total horizontal 
breadth of the polygon. If this s.^uewhat arbitrarv condition is 
satisiiod, as well as in tho f:isi- of vertical symmetry." we shall give 
1-J the value 1. If the polygon does not satisfy these eomhthnis 
but i.«5 hi niuilihriinn in the ordin.-iry mechanical sense, we shall 
take I-: to be 0. ()therwi.<e we sh.all take 1- to he -1. inasmuch 
us the lack of < (|iiilil.riuiu is tlu-n (U-liiiitely objection;il)le. 

In general the best orieiit;ition of :i p.dygon will be one of 
eoinplete eiinilihriuin. Amon- the ninety polygons listed, this is 
tlie ease withoii; exeejUion. 
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13. The Element R of Rotational Symmetry. In the case 
when the polygon posses^s^.-^ rotational symmetry, there is evidently 
a lea?t angle of rotation 3l)0V7 which is^ an exact cUvijior of 3G0''. 
If the corresponding rotation he repeated successively q times, the 
polygon will not only be returned as a whole to its initial position, 
but a complete revolution will have been efTected, so that every 
point goes back to where it was at the outset. 

There is a certain significant similarity between the rotational 
symmetry which we are now considerini!; and the axial synnnetry 
already referred to. In carder * ) make this plain let us recall that 
if a polygon be rotated through 180^ about an axis of synnnetry, 
it also will return ti^ its initial position. Thus the test for both 
kinds of synnnetry is that a certain specified nuiticm of rotation 
restores the polygon to its initial position. In the case of rotaticmal 
synnnetry the axis of rotation is perpendicular to the plane of the 
polygfin at its center of area and the rotation is in the plane of 
the polyt^on; while in the ease of axial synmictry the axis of rota- 
tion is an axis i^f synnnetry in the j>lane. and the rotation is a half 
revolution. 

A consideraf icni of the various possibilities when a polygon 
I>osses^cs synnnetry of rut* tion shows that there are several cases 
which nuisL hi* distinguished from one aimther in their aesthetic 
elTec^t. 

The first and simplest ease is t!u>t in which the polygon has 
not only synnnetry of rotaticm hut synnnetry about an axis 
U'erticah as well. In this case. illustraltMl by many polygtms of 
the list, such a synnnetry uf rotati(Ui is innnodiately and favorably 
felt by the olwerver. Evidently an axis of synnnetry is moved into 
a new axis oi synnnetry whcm the polvgon is carried into itself by 
an alhnvfcl ri»t:ition in its plane. 

A nu^re det'iileil niathcnuitical consideration of this case which 
the reader can easily verify by nu\uis of a f(*w exatuples shows 
that in all cases there are precisely 7 distinct axes (if synnnetry 
with an angle J^iUV/^// betvveen successive axes. If 7 is ocld, all of 
those axes inv i^btained fnnn a sinule oiu* by means of rotations of 
the polyg(m into itself in its plane; whereas, when q is even there 
are twti sets o\ q/2 axes of symmetry at angles \%()^ /q apart, the 
axi'S of tmc st»t bisecting the anirhs between those of the other. 
The rertangle ihustrati^s the gcnc^ral sitinition fc^r 7 = 2, while the 
reuular iKJiygon (U* q sides illustrates it for 7 > 2. 
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There is also a second case when the rotational element li is 
felt almost equally favorably, despite the lack of true vertical 
symmetry; namely, when the minimum convex polygon which in- 
closes the given polygon does not ahut upon any of its niches, and is 
symmetric about a vertical axis. Polygons Nos. 41, 50, 51, and 69 
illustrate this case. Here the inclosing convex polygon is so 
strongly suggested, with its q axes of symmetry, as to suggest 
vividly the rotational element. 

On the other hand, even though the minimum inclosing polygon 
IS symmetric about a vertical axis, the same effect is not felt if the 
niches abut on its vcrtit-cs. This third case is illustrated by poly- 
gons Nos. 53. 67, 85, 88, 90. In partial explanation of this differ- 
ence in effect it may be observed tliat in tlie lirsst two cases the 
center of the polygon is clearly defined, either bv means of the 
axes of symmetry of the given polygon or by means of those of the 
nunimum enclosing polygon which are strongly suggested. This 
circumstance operates advantageously. 

In both of the first two cases we shall take the element li as 
q/2 so long as q does not exceed 6. For q equal to 6 or greater, 
we take /? = 3, since the effect of the rotational element is limited 
and seems to attain it^ maximum when q is 0. The mathematical 
reason for the particular choice of q/2 as the value of A* when 
q does not exceed 6 is alluded to in the ne.\t section. 

We pass next to the further consideration of those polygons 
falling under the last case. Two possibilities need to be distin- 
guished according as (/ is even or odd respectively, thus giving rise 
to a third and fourtli case respectively. 

When q in even, there is central symmetry, and .-^ueh central 
symmetry is appreciated immediately. In particular, it enables 
the observer to fix tin- center accurately. Here there are no axes 
of symmetry, actual or siigge.-<ted. Since it is only these that bring 
out clearly the rotational symmetry, the rotational svmmetry as 
such plays only a small role; and .so we take li I in the third 
case, whatever bo the value of q so long as it is (>ven. The justifica- 
tion from the mathematical point ot view of the choice li ^ 1 in 
this case will not be attempted here. 

Polygons Nos. 39. 45. 48, 53, 05. 67. 74, 77, 84. 85 illustrate this 
third case A' = 1. 

On the other IkukI, ihc f.mr polygons. Nos. 79. 8S. 89. ami 90, 
illustrate the convex and reentrant types in the fourth case. It 
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will be observed that even in the convex type one is scarcely aware 
of the rotational symmetry. 

Thus in this fourth case, as well as in any case where there is no 
rotational symmetry whatever, we are led to take iZ = 0. 

14* The Group of Motions of a Polygon, It has been seen 
that either a rotation of a i>olygon about one of its axes of sym- 
metry through 180^, or a rotation of the polygon about its center 
of area through a multiple of the fundamental angle of rotation 
360°/7, will return the polygon to its original position. There are 
no other motions which can leave a polygon unaltered. Among 
these motions we will list (by convention) the particular motion / 
which moves no point, as well as the other motions A, B, . * * , if 
such there be. 

Defimtioti of the groUi. of motiom of a polygon. The collec- 
tion of rotations of a polygon about each of its axes of symmetry 
through 180^, and of the rotations about its center of area through 
any angle of rotation, will be termed the "group of motions" of 
the polygon. 

The group of motions of a iX)lygon has the fundamental prop- 
erty tl^ it two ?uch motions A and B performed successively will 
also return the polygon to its initial position, and so be equivalent 
to a single wiotion C of the group; or symbolically, AB = C. 
This leads us to two further related definitions: 
Definitwv. of conjugate figures. If F be any figure in the plane 
of a given poiyj;on, which takes the successive positions F, /^^, 

. . . under the corresponding motions /, A, B, . . . of the group, 
the figures F, F^, F^, . . . are said to be "conjugate." 

Definition of fundamental region. A region of the plane which 
with its conjug:ito rej^ions fills the entire plane in which the given 
polygon lies, but in such a way that these regions do not overlap, 
is pai(i to he a "fundamental region" for the given group of motions. 

It is worth while to give an illustration. For the rectangle with 
vertical axis of symmetry, i\ic motions of the group (besides /) 
are evidently the rotations iS^- and >'t, of 180^ about the vertical and 
horizontal axes of symmetry respectively, and the rotation li 
thnnigh 180*^ in its plane about the center. 

It is evident thav two opposite sides of the rectangle are con- 
jugate under this group of motions. Similarly, the four vertices 
of the rectangle are conjugate under the group. Finally, it is clear 
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that »ny one of the four qundrnnti Into which the pUne It divided 

of m tU° °' * f»>n<<««nw»t«l w|lon for thli group 

It li evident tlint tlimo roiiccpti iud reHlly ncceiinry for the 
undorttnndinK of the I'li-uirnt li nbovc trcttttd. In pnrtlculwr, the 
quantity q/irrztt \n 1 for 7=s2 when the fuiuhuncntnl rcRlon In 
tt linlf ph\nc, mul in inv(>r»i<ly pro|)ortionttl to tliu annular site of 
the fundamental rcRlon. Thl» evaluation of H apifoii with the oholoo 
of r ns 1, hcrauKo of the fundan.ontal half plane in the cane of 
vortical lyinmotry. 

15. Tht Element HV of Relation to a Network. In many 
polygoni of the list, as ha* been previously noted, there ii obviouily 
a cloie rolation»hip of the given iwlygon to n unifonn horliontal- 
vcrticftl network, and thin relation it at once rccognlicd m pleAi> 
ing. 

Kvidcnily tlie corresponding clement liV in 0 ia connected with 
certain motions of the plane in nnich the same way as the element 
V is connected wilh a motion of rotatmn al)oiit'a vertical axis, 
and the clement li witli a nmtion of rotation about a center. In 
fact, such A uniform network returns to its initial position wlien 
any one of a variety of transintory motions of the plane is made, 
wliiic tlu'so same motions will tako tlie polygon to a new po-ii- 
tio'i in wliioli it may in larRo me!\s\n'e liavi? the same bounding 
lines as it bad in it.o first por^ition. This happens when most of 
the sides of tlie polygon coincide witli tlic lines of such a nctworh. 
In an inoomplcte way. then, the element lIV is connected with 
m-jtions of tlic piano just a.* arc the elements V and It, 

The most fnvonilile cnso is evidently that in wliioli the |X)lvgon 
has all its sides upon a uniform network of lioriRontal and vertioal 
lines in suoli wise that these lines romplotely fill out a rectangular 
position of the network. In this case onlv do we take 7/^ = 2. 
PolyRons Nos. i, 2, 9, 23. 25, 20. 20. etc.. illustrate this i)o.«ssil)ility. 

The choioe of a value //r = 2 .voenis n.-itural since there arc 
es.5cntially two kinds of independent transl.-itory nuitions which re- 
turn tho network to it.s oriKinal position; n.-niiely, u translation to 
the ri^ht or left, and a translation up or down. ' Any other trans- 
lation may l)e rogardod as dcrivalilo by eondiination from these two, 

A similar oa.«»(! is that in which the sides of the polyRon all lie 
upon the linos of n uniform network formetl by two sets of parallel 
lines equally inolined to the vertical, and fill out a diamond-shapcd 
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IKirtlon of the network* But the effect here ii leN favorable to 
that wo tAke IIV rs 1. 

It becoiuen ncrcinary nt thli itnge to face a eomcwhat difficult 
and vrxiiiB qurntUm, and atelgn an index in all cntei when the 
piilyRon li nRreonbly related to n uniform horliontal-vertlcal or 
diamond network. We shall fix U|)on the following empirical 
rules. We define IIV to l)e 1 if the |K)lygon flils out a rectangular 
portion of n horixontaUvcrticnl network in such a way that the 
first set of rnnditioni* holds, with the following possible exceptions: 
one side of the poly^stm and \Xn conjuRntts may fall along diagonals 
of the rrctnnRuhir portion or of adjoining rectangles of the net* 
work; one vrrtioal and one horixontal lino» as well as thf'ir con- 
JugntcfKi may not ho occupied by a side of the polygon. 

Illustrations of this case itV c= 1 are furnished by polygons Nos. 
13, 24. 42. 43» 49» 50. Q2» 00 of the list given above. 

HV will also he defined to be 1 if the polygon Alls out a dia- 
mond-shaped portion of a diamond network with the following 
possible exceptions: one side of the |>olygon and its conjugates 
may fall along diagonals of the diamond-shaped portion or of ad- 
joining diamonds of the networU; one line in the diamond-shaped 
portion and its eonjuKutes may not be occupied by a side. 

Polygons Nos. 5, 0. 24, 53, 05, 08 are illustrations of this case 
//K=:l. 

In every case when IIV is 1 wo shall domnnd that at least two 
lines of cither set of the network shall he occupied by a side. In 
all other eases whatsoever wo shnll take //rr=0. 

It is obvious that the above determination of indices for the 
element IIV is larsely arbitrary. Nevertheless, it scorns to agree 
with the farts chserved. 

16. The Element F of General Form. There remains to be 
treaterl the fartnr 'lealing with peneral form which we have de- 
scribed as an ^'omnium gathorum'* of unfavorable elements (Sec- 
tion 9). 

The case where is 0 corresponds to satisfactory form. Here 
the analysis made in the earlier sections suggests the following 
conditions: the ininiiniim distance from an\ vertex to any other 
vertex or side must not bo too small — for defihiteness, we say it is 
not to be less than Vio the maximum distance between points of 
the polygon; no angle is to be too small or too large — for dcfinitc- 
noss wo say not loss thun 20'' nor greater than 160° ; the* "^ is to be at 
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moit ont niehe unci itR conJuiAtei; tliert li no unsupported r«((n- 
trnnt tide; there nre At moit two dir«ctioni and their conjugate 
dirertioni. provldet: that horliuntal and vertical directloni are 
wunteil together at o; there It aufflricnt iymmetry to the extent 
that not both V and R are 0. 

It ii powlble to Juittify thh choice of conditions by reference to 
the ninety listed polygonnl forms. Here we may omit the first 
two conditions from consideration, since they merely eliminate 
amblBuity of form. The third condition, which atlmlta only one 
typo of niche, has Its orinln in the ohncrved fnct timt only a single 
niche may occur, ns in the Tircek crow (No. 9), without the form 
bclna thereby im| nirctl. The fourth condition is justified by the 
fact already noted that any unsup|>orted rcHntrant Hide produces 
a tllfinprcenbic cflTect. Similarly, if there arc throe or more dinti ot 
types of direction, the polygon appears unsntlafnctory, unless two 
of thc.<o are vertical and horlsontnl, ns in No. 43. for Instance; this 
fact given rif-e to the fifth condition. Finally, the iilxth and last 
of these conditions is obviously to bo based upon the fnct already 
noted, tliat a lark of effcctivo symmetry is not possible with satis- 
factory form. 

By this rule we tnko account of alt the factors of F as these 
were listed in Section 9. 

W'o consider next the case in wliich one and only one of the six 
ronditlons foil.** and tliat to the least possible extent tlicre may be 
one typo of vertex (and ronjuRate.«») for which the first condition 
fails; or one type of angle for which the second rondition fails; or 
two types of niches; iiv one unsupported reentrant side; oi three 
types of direction when vcrticiil and horijontal directions are 
counted as the same; or both V and Ii may bo 0. Under thc.«o cir- 
cumstances we take F to be 1. 

In every otiier case wc take F to be 2. 

All the polygons Niis. 1 to 22 inclusive have F = 0. No. 24 is 
the fir.«t polypon for wliicli F is 1, bccaii.*c of its havihR two types 
of niches; No. 23 is the fu'st which has one type of un.supported 
reentrant side. The fir-st case for which F is 1 because of diversity 
of directions is No. 60. The first for which f is 2 is No. 55 which 
is also the firs^t for which V and K are 0. 

17. Summary. The various elements in the complete formula 
M - y-hJS-{-R^HV-F 

c • 
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hnve now been dcflnocL The eoinplcte Heflnition might be AMem- 
bled in brief form. Let Ui| however^ merely reeApituluto the main 
facti: 

V«l if thm ii verticni lymmetry (otherwlw 0). 

J? s= 1 if there vertieal »ymmetry or the polyno*^ "re»U'* on 
II long enough liorltontal tfUle; E = 0 if there \n ''unMuble** 
equlllbrlinn; Kt^^l if uie polygon npprari about to fall to one 
ilde or the othe*". 

Hz^q^i it there in rotationul ^vnnnetry \sith nn^Ie 3(K)^/<7 
of rotation^ And there arc nxr« of symmetry or axes arc itrongly 
iUggested (e.g., the ii\vn»tika, No. 41 oxiTpt tliat Ii \n taken m 3 for 
7 > 6; in any otiier enne H =1 \t theit? is central wyiunietry, and 
/e = 0 if there is not. 

//r = 2 if there h complete euincideneo of the polygon with 
a rcctangiilar part of a iinlform horiKontal-vcrtioal network (e.g., 
No. 41) ; IIV =: 1 if tlicre is* nearly complete relation to finch a not- 
work, or complete or nearly complete relation to a uniform dia- 
nmnd network with sides equally inclined to the vertical: UV is 0 
otherwise. 

= 0 if the form is satisfactory; = 1 if there in one clement 
of unsati.^sfactory form: as one type of unsupported side; or two 
typcjt of nicljc; or three types of dirertions when vertical and hori- 
Eontal are counted as only one direction; or when there is no sym- 
metry [V and H both 0) ; F~2 if there are more than one of these 
elements of bad form. 

C is the number of Ktraii?ht lines occupied by the sides of the 
poIvKon, 

The ninciy p()lyfj;ons li.*tted below in onler of decreasing M 
according to the eiupirical formula show the result of a riRid appli- 
cation of this formula. 

It ren^ains for tlio reader to <letovnune for himself, by inspection 
of the polygons listed or by consideration of still further polygonal 
forms, whether or not the formula is to be regarded as reasonably 
satisfactory. 
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